A ROYAL ROAD 


GEOMETRY; 


OR, AN 
EASY AND FAMILIAR INTRODUCTION 


TO THE 


MATHEMATICS, 


IN TWO PARTS. 
I, PRACTICAL GEOMETRY, with Applications, 
and a familiar Introduction; for the uſe of Mechanics, &c. 


Alſo, the Conſtruction of the — with ſome of its 
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valuable, Theorems ; treated in the-moſt brief, eaſy, and in" 
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\ S there is an undiſputable Propriety in de- 
dicating to a competent Judge of a Science, 

7 an Attempt to familiarize the Elements of it, I hope 
| that propriety will plead an excuſe for this Preſump- 
tion; . eſpecially, as the Subject is ſo nearly con- 
# netted with the buſineſs of Your Perſonal Station, 
and too highly important to the Publick, in general, 
to conceive, that any attempt at a clearer Inveſti- 
gation can be beneath the notice of the Surveyor- 
General. of. his, Maj eſt 's Ordnance, and one of the 


£X AS | 


Repreſentatives of the People. 


How far my Method of treating the Elements of 
Geometry may merit your Approbation, I preſume 
not to imagine; farther than, as I flatter myſelf, the 
ſimplicity with which I have endeavoured to elucidate 
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the firſt Principles, to render the knowledge and the 
uſe of Geometry more general, and practically uſeful 
in common Life, where it is moſt wanted, may prove 
an additional inducement to your excuſing the liberty 
I'have taken, in thus ſoliciting Your Patronage and 
Protection; for a Work, whoſe Subject, alone, is 
ſufficient to juſtify the attention You may pleaſe to 
honour it with; whatever may be thought of the 
manner in which I have treated it; having been, 
frequently (in order to compriſe the whole Elements 
in leſs compaſs) under the neceſlity of deviating, con- 
ſiderably, from the Path of Euclid. 


I am, 
8 LR, 
with due telpeck, 
Your moſt obedient 


humble Setvant, 


THOMAS MALTON. 
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II way appear ſomewhat ſtrange to call fo copious a Work as 
|| this, an Abridgment; which, on examination, and comparing 
with thoſe who have tranſeribed Euclid, will be found to be a great 
abridgment of the Elements, both in the number ot Theorems and 
length of the Demonſtrations. | 

| 36k they will find, in this Work, particularly in the 2nd, the 
zrd, the 6th, 7th and 8th Books, ſeveral valuable Theorems 
which are not Euelid's; ſome of which are elementary, and really 
neceſſary to be known. Upon the whole, there are upwards of 
eighty other "Theorems and Problems, excluſive of the Ellipſis. 

In reſpect of the practical Part, with · the Introduction, it may 
be deemed a compleat Work of itſelf; which, with the Appendix, 
is more than one third part of the whole. | 

The Applications, Notes, and Remarks, neceſſary to a young 
Student, and the length of ſome (in the Fifth Book particularly) 
have ſwelled the Work \ conſiderably, The much greater number 
of Terms defined; various ways of petforming the ſame Problem, 
and alſo of demonſtrating ſome Theorems ; the number of Fi- 
gures, and the Preamble to each Book, &c. alſo the manner of 
printing, in order to have the Figure always in View, ſo that; 
many Pages are not near full; all which have concurred to ex- 
tend the Work, greatly beyond my firſt Deſign; yet, when com- 
pared with the cloſe printing of others, the Elements will be found 
abridged, almoſt half; nevettheleſs, it contains the whole, in Sub- 
ſtance. -The full and perfect knowledge of all, and more than 1s 
contained in Euclid, may be acquired in a third part of the Time, 
and with infinitely more Eaſe, Pleaſure, and Satisfaction to the 
Learner (having no Ae Bridge * to get over, but the Road ſmooth 
and even) conſequently, it may, with grear Propriety, be called an 
Abridgment. | = 

'* The 7th (ſome ſay the 5th) of the firſt Bork, bar, in the Seminaries of Eru- 
dition, been long known by the Appllation of the Aﬀes Bridge; on 20bich, many baue 


7 Foundered and neuer got over ; ner been able to advance one ſlep further. 
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Shewing where to find the Propoſitions of Euclid, in the 
_ Firſt, the Third, the Fifth and Sixth, the Eleventh and 
Twelfth Books; in caſes of Reference, to Euclid, by 
Authors in the Mathematics. 


In the ſecond and fourth Books, the Propofitions fol- 
low in the Order of Euclid, 


N. B. The Problems, of Euclid, are collected together, in the firſt 
Part; amongſt other, ſelect Problems, in Practical Geometry, 
Note. The Numbers in the Firſt Column are Euclid's ; and, op- 
Poſtre to them is ſhewn where each Propoſition may be found 

in this Work, whether Problem or Theorem. 


BOOK I. Prop. Theo. 
Prop. Theo. 5 & 6 Ax. 3. 
1 Prob. 11.7 5. 
2 Prob. 2. 8 — 6. 
3 Prob. 3. — Cor. to 5. 
4 8. to Ax. 4. 
— 9. im and 12— 7. 
6— Cor. 3. 9.13 Ax. 6. 
8 * 7-114 Nuß 
9 Prob. 9. 18 — „ 
* Prob. 8. 16 — 8. 
11 Prob. 6. 17 Prob. 42. 
12 Prob. 7. 18 —Cor. 3. 8. 
13 1.19 — Cor. 2. 8. 


14— Cor. 1. 1. 
15 — ä — 2. 
16 and 17 — 10 
18 — 12 
19 Cor. 1. 12 
20 — 1; 
Ar 
22 Prob. 14. 
23 Prob. 4. 
24 and 25 are 
in Cor. to 8. 
26 ». 1, 
27 and 28—4. 
29 Cor. 12. 4. 


30 bh 
31 Prob. 5. 
32 10. 


33 Cor. to 15. 
34 l 15. 
09 JO» (1: 
37% 38. 7 
39 and 40. 

Cor. to 18. 
41 — 17. 
42 Prob. 20. 
43 pon. 
44 Prob. 23. 
45 Prob. 22. 

24, 20 & 21. 
16 Prob. I”, 
| — 20. 
48—Cor, to 20. 
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BOOK III. 
- 1 Prob. 39. 
2 Ax. 5. 


TN N . 


20 | —4U .. 9. 
21 10. 
22 — 11. 
23 and 24 are 
| uſeleſs. 

25 Prob. 40. 
26 and 27—10. 


28 |. 

29 | Cor. a. of 3. 
30 Prob. 8. 

31 12. 
32 = 13. 


33 Prob. 44. 
34 Prob. 43. 


| 


Prop. Theo. 
24—Cor.: to 3. 


25 — 1 11 


BOOK VI. 
I 


4— 


6 — 
8 ——ů 


9 Prob. 3. 


424 


3 


Prop. Thea 
13 C.toProb. 2+ 
14 6. 
15 


" : 


16 * 8. 


3 ——— 3.19 — Cor. 1. 9. 
4-120 and 22. 
5 Cor. 1. 4-21 
5 
7 


3 
— 12. 


. 23 ſee NB. 2d. 


ln 14. 


mms cmd I 9 


25 
10 Prob. 36. 7 fee NB. 


11 Prob. 31. 27 
12 Prob; 32. 28 
29, 30 and 

31 are in the 17. 
16 — 9.32 Cor. 1. 


17 Cor. to 9.33 


13 Prob. 30. 


18 Prob. 16. s 
19 - 12. 
20 13. 
21 Axiom. 

22 15. 
23 11. 


to the 1 Cs 
16; 


17. 
18. 


0 


3h — 22 
30 —— 23. 
ere 
38 — Cor: 2. 9. 


2 


24 — — 17. 
25 Prob. 38. 


BOOK VIII. 
12 of Euclid. 
1 —— 14. 6. 
2 Cor. 1. 14. C. 
3 and 4 are 
wholly omit- 
ted, as uſeleſs, 


| and 6 — 6. | 
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r1 Cor. 1 & 2.6. x 


12 Cor. 1K 2. 7. 
13 is an Axiom, 
and the ſame 
as 15 of B. 7. 
14— Cor. 3. 6. 
15 Cor. to 8. 
16 & 17 are uſe- 
leſs, and pro- 
lix Problems. 
18— Cor. to 9» 


35 —— 14-|26—Cor. to 17. 
30 - 10.27, — 18. 
37 Converſe. |28 and 29 are 
— uſeleſs, and pro- 
BOOK V. lix Problems. 
Thoſe which are 30 Prob. 35. 
not numbered. 331i —. 16. 
are wholly o-]32 1s uſeleſs; 
mitted, as uſe- 33 19.0 
leſs. 4 — —— 
| —— 1. BOOK VII. 
7 Ax. 4. 111 of Eurlid. 
9 Ax. ö. 1A. I, 
10 Ax. 6. 2 AK. 4. 
11 Ax. 13.3 —— TI. 
12 — 2. 2. 
14 Ax. 12. 6— Cor. to 2. 
15 Ax. 7 & 8. 6 — Zo 
16 — 4.4 7 Ax. 3. 
17 — — 7. 8— Cor. to 3. 
19 —— 3.10 — 5. 
— 09.111: Prob. 1. 
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| 


2 


— 
r - 


— 


fed „ AAS» Ant tt ee ww 


An INDEX to the APPENDIX. 


Article Page 


1. How the Area of a Square is obtained, — 3 
2. Of any Rectangle whatever. 3. Of the Triangle. — 4 
4. All Figures, having equal circuit, are not equal in Area. 4 
5. A Square contains a grea er Area than any other“ 5 
Rectangle, the ſums of whoſe Sides are equal. 

6. The Difference between a Rectangle and other Parallelogram 6 
7. How the Areas of regular Poli gons are obtained. 7 
8. Of the Circle. | FREIE 7 
9. The Affinity between Circles, and Poligons. — 3 


10. That a Circle has a greater Area than a Square, or 


any other Figure, having equal circuit, — a 
11. The Area of a Rectangle aſcertained, and accounted for. 11 
12. By Duodecimals, or Feet and Inches, _— Iz 
13. By decimal Parts; the difference explained, — 14 
14 and 15. The Conſtruction and uſe of Scales, for mea- 16 

ſuring or dclineating ; in Decimals and Duodecimals. 16 
16. Of irregu'ar Figures; as a Field, &c. — 17 
17. How to divide any right- lined Figure into two equal 18 
parts, by a Right Line, from any Point in any Side. 
18. How to obtain the Area of a Triangle, from the 

meaſure of its Sides only, without a Perpendicular. * 


Of curved Surfaces. 


18. Of cylindrical Surfaces. — — 21 
19 and 20, Of conical Surtaces, — . 
21. Of che Surface of a Sphere, and any Segment, 
or portion between parallel Circles. — — bas 
Of Solids, 

1. How the Area of a Cube is obtained, —— 23 
2. Of other right-angled Parallelopipeds. 24 
3. Of any Parallelopiped, Priſm or Cylinder whatever. — 24 
4. Of Pyramids and . — 28 
5. How the Area of a Sphere is aſcertained, — 26 
6. Of the Segment of a Sphere. 1 75 

7. Of Guaging Veſſels, "oth &e. | a 
8. Of irregular Solids. — 28 
A mechanichal demonſtration of Theo. 20. 1.—47 Euclid, 29 
Line of Chords, conſtructed and explained. — 30 
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Practical Geometry. |Page. Line. 


Page. Line. 3 
23.—9. Art. 4 for, Circles, reaa, 
* Circumferences. 


38.— 8. for, CD AB, read, CDbB. 
41.—10. read, interſecting at F. 
42.— . B. for, A, read, H. 

47.— 7. for, CDG, read, CDG. 


51.— Line laſt, for 10, read, 20. 


57.— 8. B for, 20. 1. read, 18.1. 
58.— 6. for, Al CD, r. GHCD. 
62.— 9. B. for, 12. 2. read, 12. 3. 
67 — 4. read, to the fourth. 


read, Ratio of Equality. 
244.— 2 and 4. B. for, Ratio, read, 

Increaſe. | 
244.—10. B. for, A&C,r. A&B. 
8. B. read, if A be 3. 
257. —11. for, Def. 6. read Ax. 6. 
| —19. for, At B, read, if A:B. 
— 2. B. far, B. read, C, and 
| Jer C, read, B. 
258, - 8. B. J. Axiom, r. Poſtulate. 
261.—10. B. for, as A ta B, read, 

as B to A. SY 


| | 
70 —15. for, AH, read, AF. |267.--12. B. for, D to G, r. C to G. 


75.—12. for, AC, read, a C. 
96.— 11. for, MN, read, KM. 
98.—1 1. for, Def. 15. and 18. 7th. 
read, 1 and 6. 8th. 
104.— 7. Prob. 7 for, H, read, K; 
and, for, K, read, H. 
107.—16. or, and, read, i. e. that is. 


In the Elements. 


116.—3 & 4. for, = read, A. 
$20.—Bottom, for, ECB, r. DCB. 
125.— 5. for, AX. 3. read, 7. 


268.— 2. DEM. for, A and B, 
read, A and C. 
300.— 4. read, Triangles. 
329.10. for, 8. 4. read, 9. 4. 
338, 6. for, AC, read, BC. 
339.— 4. B. for, ABC, read, AB. 
10. B. for, EG, read, EF. 
347,10, DEM. read, Draw other 
Right Lines. 
349.— 3. DEM. for, on, read, or. 
355.— 6. B. for, F&G, r. D&E. 
8 & 10. B. for, G, read, D. 
356.— 8. for, AG, read, CG. 
358.— 3. DiM. for, BK, read, BL. 


135.— 5. Theo. 2.f. BAG, r. EAG. 365.— 6. for, Ax. 4. 5. read, 5.5, 


146.— 7. for, CD, read, BC. 

147 —13. for, Hyp. AB, read, AC. 
156.— 9. Th. 2. for, AE, read, AD 
— 14. for, AX. 3. read, 2. 
1:8, 2. B. for EA, read, EH. 

171.— 6 for, EB, read, EC. 

172 — 5. Bottom, for, 13th,read, 14 
182.—13. for, Def. 44, r. ad, 43. 
i183 — 7. Cor. 2. for, in A, r. in H. 
190.— 7. Bottom, read, DG in D. 
195.— 11. read, erols cach other. 


223.— 5. B. for AFOQ=FBQO,reaa, | 


Ar DS AE MOT ET rt 
225.— 8. Cor. read, Duodecagon. 


388.— 5. for, Def. 7. read 8. 

391.— 3. for, Ax. 11. . read, Def. 

401.— laſt. jor BF, read, Bf. 

498.—13. DEM, add, and having 
equal Altitudes. 


ö 
1 
| 
| 


13.— $. for, BE. read, DE. 
14.— 8. B. for, 425, read 35e. 
19.—19 & 20, for, K, read, F. 
25 —13, 15, & 16, for, G, read, E. 
32.— 6. for, Chord of go, read, bo. 
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240.— 7. B. for equality of Ratios, = I 


In the Appendix. 
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b Tur mathematical World will, I doubt not, be ſurprized at 
a freſh publication of the Elements of Geometry, by one entirely 
unknown ; and, on a plan very difterent from that of others who 
have wrote on the Subject. I hope they will ſuſpend*their opinion, 
and not paſs a too haſty cenſure, on account of the obſcurity of 
the Author, till after they have given it a fair and candid peruſal, 
and then proceed to judgment with candour and impartiality. 

I do not pretend to much knowledge in the Mathematics, has 
ving been brought up in a way of life, very different from mv in- 
clination ; yet, what time I could ſpare from buſineſs and the 
demands of my family, I choſe to employ in ſuch ſtudies; and 
have, by dint of ſtudy, only, and without any other inſtruction, 
made ſome progreſs in mathematical Sciences; of which, Geo- 
metry is the firſt, and a ſure key to the reſt. 

Since I have made myſelf, by ſelf- application, a Proficient in 
Geometry, and have made ſome branches of the Mathematics my 
Study and Profeſſion, | have often been ſurprized at the negligence 
and deficiency of our common Schools, for the cultivation of 
Youth who are intended to fiil the middle ſphere of Life, in 
mechanic Trades, & c. They, almoſt in general, purſue one com- 
mon Plan or track of Learning. After the fuſt and neceſſary 
branches, Reading, Writing, and Arithmetic ; which, indeed, 
might be acquired in half the time it uſually is; the next ſep (if 
the Pupil has made a progreſs thro' Arithmetic in any reafonable 
time) is the Grammar of the Latin Tongue through which, he 
ſweats and labours to little purpoſe. If the Pupil has three or four 
years to ſpare, before he goes out to buſineſs, he perhaps gets into 
the Cordery or Eraſmus ; or, if he reaches Cornelius Nepos, he 
is looked on 2s a prodigy. 

Now, it may reaſonably be aſked, for what purpoſe all this 
Time has been ſpent ? which might have been employed to much 
A | better 


il F 


better purpoſe. For, what has mechanic Trades to do with Latin? 
any more than a common Porter or Carman with Logic; it may 


indeed complete him a Pedant or Coxcomb, but can never be f 
real uſe in his Profeſſion ; even ſuppoſe he had made a tolerable 4A 
proficiency, it could anſwer no purpoſe but to ſet him above his 


Employment, without being of any ſervice in it. 

On the contrary (ſuppoſing no particular avocation isintended for 
the Student) if, inſtead of Latin, Geometry and Menſuration, &c. 
were introduced in all public, common Schools, I would aſk 
any perſon, who has conſidered theſe things, and their uſes in Liſe, 
which is moſt likely to turn to the Pupil's advantage ? Is there a 
mechanic Profeflion in which Geometry or Menſuration may not 
be of ſome uſe ? in ſome particular ones it is well known to be of 
the greateſt, the foundation of it; and yet, altho' the Youth was 
particularly intended for that Proſeſſion, it was, perhaps, never 
once ſo much as thought on ; until, by too late experience, he 
finds the want of it: I mean all ſuch Trades as relate particu- 
larly to Building, in general. Had ſome Builders, whom TI have 
known, been converſant in the Mathematics, or only in plane 
Geometry; inſtead of plodding on in a low ſphere of Employment, 
they would, if their natural, mechanical genius had been properly 
cultivated, have filled a more elevated ſtation. 

For the uſe of ſuch, I have been at the trouble of compoſing this 
Treatiſe, If only the practical part is well inculcated, it will be 
of more ſervice, in common Life, than a proficiency in Latin can 
poſſibly be. If the young Pupil has a genius, and diſcovers a reliſh 
for mathematical Science, let him go on with the Elements; and 
if he acquires a competent ſhare of knowledge therein, it will then 
be time to conſider, what particular Profeſſion he either wiſhes or 
is deſtined for. In chooſing of which, regard ought particularly to be 
had to the Boys genius and diſpoſition, which will, ere this, be diſ- 
cernable. But, at all adventures, inſtead of flogging and driving 
a uſeleſs dead Language into a ſtupid Boy, which only renders 
him more ſo, let the practice of Geometry be introduced in its 
ſtead, in every common School; there is ſomething entertaining 
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tin? f 8 | 
a, We the Mind, more than in burdening the memory with As in præ- 
4 L I /-nti, and other rules of the Latin Grammar. 


Accuſtoming Boys, early, to handle the Compaſſes and other 


8 drawing utenſils, in delineating all the Diagrams, as they proceed, 

will be an entertainment to them, and of great utility, rather than 
FM a perplexing ſtudy, and gradually enure them to Demonſtration ; 
Ke which, under a proper Tutor, they would ſoon have a reliſh for, 
aft and then they would proceed with pleaſure : beſides, it is an in- 
iſe troduction to Drawing. A foundation being once laid in Geo- 
fa 4 metry, they are then qualified to purſue any other branch of the 
i Mathematics, ſuitable to the Profeſſion they are intended for; ſuch 
or as Menſuration, Trigonometry, Navigation, Gunnery, Fortifica- 
2 tion, Architecture, naval or domeſtic, Surveying, &c. In ſhort, 
* all the uſeful and neceſſary Employments, in the mechanic Arts, 
"= have their foundation in this moſt neceilary Science; which, 
_ being acquired, will, moſt probably, make its Poſſeſſor ſtrike 
fl out of the common and vulgar track, and make him eminent and 

diſtinguiſhable, in whatever Profeſſion he is caſually fixed in; as 
_ he will have laid a ſolid and permanent foundation, in Theory; 

7 


1 XZ whereon, may, very probably, be erected, a laſting monument to 
/ his future Fame. | 
| I have peruſed ſeveral Authors on the Subject, and find, that 


” 8 ſome have treated it in a manner ſcarce intelligible to a beginner, 
a unleſs he has ſome knowledge of Algebra ; others would be bet- 
1 ter underſtood and approved, if they did not dwell too much 
a on ſelf - evident Propoſitions, which are, in themſelves, perfect 
0 Axioms, Perhaps, I ſhall be blamed for cenſuring, as uſeleſs, 
4 ſeveral Propoſitions in that famous Geometrician, Euclid ; but 
* muſt own, I cannot conceive of what uſe is all that tedious 
F round about method, in the 2nd Problem, Book 1. wiz. © To 
4 « put a right Line, at a given point, equal to a given Line,” 
S unleſs ſome particular direction, in reſpect of the other Line, was 
F alſo given, 

In Problem 3d. where the 2nd is applied, I aſk, for what uſe ? 
| = and why, after having taken the line C inthe Compaſſes, as Radius, 


A 2 | we 


iv Ferrer 


we may not as well cut off from the given 
Line (AB) at once, the meaſure of C, 
(at E) without firſt placing it from A to 
D? (See the Figure) nor can I per- 
ceive that the Demonſtration is, at all, 
the clearer for it. 

As the knowledge I have acquired, in ſuch ſtudies, has been 
entirely from Books, without any other aſſiſtance; I may, per- 
haps, have been able to ſee deficiences or ſuperfluities in them, 
better than thoſe who have ſtudied under a Tutor ; and, I dare 
venture to affirm, that very few, who are not already tolerably 
verſed in'Geometry, will be able to form any Idea of what the 
Ich Propoſition, Book I. attempts to prove; who, from in- 
ſpection only of a proper Figure, might be fully convinced of the 
truth of it, 

I have, in this Treatiſe, endeavoured torender every Propoſition 
eaſy and intelligible, to any capacity; and have omitted none that 
are uſeful, or neceſſary to demonſtrate the reſt; and, I will be bold to 
affirm, that thoſe who cannot, from it, acquire a knowledge of 
all that is requiſite, inPlane Geometry, will never be able to at- 
tainit at all, Where there is not a capacity to underſtand, they 
had better deſiſt from the undertaking. An equal talent is not 


given to all ; and, for ſuch as have not a talent and 2 natural 


propenſity, to expect to attain any tolerable ſhare of knowledge, 
in Geometry, is aiming at impoſſibilities. 

The 16th and 17th Propoſitions, Bock iſt, are entirely uſeleſs; 
for ſince, in the 32nd, the external! Angle is proved to be equal 
to the two remote Angles of the Triangle; and, that all the 
three Angles, of every Triangle, are equal to two right ones; it 
ſee ms abſurd to prove, before hand, that any two of the Angles are leſs 
than two right Angles, and, that the external Angle, is greater 
than either of the remote ones. As if one ſhould undertake, 
firſt, to prove that five is greater than either two, or three, 
and afterwards, that it is equal to them both. I have, therefore, 
made free, to alter, in ſome meaſure, the Elements of the firſt 
Book ; that, by a different arrangement, in tranſpoſing the places 
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e ſome Propoſitions, others, which depend on them, may with 
ore eaſe and elegance be demonſtrated. 

I ſhall ever be of opinion with Tacquet, and ſome others, 
3 hat, to attempt a formal Demonſtration of Propoſitions which 
re ſelf-evident, is involving a thing, in itſelf clear and conſpicu- 
us, in darkneſs and obſcurity. I have always found more 


en Wiſfculty in demonſtrating, to another Perſon, ſelf-evident Pro- 
er- poſitions, than the moſt intricate of others; and, when done, 
m, Have only confuſed the Idea which the Pupil had more perfectly 
are From inſpection of the Figure. If a knowledge of ſeveral proper- 
ly Wies of Figures be acquired, which is neceſſary to elucidate other 
he F ore ſublime Propoſitions, is not the eaſieſt method the moſt 
n- 1 ligible? certainly it is; and, barely to be told ſeveral properties 
he Wot Triangles is ſufficient for attaining the reſt. Therefore, in 


| his Work, I have reduced ſome Propoſitions into Corollaries; as 
they are but a certain conſequence of the preceding Propolition, 
Por of ſome other. 

Dr, Keill, in his Preface to his Tranſlation of Commandine, 


of ¹ Wand alſo Mr. Cunn ſeems to think it an unpardonable fault in 
t. F Tacquet, to omit the Demonſtrations of the 5th Book; and 
y i : aſſerts, that not one Demonſtration, in the 6th, 11th and 12th, can 
»t be obtained without it. But, I muſt beg his pardon, for diftering 
J 4 from him in opinion, and am, myſelf, a living witneſs againit. 
„ ſuch his aſſertion; for, I do aver, that, without any other de- 

3 monſtration of the 5th Book, than what Tacquet has delivered, 
3 have been able to go through all the other; and, without vanity, 
1 4 I think I underſtand them; but, of that, let this Treatiſe bear 
: | ; witneſs. I never could, at firſt, have had patience to go throughi 
t 4A the dry and tedious Demonſtrations, delivered in 25 Propoſitions, 
of the 5th Book of his Euclid ; and, had it firſt fallen in my way, 
- Il ſhould certainly have lain it afide before I had got through a 


fourth part of it; yet, I muſt acknowledge, that Tacquet is as 

much too brief as the other is tedious, 

| I cannot think it abſolutely neceſſary, in order to obtain a com- 

petent knowledge in Geometry, and of Proportion in particular, 

to tread exactly in the ſame ſteps with Euclid ; therefore, I have 
made 
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made free to deviate, where I think it for the better, a readier 


or clearer way of inveſtigating. I have, likewiſe, ſeparated the 


Problems from the Theorems ; making, of them, a diſtinct and 3 
ſeparate Book, for the uſe of Schools and for Mechanics in gene- 


ral; the full Demonſtration, of which, may be obtained from the 
Elements, to which I refer where it is neceſſary. 
the firſt place, contrary to ſome others who have made it the laſt 
Book, or otherwiſe diſpoſed of it. By which means, we are 
frequently at a loſs in the References, and are told to form Con- 
ſtructions, before we have learned how. 

My reaſon for ſeparating Practical Geometry from the Theorems 
is, that there are numbers of People, to whom it may be of great 
uſe, who either have not leiſure or inclination to go through, or, 
perhaps, a capacity to underſtand the Demonſtrations of the pre- 
vious Propoſitions, which diſcourages them from proceeding. But, 
ſuch as are not inclined to take it on credit, will readily obtain the 
Demonſtration from the Theorems. | 

Io make the Work more compleat I have added, after Practi- 

cal Geometry, a brief Theory of the nature and conſtruction of 
an Elliphs, that moſt uſcſul and valuable Figure. 
an Appendix to the whole, I have given a conciſe Theory of 
menſuration of Superticies and Solids; ſhewing their immediate 
and abſolute dependence on Geometry. 

I have for ſome time debatgd, with myſelf, whether I ſhould 
publ:ih a tract of Geometry or not; from which J have been de- 
terred, through the perſuaſions of ſome particular Acquaintance ; 
alledging, that there are more learned Treatiſes already publiſhed, 
than any I could produce : the truth of which, I readily ailent to; 
but, I don't find that they are more intelligible for that, and have, 
therefore, determined to publiſh, My chief reaſon, for which, 1s 
to bring the whole Elements into leſs compaſs, and to abridge it of 
that tedious prolixity, which is in many Authors, on that Subject; 
in dwelling too long on ſuch Propoſitions as are clear and evident 
of themſelves ;z and, by that means, to render the ſtudy.of Geome- 
try more pleaſant and entertaining. *Tis enough to deter any one 


from the purſuit of a Science, who find, in the Rudiments of it, 
ſe 


I have given it, 


3 f 


And alſo, as 


mu 


{tro1 


38: 
7'rutt 


* 


_ 1 
. 5 tude 


Ca 
re gi 
A now 
& now 


rave. 


and 

wo : 
Tria 
Wnyr 
r is 
the 
f 4 


= 
* 
ots 
* 
x 
* 
* 1 
5 


aſe 
Wobv! 
vit! 


adier 
1 the 


and 


ene- 


laſt 


2 aca. 
PI = * 2%. 

a. {odds FF 
Lame} (As 6 } 
* * — 


En EF ACE vii 


much perplexity; for, I am perſuaded, that, unleſs a Perſon has 
ſtrong inclination to it, and a good natural Capacity, *tis not 2 
ery pleaſing Study, at the firſt, until they begin to feel the ſublime 
FT 'ruths it contains; and am therefore of opinion, that, the eaſier 


the t is made in the begining, the more entertaining to young 


en it 


Ptudents. 
Can there need Demonſtration, that any two ſides of a Triangle, 
re greater than the third? is there a Perſon ſo ignorant as not to 
know it? it is implanted in us by Nature; every common Porter 
nows it, or practices it every Day, Who ever ſaw one of them 
Fraverſe two ſides of a Square, when he could croſs the Diagonal? 
And why is it? but, becauſe he knows it to be ſhorter than the 
wo Sides, Is it not obvious, that the greateſt Angle of every 
riangle, muſt be oppoſite to the greateſt Side? and can there be 
Any need to demonſtrate the converſe? that the greater Side ſubtends, 
4 dr is oppoſite to the greater Angle; is not the one contained in the 
ther ? it is trifling, to no purpoſe ; for, all converſe Propoſitions 
ay be Corollaries to the former, If two Sides of a Triangle, equal 
o two Sides of another Triangle, contain a greater or leſs Angle, the 
aſe will be greater or Jeſs ? Are not all theſe, and ſeveral more, 
obvious and clear, from a bare inſpection of the Figure? nay even 
; without it; 'tis enough to be told they have ſuch proper- 
7 ties, and not to loſe time in trying the patience of the Student, 
3 with a tedious and puzling Demonſtration oi what he ſaw clearer 
i before; for, if the thing is {een or known, What needs there more ? 
Wis it intended to perplex, only, where it can be of no uſe? to dit- 
Iguſt the beginner, before he is able to ſee any of the Beauties it 
contains? Yet, I do not omit theſe entirely, becaulc the whole 
Hlements depend on them; but have endeavoured to treat them in 
as ſimple a manner as the nature of the Subject will admit of; if [ 
WW have been conciſe, I doubt not I ſhall be excuſed, if I have but 
ſaid enough. 

But, as | think I have ſaid enough, in this place, Tſhall ſtraight- 
IF way proceed to the Subject; through which, if the Reader be in- 
Clincd to follow, with an intention to learn what it contains, Iam 
| much 
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much miſtaken if he loſes his labour; and, for ſuch as peruſe it 


only with intent to cavil, I hope they will be greatly diſappointed, 1 


and find but little to cavil at. I am not ſo vain as to ſuppoſe it i: 


without deſect, or that it will pleaſe all, for that I know is im. 
poſſible z but, if l have made it intelligible and uſeful to commor." 


capacities, it is what I aimed at, and ſhall reſt ſatisfied in the ſup. 
poſition that my labour is not entirely loſt. | 

The greateſt fault in Tacquet is, that his Figures are too ſma! 
and trivial; and it is a general fault, that they are often incorred 
and frequently contradict the deſcription. Correct and well adap. 
ted Schemes are certainly of ſome conſequence, in which, I have 
been very particular; and have, alſo, carefully reviſed the lette: 
preſs, ſo that, I hope there are but few errors have eſcaped my 
obſervation. For, Errors, in miſplacing the Referrences to the 
Schemes, and ſometimes omitting them entirely (which is better of 
the two) is unpardonable in mathematical Works; having fre- 
quently experienced, in moſt Authors that I have peruſed, the 


perplexity it occaſtons ; eſpecially, when the ſubject is quite new a 
to the Student. But, if any ſhould remain unnoticed, I hope the 
candid reader will impute it to human fallibility, and not quarrel 


with it on that account, for I am certain he will not meet with 
many. 
Although I have, in this Treatiſe, deviated greatly from Eu- 


clid, in many particulars, I have endeavoured to make it gene 
rally uſeſul; by putting his Numbers after mine, to each Pro- 


poſition, and alſo by means of an Index, I have ſhewn where tc 
find any Propoſition of Euclid ; which, in caſe of reference, to 
Euclid, in other Works, may be readily turned to. 


I have well conſidered and digeſted every Propoſition, have ; 
carefully reviſed them over and over with the ſtricteſt attention, 


and I am fully convinced, that there is no omiſſion of any thing 


that is eſſential, or neceſſary to be known. Notwithſtanding, |: 1 
have abridged the whole Elements, particularly the firſt, th: 
third, the fifth, and the eleventh Books; yet, I dare venture to 4 
affirm, that I have not omitted the ſubſtance of any Propoſition Y 


Pg 


which will ever be referred to, by Authors in any other Science. 
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F\Ontaining a full Definition of the Terms peculiar to, or 
made uſe of in that Science, with explanatory Notes 
and Remarks, where it is neceſſary to illuſtrate or enlarge. 
Likewiſe a ſhort Theory of Plane Angles; in which they 
are more fully explained than in any other Work of the 
kind, that I have ſeen. Indeed, moſt Authors in Geometry 
are entirely deficient in that reſpect; for want of which, the 
young Geometrician is frequently at a loſs, to conceive a clear 
Idea of Angles. I have therefore, been explicit on that Head. 
It alſo contains an Explanation of all the Abbreviations 
made uſe of in this Work; many of which are explained in 
Englith Grammars, and other ſchool Books, and ought to 
be known to every Engliſh Reader; yet, as I know that their 
true ſignifications are not ſo generally underſtood, it may 
not be thought impertinent, or ſuperfluous here, 
Nor have I omitted any thing, that is neceſſary to eluci- 


date the Subject I am about to treat on; at leaſt, I think 1 


have not; for, in the courſe of my own ſtudy of it, and in 
teaching others, I have been enabled to diſcover what is 
needful to moſt Capacities; and if I have any pretence to 
merit in this Work, it is chiefly on that account; in render- 
ing an intricate, yet generally uſeful and moſt neceſſary 
Science, attainable to ordinary Capacities; and, at the ſame 
time, I hope, not exceptionable to thoſe of acuter talents. 

I flatter myſelf that it will not be leſs acceptable to any, 
for being eaſy to be attained, to write only for Proficients, is 
to littie purpoſe, By ſuch I may, in ſome caſes, be thought 

B rather 
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rather prolix ; yet, I preſume, not tedious; a repetition is 
ſometimes neceſſary to young Minds, and is more agreeable, 
in general, than turning back, which they are too frequent- 
ly obliged to do; it being impoſſible to retain, in memory, 
all that is paſſed over on the firſt peruſal. 


GEOMETRY, according to its original derivation, 
ſignifies to meaſure the Earth. It is a Science which con- 
templates continued Quantity, Extenſion or Magnitude, 
abſtractedly conſidered; it teaches the nature and properties 
of Lines, Angles, Figures, Surfaces and Solids. 

Geometry is in two parts, ſpeculative and practical; the 
firſt demonſtrates the properties of Right Lines, Figures, &c. 
in ſpeculation ; from which is deduced the practical part for 
various uſes, for the benefit of mankind, in mechanic 
Arts, &c. 

Euclid has judiciouſly divided the Subject into Books or 
Sections; each of which, treats of different Figures, or dif- 
ferent properties of Figures, the power of Lines, Proportion, 
&c. which ſome Authors have thought proper to deviate 
from, though without any juſtifiable reaſon for ſo doing, 

It treats, in the firſt, third, fourth, and fixth Books, of 
Plane Figures, and thence is called Plane Geometry ; and 
afterwards, in the 11th and 12th of Euclid, the 7th and 
8th of theſe Elements, of Planes and Solids. 

Each Book contains ſundry Propofitions ; from which, 
are deduced Corollaries, Scolia, &c. the ſignification of all 
which I ſhall firſt beg leave to explain or define; and then 
proceed to the Definitions of the more eſſential Terms, 
which are the Subject of Geometry. 


A DEFINITION is the defining or explaining the full 
ſignification of any Term or particular Word, peculiar to, 
or made uſe of, in that Science of which we are about 


to treat. | 
A PROPO- 


»,4.9 
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ern . 3 
A PROPOSITION is either a Theorem, propoſed to 


be proved or demonſtrated, contemplatively; or, it propoſes 
ſomething to be done, problematically or mechanically. 


A CONVERSE PROPOSITION is the contrary of the 
other; that, which in the foregoing was the Concluſion, 
drawn from the Premiſes of it. 

e. g. If a Triangle have two equal Sides, the Angles 
which they ſubtend are alſo equal ; the Converſe is, that if 


a Triangle have two equal Angles, the Sides ſubtending them 
are alſo equal. 


A THEOREM is a ſpeculative Propoſition; a declara- 
tion of certain properties, equality, or other proportion re- 
lative to Quantity, or Figure, mathematically conſidered, 


A PROBLEM, is a Propoſition which propoſes ſome- 
thing to be done, practically or mechanically, 


bo 


An AXIOM is a ſelf evident Propoſition, which does not 
1equire to be demonſtrated. See Axioms, Book 1, El. 


A LEMMA is a Propoſition, as it were by the bye, or 
out of the way, which ſerves, previouſly, to prepare the 


way for the more eaſily comprehending the Demonſtration of 
the following Propoſition, 


I do not make uſe of Lemmas in this Work, as ſome geometri- 
cal Authors do; for if there be a neceſſity for a Lemma, I ſee no rea- 
ſon why that Lemma is not as much a Propoſition as any other. The 
7th and 16th Propoſitions of the firſt Book of Euclid, may be callea 
Lemmas, for they are certainly redundant Propoſitions, In other ma- 


thematical Works, Lemmas are frequently neceſſary, but, in Geometry, 
they are quite inconſiſtent, | 
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A COROLLARY is a neceſſary conſequence deducible 


from ſome Propoſition, already demonſtrated. 


A SCHOLIUM is a remark, or uſeful leſſon derived 
from the preceding Propoſition. 


A POSTULATE is a petition or requeſt which is re- 
quired to be granted, See Poſtulates, p. 21. 


HYPOTHESIS. Whatever is ſuppoſed or premiſed, in 
a Propoſition, is called the Hypotheſis or Premiſes of it ; 
from which ſome certain Conſequence is deduced, as af- 
firmed, and afterwards demonſtrated, called the Theſis or 
Affirmation, 

e. g. If a Right Line, cutting two Right Lines, makes 
equal Angles with them both, thoſe lines are parallel. 

Here, the Hypotheſis is, if the Angles are equal ; and, 


the Conſequence, that the Lines are parallel, 


SUPPOSITION. In demonſtrating ſome Theorems, 
it is neceſſary to have recourſe, frequently, to ſuppoſe ſuch 
and ſuch things, which are not ſo in reality ; by the ab- 
ſurdity of the conſequences, ariſing from ſuch a ſuppoſition, 


a concluſion is drawn, and the Demonſtration is made evi- 


dently to appear. 

Such kind of Demonſtration is called redufio ad abſur- 
dum, i. e. proving it to be abſurd, or impoſſible to be on 
that ſuppoſition; which, not being direct and poſitive, is, 


to many, very unſatisfactory; yet, if rightly conſidered, is _ 


full, though not direct Demonſtration, 


CONSTRUCTION, is the contriving or diſpoſing, 


geometrically, Lines and Figures, neceſſary for making the 
Demonſtration appear, clear and conſpicuous ; and muſt 


always 
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always be made of ſuch Figures or Lines as are already well 


underſtood ; the Properties, of which, being previouſly 
demonſtrated. 


DEMONSTRATION, When any thing is propoſed, or 
affirmed in a Propoſition, the Caſe is firſt ſtated and pre- 
pared, by drawing ſuch lines, or forming ſuch a Conſtruc- 
tion as is neceſſary ; and it is afterwards demonſtrated ; that 
is, the truth of the Aſſertion is made to appear, obvious, and 
without the leaſt doubt remaining; the performance or 


operation of which is called the Demonſtration. 
The three laſt Terms being common words in the English 
Tongue, may, by ſome, be thought impertinent; but, notwith- 


ſtanding the common acceptation of them is almoſt univerſal, yet 
the application of them in Geometry requires to be explained. 


DEF 1NTT-IO0-N:8. 


Of the eſſential and operative TERMS. 


The Terms of Art, to be defined in any Science, are Names, 
arbitrarily given, by the firſt Authors, or others, to certain 
Symbols, Figures, Marks or Characters, poſſeſſing certain pro- 


perties or relations, in reſpect of figure, poſition, ſituation, &c. 


The operative Terms are, generally, technical Words, pecu- 
har to that Science, though perhaps applicable ro others ; which 


are not of common uſe in Language, or have a different ſignifica- 
ton. 


The following Definitions are frequently referred to, hereafter, 
for illuſtratien or proof of what is advanced in the Propoſitions. 

When any Figure, &c. which we are contemplating, is found 
to poſſeſs ſuch or ſuch properties, we aftirm it to be tuch a F1- 


gure, as anſwers to them; or, in contemplating any Figure, given 


in the Premiſes, we aflirm that it has ſuch or ſuch properties, 


arbitrarily, by the Definition of it; and therefore, it requires no 
other Demonſtration. 


DEF. 


6 | 
-DEFINITION'S. 


DEF. 1. A POINT is, rather to be conceived than 

„ underſtood to be, without dimenſions, therefore 
$0 BY indiviſible. 

In Plane Geometry, it is a Mark, ſuppoſed to be 


made with a ſharp- pointed Needle, or fine drawing 
Pen. As A. 


DEF. 2. A LINE has length only, without other 


dimeniions,: of breadth or thickneſs, 


j A | E DEF. 3. A RIGHT LINE is the ſhorteſt that can 


be drawn between two given Points, (A and B) 
uſually called a ſtreight Line. 


DEF. 4. A CURVE, or CURVED LINE, is any 
other than a Right Line; either regular, as 

15 ACB; or irregular, as ADB. | 

Curve Lines are of various kinds, as circular, ellip. 


tic, parabolic, &c. each of which has particular pro- 
perties peculiar to them, and ſome in common, 


EE 
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SB DEF. 5. A SURFACE, or SUPERFICIES, is the 
outſide or external parts of Bodies, having no re- 
gard to thickneſs or ſubſtance ; and therefore, has 


but two dimenſions, viz. length and breadth, 
As AB and CD. | 


Surfaces are various, as Convex, Concave, and 
Plane, | | 

Irregular Surfaces are ſuch as are not, uniformly, any 
of the three, but may be compounded of them all. 

A convex Surface 1s one that is externally round or 
protuberant, Aliſo, the outtide of the curve of a 
Circle, &c. is convex, 

A concave Surface is one that is round internally, 
er hollow, ſuch as the inſide of a round Veſſel; the 
ontide is coavex. The curve of a Circle towards the 
Center is Concave, DEF 

f s 
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DEF. 6. A PLANE is a perfectly even and regular 


ſurface, which is neither convex nor concave, in 


N . any part; to which, if a Right Line or ſtreight 

C Ruler be any how applied, it will touch in every 
4 Point. 

C ; Or, if any two Points, in a Plane, be joined by a 


Right Line, the whole line is in that Plane. 


A Plane may be conceived to be generated by the 
direct motion of a Right Line, laterally; or FOR 
around on any Point im it. 


If the Right Line AB be moved, directly to CD, 
there will be generated the Plane A BCD. 


N. B. A Plane may be of any Shape or Figure, in L 
reſpe& of its bounds or limits. D 


DEF. 7. PARALLEL. Right Lines are Parallel A 23 B 

to each other, which, if produced infinitely, either | 
way, and being in the ſame Plane, would never 
meet. As AB and CD, 


N. B. Parallel Lines are equidiſtant in every part; 
between which all Right Lines, as aa, 6, "and cc, 
* being alſo parallel, are equal. 
9 But, the Diſtance between two parallel Lines is mea- 
ſured by a Perpendicular, AD or BC. Sce Perpea- 
dicular (Def. 10.) 
The lame holds true in parallel Planes. 


DEF. 8. A PLANE-ANGLE is formed by the 


meeting, touching, or cutting, of two Lines in the 


PA IT 


ſame Plane, ſo as not to fall into or conſtitute one D 
Line. C0 
Angles are either right-lined, as A or B; curved, as | 
C, D and E; or mi ixcd, as F and G; W hich are com- 2 
pounded of a Right Line and a curved or crooked one. F 75 
N. B. Angles are neither increaſed nor diminiſhed by L S 
the length of the Lines which torm them; for, the \ \ 


Angle A is greater than the Angle B, notwithſtanding 

the Lines which form the Angle B are longer than 

thoſe of the Angle A; but, the Lines forming the 

Angle B are more inclined to cach other. 

2. Ima- 


2 


CC 


2. Imagine the dotted Lines to repreſent the Angle 
A laid upon, or applied to the Angle B; it is evi- 
dent, that the Angle B 1s leſs than the Angle A, ha- 
ving a greater inclination of its Sides, or the aperture 
between them Jeſs; therefore, a leſs Angle may al- 
ways be contained in a greater, 

3. If the Sides of any Angle (as B) were length- 
ened infinitely, the Angle is not varied, if the incli- 
nation of the Lines remains the ſame ; but, if you ſup- 
poſe them moveable, on the angular point, like a 
folding Rule, and are parted farther aſunder, ap- 
proaching towards the dotted Lines, their inclination 
will then be leſs; and conſequently, the aperture or 


"A opening between them greater; and therefore, the 


Angle is ſaid to be greater. 


DEF. 9. VERTEX, is the angular Point in which 
two Lines, forming a Plane Angle, meet and 
touch each other, 

N. B. A fingle Angle is uſually deſcribed by one 


Letter only, or other Character, as A or B; but, if 
three or more Lines mcet in a Point, then three Let- 
ters are uſed, to ſpecify the Angle ſpoken of; as 
C ABC, CBD or ABD; of which the middle Letter 
always denotes the Vertex; and means, the Angle 
made by the lines AB and BC, or CB and BD, &c. 
wherefore, the middle Letter, denoting the Angle, is 
underſtood to be twice named. | 


B 


D DEF. 10. PERPENDICULAR. A Right Line 
| is perpendicular to another, when it does not in- 
cline to the other on either Side; but makes the 

Angle, on each Side, equal to the other. 


Thus; if the Angles ACD, DCB, are equal to 


Y B one another, then CD is perpendicular to AB. 


N. B. No more than one Perpendicular can be 
drawn from the ſame Point in a Right Line, on the 
ſume Side, and in the ſame Piane. 

For, it any other Line, as CE, be drawn from the 
ſame Point, C, it cannot be a Perpendicular, but is 
ſaid to incline to AB; and, thre inclination is on the 
ſame Side of the Perpendicular CD; 1. e. the Angle 
ACE is the Angle of Inchnation of the two Lines AB 
and CE. | 

N. B. 2. 


SER FIFWNITEFONS is 


N. B. 2. If another Right Line, as FG, be drawn 
in the ſame Plane, from any Point F, perpendicular to 
AB, it will be parallel to CD. 
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DEF. 11. A RIGHT ANGLE is that which is 


formed by the meeting of two Right Lines which 4 
do not incline to each other, but either of them 
is perpendicular to the other, 


N. B. If either Side of a Right Angle be produced, 
or drawn out beyond the Vertex, there is neceſſarily 
enerated another Right Angle. And, conſequently, 
if both Sides are produced, there will be generated 


| 
CY YN 
C 
| 


four Right Angles. K 
Thus, ABC is a Right Angle; if, when AB or 

CB is produced, towards D or E, there is made ano- 

ther, CBD or ABE; and if both are produced, EBD 

is a fourth Right Angle. 


3 DEF. 12. An ACUTE ANGLE is leſs than a 
'Y Right Angle. | 
1 If the Line CB, meeting AB in the Point B, falls 
5 on this Side of a Perpendicular, BD, at that Point;. 
| the Angle ABC, being leſs than the Right Angle 
ABD, is therefore called Acute. 


A 
DEF. 13. An OBTUSE ANGLE is greater than 
a Right one. 


If the Line BE falls on the other Side of the Per- 
pendicular, BD; the Angle AB E is Obtuſe. 


N. B. The difference, CBD, between an Acute 


Angle, ABC, end a Right one, ABD, is called the 2 

CompLemenT of the Angle ABC. | 
And, if either Side of an Obtuſe Angle, as AB, 

be produced, the Angle EBF is the Complement of 

the Obtuſe Angle ; or its deficiency to two Right An- 

gles, ABD, DBF. ; 


C DEF, 


10 
a, 


| 


Ire 
DEF. 14. EQUAL ANGLES. Angles are equal, 


when the Lines, which form them, have the ſame 


Inclination each to the other, reſpectively. 


In the Angles abc, ABC; if the Vertex, b, of the 
one, be applied to the Vertex, B, of the other, in 
ſuch wiſe, that the Side ab falling on AB, cb alſo 
falls on CB; then, there is the ſame inclination of cb 
to ab as of CB to AB, and the Angles abc, ABC 
are equal. 

N. B. The length of the Lines, or Sides, is not con- 
ſidered or regarded in the equality of the Angles, but 
only their inclination to each other. 


Angles have other Denominations, which are 
derived to them only from their Situation, in re- 
ſpect of each other; yet ſtill retain the general 
appellation of Right, Acute, or Obtuſe Angles, 
Such are the following. 


DEF. 15. VERTICAL and CONTIGUOUS 


ANGLES. 


If two Lines, AB and CD, cut and croſs each other, 
there are made four Angles, at the Point, E, of their 
mutual Interſection ; either two of which, AED, 


CEB, or AEC and DEB, touching at their, Vertices, 


only, are called Vertical Angles. 

Any other two, as AEC, AED, or AEC and CEB, 
&c. having one Side, CE or AE, common to both 
Angles, are called Contiguous or Adjoining Angles. 


DEF. 16. ALTERNATE ANGLES, and others. 


If a Line croſſes or interſects two Lines, there are 
made eight Angles, A, B, C, D, &c.; of which C 
and F, alſo E and D, between the two Lines, one on 
each Side of the cutting Line, are called Alternate 
Angles, | 

C and E, alſo D and F, are called INTERNAL An- 
GLES on the ſame Side. 

E and A, FandB, CandG, orD and H are called 
InTExNAL and OrrosirE ANGLES, on the ſame 


Side, 
DEF. 
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the 


1 
cb 


BC 


= 
0 
. 
1 
* 
. ny 


VEFINTTTIH0+N 8 


DEF. 17. A PLANE FIGURE is a Space bound- 


ed on all ſides by one or more Lines in the ſame 


Plane. 


2. Any Line, between two adjacent Angles, forming 
or bounding a Figure, is called a 81D of that F igure. 


N. B. If a Plane Figure be bounded by Right Lines, 
only, it is called a Right- lined Figure; as Z. And if 
it be formed of Right Lines and curved, it is called 
a mixed Figure. As AC. 


orf. 18. INTERNAL and EXTERNAL 


ANGLES. 


If any Side of a Plane Figure be drawn out beyond 
the Figure, as AB to D, the Angle E, or ABC, with- 
in the Figure, is Internal; and the Angle For CBD, 
without the Figure, is called an External Angle. 


DEF. 19. A CIRCLE is the ſimpleſt and maſt 


perfect of all Plane Figures, therefore the firſt; jt is 
bounded by one regular and uniform curved Line, 
falling again into itſelf; which is called the CIR- 
CUMFERENCE of the Circle, 


The curved Line ABD is the Circumference ; the 
Space, included within it, is the Circle. 


2X DEF. 20. CENTER of a Circle, or CENTRE, 


is a Point in the middle of a Circle, or the middle 


Point of a Circle ; which is equally diſtant, every 


way, from the Circumference. As C. 


N. B. The geneſis of a Circle is thus defined. 

It a Line, CD, be conceived to be revolved quite 
around, on one extreme, C, fixed to a Pin or Point; 
the other extreme, D, will, in its revolution, deſcribe 
the Circumference of a Circle, ABD ; and the Line 
CD, having gone over the whole ſ pace, has generated 
the Circle, bounded by that Circumference. 
od the Center of a Circle to the Circumference, are 
equal, 


Hence, it is evident, that all Right Lines, drawn - 


— IT 


© 2 N. B. 2. 


C mw 9 32. 0 an ” 


N. B. 2. Equal Right Lines deſcribe equal Circles ; 
but, it another Line, CE, or, if any Point, E, be 
aſſumed in the Line CD, another Circle will be de- 
ſcribed, on the ſame Center, and in the ſame ſpace of 

time; whoſe Circumfterence, EFG, is to that of the 
other Circle, deſcribed by the Point D, in proportion to 
the Lines CE and CD, by which they were generated, 


DEF. 21. DIAMETER, of a Circle, is a Right 


Line drawn through the Center, and terminated 
on both ſides by the Circumference. As AB, 


2. Half the Diameter of a Circle is called the 
Ravivs. As AC or CB. 


N. B. Every Diameter divides the Circle, and alſo 
the Circumference, in two equal Parts. 


DEF. 22. A SEGMENT of a Circle, is any por- 
tion cut off by a Right Line; which is called a 
CHorD or SUBTENSE. 

As AD, making two Segments, AED and AFD. 
N.B. A Diameter is alſo a Chord Line, 0 25 


DEF. 23. A SEMICIRCLE is a Segment, made 
by a Diameter, AB. As AEB or AF B. 


Therefore, the Segment AED, which is greater 


Ego / than a Semicircle, is called a greater Segment 3 z and ñ̃᷑ẽ 
* | / AFD a leſſer Segment. 
: 2 
3 DEF. 24. An ARK, or ARCH, is any portion of the 
A ; Circumference of a Circle, As AB, BC, or ABC. 


DEF. 25. A TANGENT is a Right Line drawn 
without a Circle, and touching it in a Point only; 
which is called the PoinT oF Cox racr. 

As AB, touching the Circle i in B. 


DEF. 26. A TRIANGLE is a Plane Figure 


bounded by three Right Lines, and contains as 
many Angles, 


N. B. Not 
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1 has all its three Sides equal, to one another, 
3 DEF. 28. 2. An ISOSCELES TRIANGLE has 

2 A C 


DEFINITIONS i 
N. B. Not leſs than three Right Lines can include 
a Space and form a Figure; wherefore, a Triangle is 
the firſt of all Right-lined Figures. - 


Triangles are of various kinds. As follows. 


DEF 27. 1. An EQUILATERAL TRIANGLE 


only two equal Sides. AB and BC. 
DEF. 29. 3. A SCALENE TRIANGLE has all 


its Sides unequal, : 


DEF. zo. 4. A RIGHT-ANGLED TRIANGLE A 


is one that has a Right Angle. B. 
2. The Side AC, oppoſite the Right Angle, is called | 
the HY POTHENUSE. | 
B 


DEF. 31. 5. An OBTUSE ANGLED TRI- 


ANGLE is one which has an Obtuſe Angle. C. 

N. B. The two laſt are not diſtin ſpecies of Tri- 
angles, but only a particular kind ; which {till come | 
under the general Denomination of Iſoſceles or Sca- C 


lene. 

An Iſoſceles or Scalene "Triangle may be either right 
or obtuſe angled, or have all its Angles acute. 

The Triangle ADB is right-angled ; ACB is ob- 
tuſe-angled ; and AEB has all its Angles acute; yet, 
they are all Iſoſceles. . | ; 

So likewiſe, the Figures of dies vo laſt Definitions 
are Scalene Triangles. _ 5 


A 


DRANGLE is a Plane Figure which has four 


DEF. 32. A QUADRILATERAL or QUA= ? 
| 
Sides, and four Angles. | 


Theſe are ſynonimous Terms; the firſt expreſiing 
it by the number of its Sides, the other by its Angles. ; n 


; DEF; 37: 
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DEF. 33. A PARALLELOGRAM is a Quadri- 
lateral, whoſe oppoſite Sides are parallel. 


DEF. 34. A RECTANGLE is a Parallelogram, 
whoſe Angles are all Right ones. As X. 


DEF. 35. A SQUARE is a Rectangle, whoſe 


Sides are all equal, to one another. Z. 


N. B. All Rectangles and Squares are Parallelograms. 


— DEF. 36. A RHOMBUS is a Parallelogram, 


whoſe Sides are all equal, and its Angles not 
Right ones, 


2. If the Sides of a Parallelogram are not all equal, 
and the Angles not Right ones, it is called a Ruom- 
BOIDES. 


DEF. 37. A DIAGONAL is a Right Line drawn 
between any two Angles, that are oppolite, in 
any right-lined or mixed Figure; i. e. from onus 
Angle to the other. As AC. 


N. B. In Parallelograms, the Diagonal is uſually 
called a Diameter; becauſe it paſies turough the Cen- 
ter (the middle Point, E, where the two Diagonals, 
AC and BD, interſect) and, as in a Circle, it divides 
the Parallelogram into two cqual Parts. 

Avy Right Line, cutting a Parallelogram through 


A its Center, is a Diameter. 


DEF. 38. COMP; _MAENT'S of a Parallelogram. 


If any Point, as E, be taken in the Diagonal of a 
Parallelogram, and, -hrough that Point, two Right 
Lines are drawn parallel to the Sides, both ways (AB 
and CD) it will be divided into four Parallelograms, 


\ V, X, Y, and Z; the two, X and Z, which touch 


the Diameter, in the Point E, only, are called the 
COMPLEMENTS; which, with either of the other, 


about the Diameter, taken together (as XYZ or XVZ) 
is called a Gxnowmox, 


DEF. 39. 


1-4 
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DEF. 39. A TRAPEZIUM. is an irregular four- 
ſided Figure. 


Wherefore, every Quadrilateral which is not a 
Parallelogram, is, conſequently, a Trapezium. 
As ABCD. IX 


C 


DEF. 40. A POLIGON. All right-lined or other 

Plane Figures, having more than four Sides, have 

4 the general appellation of Poligons, ſignifying 
4 many vides, 


N. B. Ordinate or regular Poligons' are ſuch as 
have all their Sides and Angles equal; about which a 
Circle may be circumſcribed, whoſe Circumference 
ſhall paſs through every Angle of the Poligon ; and, 
a Circle may alto be inſcribed, which ſhall touch eve- | 


i E 5 ry Side. 


Poligons have various Names, derived to them 
from the Number of their Sides; as follows. 


I. A PENTAGON is one that has five Sides, 
"0 2. A HEXACGCON has fix Sides, 

un 3. A HEPTAGOXN has ſeven Sides, 

'J 4. An OcTAGon has eight Sides. 

5. A NonaGox has nine Sides. 

6. A DEcAGon has ten Sides. 

7. A DuoptEcacon has twelve Sides. 

8. A QUINDECAGON has fifteen Sides. 


Theſe eight are the moſt eſſential, in Geometry, and / 
48 the molt uſeſul amongſt Mechanics, To ſpecify every 
1 kind of Poligon would be infinite. | 


DEF. 41. PERIMETER is the ſum or meaſure of 8 | 
all the Sides of a Poligon, or other right-lined or FI 
mixed Figure, in one Sum; which is ſometimes _ 
called its Circumference, or PERIPHERY, ; 


DEF. 42. 
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DEF. 42. EQUIANGULAR FIGURES are ſuch 
as have an equal number of Angles ; and the An- 
gles of one alfo equal, reſpectively, to the Angles 
of the other, each to its correſponding Angle. 
As, a equal A, b equal B, and c equal C. 


CDEE. 43. CONGRUOUS FIGURES are ſuch as 
have all their Angles equal, reſpectively; alſo, 
the Sides, which contain equal Angles, or which 
are between equal Angles, are equal. 

If the Angle a be equal A, b equal B, e equal C, 
and d equal D; and, if the Side ab . AB, 


bc equal BC, cd equal CD, and ad to 3 then, 
the Figures abcd, ABCD, are congruous. 


DEF. 44. EQUAL FIGURES are ſuch zs have 
an equal Area, See Def. 47. 


N. B. If two Figures of different Denominations 
have an equal Area, they are called equal Figures. 

So, the Parallelogram ABDE is equal to the Tri- 
angle ABC. 


ongruous Figures are equal and ſimilar, 


© DEF. 45. BASE, of a'Plane Figure, is the Side on 
which it is ſuppoſed to ſtand erect. As AB. 
N. B. It may be any Side, at diſcretion ; but is ge- 


nerally applied to the lower Side, or that which 1s next 
towards us. 


DEF. 46. ALTITUDE, of a Figure, is its per- 
zC pendicular height from the Baſe. 


tude of the Trapezium ADCB ; or of the Triangle 
ADB. | 


B DEF. 47. AREA of a Plane Figure, or other Sur- 
face, is its ſuperficial Contents; 1. e. the mea- 
ſure, or quantity of Space contained within the 
bounds of the Figure, expreſſed in ſquare Feet, 
Yards, or any other known meaſure, of length. 

| DEF. 48. 


As ED, perpendicular to the Baſe AB, is the Alti- 
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DEF. 48. SEGMENT of a Line, is any portion 


uch g 
an- of a Line. 
| .4 As AC, or CB, of the Line AB. A — 
ples B 
XZ DEF. 49. SUBTEND. The Side of a Triangle 

* which is oppoſite to any Angle is ſaid to ſubtend 
as | that Angle. 
ſo, ; Thus, AB ſubtends the Angle C, AC ſubtends the 5 5 
ich I Angle B, and BC ſubtends the Angle A. : 
| | So likewiſe, the Chord or Subtenſe AB, ſubtends C | 
e 1 the Ark ACDB; and CB ſubtends the Ark CDE. 
\B, 4 . A- | 
en, DEF. 50. To BISECT, is to cut or divide a Line | 

or Angle, &c. into two equal Parts. A 8 
we 1 1 Thus AB is biſected in the Point C; and the Angle 

BAD, is biſected by the Line AE. 
ons 2. To TRISECT, is to cut, equally, into three Parts. 
ris | . 
DEF. 51. To PRODUCE, is to draw out a Line 

| or Plane, or to lengthen it at pleaſure, 
on 1 Thus, the Line AB is produced to C. 
ge- DEF. 52. To DESCRIBE, is to draw a Line, 
ext Circle, or other Figure, 


DEF. 53. To INSCRIBE, is to draw a Figure 
touching every Side of another Figure, internally; 
or, whoſe Angles ſhall all touch the Circumference 
of a Circle, 


DEF. 54. To CIRCUMSCRIBE, is to deſcribe 
a Circle or other Figure paſſing through all the 
Angles of another Figure. As ABCD. 


D DEF. 55, 


it KE M AN K $ 6 THe 
DEF. 55. EXTREMES or BOUNDS, are the 


utmoſt Limits of any thing. 


So, the extremes of a Line are Points ; the bounds 
or extremes of a Surface are Lines, (except the ſur- 
face of a Sphere, which has no Bounds) and, the 
extremes of a Solid are Surfaces. 

A Sphere has but one Surface; alſo, a Circle 1s 
bounded but by one Line, without beginning or end; 
conſequently it has no, Extremes. 


Some Readers will, perhaps, think I have already deviated 
from the Plan propoſed in the Preface, which was, to abridge the 
Elements of Euclid ; but I hope they will find, that the time 


fpent on the Definitions (by way of Introduction) is not thrown 


away; having made ſeveral of them uſeful Leſſons, as well as 
defined the Terms; and I am perſuaded,” that the more perfect- 
ly they are underſtood, the progreſs, in the Subject they relate 
to, will be greatly facilitated, But, I muſt inform the Reader, 
that it is not the length of the Definition itſelf, but the number 
of Terms I have defined, and the Notes to ſeveral, which have 
ſwelled the bulk of them; having near twice the Number which 
ſome Authors have, and, in my opinion, not one ſuperfluous. 

However, not to diſcourage the young Student, I adviſe him 
not to burthen his memory too much at once ; for there 1s not 
the leaſt neceſſity that he ſhould retain them all, before he pro- 
ceeds further; tis enough, at firſt, to read them over with at- 
tention, and underſtand them clearly as he reads; they will ſoon 
become familiar to him, by frequent uſe, in the courſe of his 
ſtudy of the Science. 

J alſo particularly adviſe him, when he meets with any Term 
hereafter, of which he has not a clear Idea, to turn immediately 
back to the Definition of it; he may depend on it, that the time 
will not be entirely loft. 

Several of the Terms which I have here defined, being fre- 
quently uſed in the Subject of Geometry, are abſolutely neceſſary 
to be defined, but are not, properly ſpeaking, elementary. Such 


are the 4th, the gth; the 14th, 15th, 16th, and 18th; the 36th, 


the 41ſt, 43d, 44th, 47th, and 48th, and the laſt ſeven; which are 
chiefly operative or practical Terms. Though I muſt freely own, 


that I ſee no reaſon why the 49th, 5oth, 51ſt, and gad, are not 


as neceſſiry to be defined as the 53d and 54th: the 55th is 
l three ſeparate Definitions, in the zd, 6th, and 13th of Eu- 
clid. 
It is, or ought to be, the deſign of every Author on any Sci- 
nce, to make his Book a perfect Tutor; conſequently, no par- 
ticular Term, made uſe of in that Science, and which 1s peculiar 
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to it, ſhovld be left undefined : for, we ſhould ſuppoſe the Stu- 


dent to be entirely ignorant of all that relates to it. Can any 
thing be more abſurd, than to propoſe biſecting a Line or Angle, 
or * Line, &c. to talk of Alternate Angles, &c. of 
Diagonals, Complements, Subtenſes, &c. without having firſt de- 
fined what is meant by them? I have often been ſurprized at 
the omiſſion of the Definition of a Poligon, and the various 
kinds of Poligons; the forming, infcribing, and circumſcribing 
of which, is the principal ſubject of the 4th Bcok. They are fre- 
quently called by the Terms Pentagon, Hexagon, &c. which 
have never been properly, if at all, defined. In the 23d De- 
finition they are, in general, called many-ſided Figures; 'tis a 
ſtrange ungeometrical Term, and never once made uſe of after, 
but other Terms are aſſumed. 

Euclid, himſelf, has not deſined a Parallelogram, that moſt uſe- 
ful and neceſſary Figure. I admire Mr. Stone's Apology for 
that omiſſion, as being unwilling to increaſe the Number, un- 
neceſſarily; and ſays, that Euclid has ſufficiently defined it in 
the 34th Propoſition. Mr. Stone indeed has, but not Euclid; 
for why elſe has Keill defined 1t before the Propoſition ? But, if 
it be thought moſt eligible to define that Term in the Propoſi- 
tion, where it is firſt made uſe of, why are not others ſo defined ? 
why are not all, as well as this? 

'At the' ſame time, Euchd has, in Mr. Stone's Opinion, given 
ſeveral unneceſſary Definitions ; viz, the 3d, 6th, and 13th of 
his Euclid, which I always thought ſuperfluous ; the gth I think 
ſo too, alſo the 20th. He, likewiſe, thinks the 18th, 26th, the 
32d, and 33d, uſeleſs, In reſpect of the 26th (the 29th of this) 
I cannot ſay it 1s eſſentially neceſſary; yet, as Scalene Triangle 
is a general Term, including all that are neither Equilateral nor 
Ifoſceles, I cannot think it redundant. 

The 29th, of which he ſays nothing, is really ſuperfluous, 
Viz. ** when all the Angles are acute, it is called an acute- 
angled Triangle.“ I know of no properties peculiar to ſuch 
an acute-angled Triangle, that is not common to every Triangle; 
for every Triangle has, neceſſarily, two acute Angles. An equi- 
lateral Triangle is included in that Definition, and ſo are the 
Iſoſceles and Scalene, frequently. | : 

Why is not a three-fided Figure (Def. 21.) called a Triangle, 
as it is always called afterwards? we might as well go on, from 
four to five or fifteen ſided Figures. An Oblong (Def. 31.) for 
a Rectangle, is quite ungeometrical, and is never called fo af- 
ter. The Rhombus and Rhomboides, 32. and 33. (Def. 36. 
of this) are, in a great meaſure, uſeleſs, being fully ſignified in 
a Parallelogram, which alſo. includes Squares and other Rect- 
angles ; all which, are only particular ſpecies of Parallelograms ; 
the Rhomboides including all 2 8 ſided and acute angled. 
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I can by no means agree with Mr. Stone, in thinking the 18th 
Definition, of a Semicircle, needleſs; I alſo think, the Radius as 
neceſſary to be defined as the Diameter. In ſpeaking of Angles 
in a Segment of a Circle, Prop. 31. of the 3d Book, the 1 2. of this, 
viz. ** the Angle in a Semicircle is a Right one,” &c. ; fince there 
is a neceſſity 2 calling it ſomething, I cannot but think a Semi- 
circle more elegant and expreſſive than half a Circle, which does 
not confine it to any particular Shape or Figure; provided it has 
half the Area, it is half a Circle ; whereas, the Semicircle (which 
undoubtedly means half a Circle) is always underſtood to be 


contained under a Diameter and half the Circumference. 


Mr. Stone is ſomewhat too dogmatical in his remarks, I can- 
not be of Opinion, that the manner in which Euclid has com- 
Piled his Elements, is the beſt that can poſſibly be, becauſe Eu- 
clid lived two thouſand Years ago. Tis not to be imagined that 
the mathematical Sciences had arrived at their xe plus ultra in 
his Days, for it is notorious they were not; why then, ſhould we 
ſuppoſe, the Elements of Geometry to be in their greateſt perfec- 
tion? I am not ſo much wedded to antiquity, as to think them 
infallible; neither do I think that all Euclid's Definitiens are ne- 
ceſſary, or that he has omitted none that are ſo: Such, therefore, 
as are uſeleſs I have rejected, and have ſupplied their places with 
others, which I think more eſſential, and abſolutely neceſſary ta 
be defined, | 
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Poſtulates are fundamental Principles in any Science; 


which, being plain and ſimple in themſelves, may readily 
be granted; although, it is not poſſible to give perfect and 
indiſputable Demonſtration. 


The following are, therefore, requeſted to be granted, 


1. That there may be a perfect Plane; and that it may 
be extended at pleaſure. 

2. That a Right Line may be drawn between any two 
given Points; i. e. from one Point to the other. 

3. That a Right Line may be produced at pleaſure ; i. e. 
that a finite Line may be continued or lengthened, 

4. That a Circle may be deſcribed: on any Center, and 
with any given Radius, 

5. That one Figure may be applied to, or laid upon an- 
other Figure. 


Theſe Poſtulates muſt be granted, at leaſt in Idea, or all Geo- 
metry falls at once to the Giound; for, it there cannot be a 
Plane, a Right Line, or a Circle, the whole Elements of Geo— 
metry are to no purpoſe ; as it will be impoſſible to form a Con- 
ſtruction, whereby we may demonſtrate the moſt eilential Properties 
of Figures in general, whether Plane Figures or Solids; and 
conſequently, it no Demonſtration can be given, there is an end 
of the Science, having no Data to build on. | 

In every mathematical or phyſical Science, there is a nęceſſi 
for ſome Data or firſt Principles to be given, whereon to frame 
Hypotheſes, in order to demonſtrate the Theorems which fol- 
low ; and the more ſimple thoſe Principles are, the better; be- 
cauie there will be leſs room to diſpute them. But, at the ſame 
time, if they are diſputed, they are the moſt difficult to demon- 
ſtrate, for being the moſt ſimple; becauſe, there is no reverting 


back to any thing more ſo; and conſequently, there can be no 


Pemonſiratien given. That the thing is fo, of itſelf, is ſome- 
what arbitrary, notwithſtanding there is no poſlibility of deny- 
ing it; therefore, the more ftimple the firſt Principles are, the 
readier the afient will be given; and the Demonſtrations, of the 
moſt complex Propoſitions, which follow after, will be caficr 
obtained and more firmly ſupported ; and conſequently, the whole 
Science, which is built on thoſe Principles, is more ſolid and 
permanent, and more ſecurely eſtabliſhed, 
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| PLANE ANGLE 8, 


4 Efore I proceed to practical Geometry, I think it pro- 
x per, firſt to explain the Theory of Plane Angles 
1 | which J look on as a very neceſſary Introduction. 


In order to have a perfect and clear Idea of Plane Angles, 


0 and to determine their Quantity by a certain ſtandard or 

| meaſure, the Circumference of a Cirele.is ſuppoſed to be 

þ divided into 360 equal parts, called Degrees (anſwering ta 

[| the number of the Degrees on the Equator) it is evident 

lf that thoſe diviſions will be leſs in a ſmall Circle than ima 

larger, | 
\þ a 1. If from two Points in the Circumference of a Circle, as N 
vt V's E and F, Lines are drawn to the Center, as EC and FC, 4 
1 there is made an Angle at the Center, C, L 

. which 1s greater or leſs, according to the L 

[ number of Degrees on the Ark EDF, but 
p [| it will be the ſame in a ſmall Circle as in 
| i a large one, 1. e. the lines will have the 4 

0 ſame inclination to each other. e. g. 2 

„ - = 
8 | .4 
bl N — — 2. ADB is a Semicircle, whoſe Center is C; the Arch 2 
| ] AEDFB contains 180 deg. half 360, the whole Circum- ©! 3 
"1 0 | ference... ; 1 
N From the middle point, D, of the Arch ADB, which 
4 is 90 deg, each way, from A and B, if CD be drawn, it 3 
{| will be perpendicular to AB; for ACD and DCB, are 


=- , 
1 Right 
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Right Angles, at the Center (Def. 11.) the Arks AD, 
DB, being each a fourth part of the whole Circumſe- 
rence, or half the Semi-circumference : hence, a Right 


Angle is ſaid to be of go Degrees. 


4: If the Ark AD be biſected in E, and EC be drawn, 


the Angles ACE, ECD, will be each of 45 deg. half 
ACD a Right Angle, or go Degrees. 

And, if the Ark DB be triſected, at F & G, (i. e. divided 
into three equal parts), and FC be drawn, the Ark DF 
containing 30, and FGB 60 deg. the Angle DCF is 
ſaid to be an Angle of 30, and FCB an Angle of 60 deg. 

By which means, an Angle of any quantity may be 
obtained, or meaſured, 


4. On the ſame Center, C, with any other Radius, as C a, 


let the Arch ae dfb be drawn, which is allo a Semicircle. 

It is very obvious, that it is alſo divided into the ſame 
number of parts, and in the ſame proportion, as the Arch 
AEDFzZ; for it is biſected in d, and ad is again biſect- 
ed in e, and db is alſo triſected at f and g; wherefore, 
AD, ad are each a fourth; ED, ed an eighth; BF, 
bf, a ſixth; and FD, fd, a twelfth part of their reſpec- 
tive Circles; and the Angles ACD, aCd ; ECD, eCd, 


Kc. are the ſame in both. 


From all which, it is clear, that, Angles may be formed 
or meaſured by an Ark or Circle of any Radius. And 
alſo, that equal Arks of the ſame, or of equal Circles, 
or an equal number of degrees in a Circle of any Ra- 
dius, will form equal Angles at the Center. 


'5. If you would have an Angle of Co degrees at the point 


C, of the line BC. 


With 
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Wich any Radius, at pleaſure, deſcribe the Ark PD, 
cutting the Line BC in B; with the ſame Radius, on 
the Center B, cut the Ark BD at F, and draw CF, 

It is very clear, that the Angle BCF would be the 
ſame, if a leſs Radius had been taken, as C b. 

For, draw the Chord Lines F B and fb, each will be 
equal to the Radius of its reſpective Circle; and, the 

. Triangles CFB, Cfb are equilateral; whoſe Angles 
are of 60 degrees each (Cor. 1.9. 1.) ; for the Arks BF 
and bf are, each a ſixth part of the whole Circumference 
of their reſpective Circles, of which C is the common Cen- 
ter, (ſee Prop. 13. 4.) ; and conſequently, each contains 
60 degrees on the circumference of that Circle, of which 
K is a Part; whoſe Radius is CB or Cb. 


A deſcription of the Inſtrument called a PRoTRACToR, 
with the application of it, in meaſuring and making Angles, 
of any known quantity or meaſure, may not be improper in 
this place. It is of ſpecial uſe in Surveying, in drawing 
Plans of any piece of Ground for building on, &c, or of 
Buildings, already erected, being readier and more exact 
than a Line of Chords, "Te 

The Protractor is a Semicircle, divided on its Limb or 
Semi-circumference, AEDFB, into 180 equal parts; hav- 
ing a ſmall Notch at C, the Center. See the laſt Figure. 

Some Protractors have a Scale, added to the Semicircle, 
which are the beſt and readieſt in uſe, 

In meaſuring an Angle, apply the Diameter, i. e. the 
Edge or Right Line AB, to either Side of the Angle ACE, 
with the Vertex, C, of the Angle, at the center of the 
Protractor; and, where-ever the Side CE, cuts the Limb 
or Circular edge of the Inſtrument, obſerve how many De- 
grees there are from A to E, the Ark intercepted between 
the Sides AC and CE, of the Angle ACE, 


If 
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If it contains 45 or 50, or whatever number of Degrees it 
happens to be, (as 45 by the Figure) the Angle ACE is 
of ſo many Degrees. If it had cut the Arch at D, as ACD, 
it is a Right Angle; and if beyond D, as ACF, it is ob- 
tuſe; the Complement FCB, i. e. the Ark FB, being ſub- 
tracted from the Arch of the Semicircle, ADB, or 180 de- 
grees, gives the quantity of the Angle ACF. 


2. If it is required to lie down or make an Angle of ſome 
known Quantity (as 45 deg.) at the Point C, of the Line AB. 
Apply the edge of the Protractor, as above, with the 


Center, C, at the Point given; make a Mark or Point at 


E; take away the Inſtrument, and draw EC. 
Thus, may any Angle whatever be laid down on Paper. 


A Scale of equal Parts is nothing more than a Right Line 
divided into any number of equal Parts, at pleaſure. 

Each Part may repreſent any meaſure you pleaſe, as an 
Inch, a Foot, a Yard, &c.; for, being equal, whatever 
meaſure any Object or Figure contains, in length and breadth, 
a ſimilar Figure may be conſtructed, on a Plane, having 
or containing the ſame number of Diviſions, each way, on the 
Scale, as the real Object contains of Feet, Yards, & , One 
of thoſe Parts is generally ſubdivided into parts of the next 
inferior denomination, or into tenths and hundredths, denot- 
ing the Decimal Parts, 

Obſerve, that the Diviſions on the Scale, (whatever meaſure 
is repreſented by them,) muſt always be adapted to the Pro- 
portion you would delineate any Object, or form a Deſign, 

See the Appendix (Page 15 and 16) for the conſtruction 
of Scales, | ; 


N. B. A pair of Compaſies or Dividers, a Drawing Pen, and 
a ſtreight Ruler, are all the Utenſils that are. requiſite, in Plane 
Geometry, | | 
The Board or Paper, on which we draw any gcometrical Figure, 
is ſuppoſed to be a Plane. 
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ABBREVIATIONS &c. ExPLAINED. 4 
&c, Et cetera, And all the reſt, When, what is ſup- *' pe 
poſed to follow may be readily underſtood. 2 
i. e. Id off. That is. When, what has been ſaid re- 
quires to be further explained. S 7 
viz. Videlicet. To wit; or, that is to ſay, When C 
any thing advanced is given in Groſs, which " 
is more particularly ſpecified, as follows after, 
e. g. Exempli gratia, For inſtance ; or, for the ſake of þ 
example, When an Example is to be given 
of what is advanced. 
N. B. Nota Bene. Mark well. That is, take particular . 


notice of that Paragraph. 3 
QE. F. Quod erat faciendum. Which was required to ll | 


: 
be done, 5 
Q. E. D. Quod erat demonflrandum. Which was to be 
demonſtrated. 6 
DEM. Demonſtration. | Hyp. AB. Hypothenuſe AB, 
COR. Corollary. Perp. Perpendicular, 8 3 
SCHOL. Scholium, or remark. Dia. Diameter. 3 
APPL. Application, or uſe. | Diag. Diagonal. 4 


Par. AB. 7 Trap. Trapezium. 
or Pap, {ParallelogramAB, | Pent, Pentagon, &c, 


Rect. AB. Rectangle AB, or ABCD, &c. 
R. Ang. ABC. Right Angle ABC, &c. 
Line AB. Denotes Right Line AB, &c, 


— 


Note. When it is required to join any two Points, it is 
meant, that a Right Line be drawn between them, 1. e. from 
one Point to the other. 
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ABBREVIATIONS, by way of Reference. 


Poſt. 1. or 2. Refers to the firſt or ſecond Poſtulate ; where 
it is requeſted that ſuch or ſuch things may 
be granted. * 

Def. 6. or 7. Refers to the ſixth or ſeventh Definition in 

Or, Def.6. 3. the general Introduction. But, when there 

or 6. 5. &c. are two numbers, it refers to the 6th Defi- 
nitions of the 3d or 5th Book. 

Ax. 3. Refers to the third Axiom for Demonſtration, 
ariſing from ſelf - evident properties of 
things. 

2. Th. P. A. Refers to the ſecond Article in the Theory of 
Plane Angles, for illuſtration or Proof. 

Pr. 1. or 2, &c. Refers to the firſt or ſecond Problem, for 
the conſtructing of ſome Figure, &c. 

P. 1. or 2. &c. Refers to the firſt or ſecond Propoſition of 
that Book, for proof of the Aſſertion. 

P. 2. 3. &c. To the ſecond Propoſition of the third Book. 

C. 2.4. 1. To the 2d Corollary, of the 4th Propoſition 
of the firſt Book. 


Hyp. That the thing is ſo by the Hypotheſis, or is 
given in the Premiſes. 

Sup. That it is ſo by Suppoſition, only. 

Con. That it is ſo by Conſtruction; i. e. the thing 


| was formed or made ſo. 
Conſ. conſequently: Th. thereſore. Wh. wherefore, it is ſo, 


Note. When there is but one Number within Parentheſis or 
otherwiſe, as (1c.) &c. it refers to the fifteenth Problem or 
Theorem of that ſame Book. But if there be two Numbers, as 
(10.1.) or (12. 3.) &c. it refers to the 10th Prop. of the firſt 
Book, or to the 12th of the third, &c. 
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I would adviſe the young Practitioner to draw every Figure as 
he proceeds ; carefully remarking what things, as Points, Lines, 
Angles, &c. are given; which are, in general, ſtronger marked 
than the operative Lines; they being either dotted or finer drawn; 
the given Lines, &c. are, by that means, obvious and diſtin- 


guiſhable from the other. 


In Geometry, as in Arithmetic, there is always ſome Data or 
things given; from which, in Theory, other Properties are dedu- 
ced, as a neceſſary conſequence ; and, in Practice, ſomewhat is 
required to be done, or performed, from what is given. 


Let the Practitioner, therefore, ſelect the given things, and 
mark them down, firſt, in the poſition given ir the Premiſes ; but, 
with as much variation as it wilt admit of; i, e. he need not put 
them exactly as in the figure, only obſerve that they are as required. 


e. g. In Prob. 4. an Angle is required to be made at the ex- 
tremity of a given Line; but the poſition of that given Line is 
not abſolutely determined; alſo, the Angle may be made at either 
extreme, and either above or below the given Line. 


Eikewiſe, in the 6th and 7th Problems, the Perpendicular 
may be drawn, and the Point, in the 7th, given on either Side 
of the Line; for, let it be obſerved, and carefully remembered, 
that, by the Term Perpendicular, nothing. more is meant than 
the Pohtion one Line has to another; which Poſition, is when 
they make a Right Angle or Right Angles with each other; no 
regard being had to the poſition or fituation of either, ſeparately, 


Theſe things being premiſed, and the given Lines, &c. de- 
ſcribed on Paper; carefally obſerve the directions given in the 
operation, and proceed accordingly, ſtep by ſtep, drawing every 
Line, Angle, Ark, &c. as the Problem directs. 
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l. 


To deſcribe a Circle of any given Radius, and on 
a given Center. 


AB is the Radius given, and C the given Center. 


IX one Point of a pair of Compaſſes in ei- a 
ther extreme of the given Line, AB, 


and extend the other Point to the other ex- 10 
treme, i. e. open the Compaſſes equal to the C 
given line. Ag | 

Then, fix one Point of the Compaſſes in C, 8 N 
the Center given, and revolve the other Point _ nm 
around ; which, by its revolution, will deſcribe the Cir- 
cumſerence DEF. 8 - = Poſt. 4 


DEF contains the Circle required (Def, 19.) 
For, if a Right Line be drawn from the Center to 


the Circumference, as CD, it is equal to the given Line 
AB; by Conſtruction, 
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ww PRACTICAL GEOMETRY, 


PROBLEM ll. and. I. Euclid. 


To draw Right Line from a Point given, C, whick 


ſhall be equal to a given Line; AB. 


: + Extend or open the Compaſſes equal to the 
— Line given; fix one of their Points in C, the 
given Point, and, with the other, deſcribe a 


Circle, or portion of a Circle only, at D. (Pr. 1.) 

Apply a ſtreight Ruler cloſe to the Point C. 

and croſſing the Ark at D, (in whatever poſi- I 

% tion you require the Line to be) and, with the 4 


point of a Pencil or a Drawing Pen (applied 


firſt to the Point C, and drawn, along the edge of the Ru- 3 N 
ler, to the Ark at D) deſcribe the Right Line CD. (Poſt. 2.) 9 
Which is equal to the given Line AB; by Conſtruction; i 


and by N. B. Def. 20. 


SCHOL. Thus, the geneſis of a Right Line (Def. 3.) is con- 
ceived to be by the direct motion of a Point. 


M. B. In the practice of Geometry, it is often required to draw 
E or to make a Line equal to another Line given ; 
which is done by drawing; an Ark of a Circle, as 
AB, from the given Line, AC, till it cuts the 
other ; if the two Lines, AC and CB, touch at 
the Point given, C, which 1s made the Center, 
But, if they do not touch, the Line given is ta- 
ken tor Radius (as in the Problem) and an Ark 
drawn where it is required; for equal Circles have 
equal Rad, as well as all Radii of the ſame Circle 
are equal ; which needs no other Demonſtration 
| than the geneſis of a Circle, in N. B. Def. 20. 
So that, hereafter, when two Lines are obſerved to be R adit 
of the fame Circle, it is ſuſſictent Demonſtration that the Lines 
are equal ; and alſo, when they are made Radii of equal Circles. 


APPL. The Application of this Problem, in deſigning, is to 
delineate or draw, on Paper, &c. a Right Line equal to ſome 
known meaſure, as AB, by a Scale of equal Parts, 5 
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, off), as A, with the other Point, draw a ſmall 


Ark of a Circle may be cut off. As Aeg. 
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III. 


PROBLEM 3. I. Euclid, 


Right Line being given, to cut off a por ion or 
ſegment equal to another given Line, or known 


meaſure. 


AB is the firſt given Line, and CD the meaſureofr e 
egment required to be cut off. 


Extend the Compaſſes from C to D, i. e. 


N 
ith the Radius C D, ſetting one Point of the \ 
ompaſſes in either extreme of AB, (from 
hich the given Segment is required to be cut N ; 


ark cutting the Line AB, at E. Q_E.F. 


2. After the ſame manner, any portion of an 


1 
+ + 


APPL. In delineating, the given Line AB may be ſuppoſed to 
be an indefinite Line already drawn ; or, it may repreſent a cer- 
tain meaſure, by ſome Scale, ſuppoſe 5 Feet, being made 
equal to 5 Diviſions on the Scale; and it is required to cut 
off 3 Feet from the extreme Point A, of the Line AB, or two 
Feet from the other extreme, B. 

By which means, a Right Line may be divided in any Pro- 
portion required. 
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PROBLEM IV. 23.1. Euclid. « 

4 1 

To make an Angle, equal to a right-lined Plane | | 

Angle given. 1 

4 * 

8 = _ 

ABC is the given Angle, and DE a Line given; WM 
it is required to make, at the point E, an An- 


gle, with the Line DE, equal to the given 43 
Angle. | 4 


With any Radius, at diſcretion, on the Ver- 1 
tex of the given Angle, B, deſcribe an Ark, 
a b, cutting the two Sides AB and BC in the 3 
Points a and b. - - - - Poſt, 4. I 
With the ſame Radius, on the Point E, draw 
 Shhe Ark DF; take the meaſure of the Ark ab 3 1 
in your Compaſſes; make DF equal ab. - 2. Pr. 3. 
Draw EF through the Point F; and it is done; Q. E. F. I 


| The Angle DEF is equal to the given Angle ABC; | 3 
i, e. FE inclines the ſame to ED, as AB to BC. A 


— 
——— — 5 43 


This is evident, from the Theory of Plane Angles, Art. 4, | 


0 


— 
— 
— —— —_ = 
—— — — 
2 * 


_ 
— —— — » 


4 if ab and DF being equal portions of equal Circles. 
1 Or, by drawing the Chord Lines ab and DF, the Tri- 
i angles Bab, EDF, are Congruous, - = - - Con, 


And the Angle DEF is equal AB C. P. 7.1. 
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APPL. From this Problem we learn to delineate, 1. e. to lay 
down or draw, on Paper, any right-lined Angle, of a piece 
of Ground or Building, &c, which we have meaſured, to form 
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The Angle may be taken in the manner following. 


If it be an internal Angle, as CBD; ſet off 
equal meaſure, from B, to C and D, and draw, or 
meaſure only, the Diagonal, or Chord CD. 


Suppoſe you have made B C and BD each _ 
p feet, and the Chord CD meaſures 6 feet 6 inches, 
or as it happens; then, by a Scale of equal Parts, 
having drawn BD, at diſcretion, take 5 diviſions 


inches, or any other meaſure, provided they are 
equal. 

With that Radius, on B, draw the Ark CD, cuting BD in D. 

Take 6+ of the fame diviſions in your Compaſſes ; and, ſetin 
one Point in D, make a ſmall Ark, at C, with the other, an 
draw B C. | 

So ſhall CBD be an Angle laid down, equal to the Angle 
which was meaſured. 


For (by N.B. Def. 8.) the length of the Lines or Sides 
makes no difference in the Angle; wherefore, if the Lines BC 
and BD were produced, equal to the Originals; i. e. equal 
5 feet each; then would CD meaſure 6 feet 6 inches, and the 
Angle CBD would remain the fame; which is obvious, if B 
and Bd be taken a half or a third part, or any other portion o 
BC or BD; for then, cd will be the ſame portion of Ep ; VIZ, 
a half or third, &c. 


But, if ABC be the external Angle of a Building, fo that, 
by reafon of the obſtruction of the Walls, &c. we cannot obtain 
the meaſure of the Chord Line, AC, it muſt then be got by its 


_ Complement of two Right Angles ; i. e. by producing one Side, 


as AB, to D, and proceeding as before. 


For, having aſſumed the Point B in the 
Right Line AD, and made the Angle CBD 
equal to the Complement of two Right 
Angles ; the remaining Angle, ABC, is 
the inacceflible Angle required, 
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- PROBLEM V. 31. I. Euclid, 
To draw a Line through a given Point, which ſhall 4 5 
be parallel to a Right Line given. I p 
c | D AB is the given Line, and C is the Point given, ; : a 
Through C, draw at pleaſure a Right Line, C 
as CB, cuting the given Line, AB, in the | 
point B, | 
With any Radius, on B, deſcribe the Ark Aa; : . 
and, on C, the Ark bD, with the ſame Radius, : 
| Make bD equal to Aa. ww, - Pr. 3. . 
- and through the Points C and D, draw a Right Line. = 


Which will be parallel to the given Line AB, Q.E.F. 


For, the Alternate Angles ABC and BCD are equal. Con, 2 
Therefore, CD is parallel to AB, = = P. 4. 1. 3 | 


Otherwiſe, thus. | 4 | 


With any Radius, at diſcretion, ſet one Point 
of the Compaſſes in the given Point, C, and MR 
fix the other, at pleaſure, in E, either in the 
Line or out of it; on which Center deſcribe a 
Circle, paſſing through C; or draw the Arks 

K | AC and BD only. 3 
Make BD equal AC, and draw CD; 4 
Then i is CD parallel to the given Line AB. Q. E. F. 3 


For, let CB be drawn. 


Dx. Then, the Angles ABC, BCD are equal. Cor.10.3. 
Therefore AB is parallel to CD. = = = P.4.1 


Take 


* 


* 
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Or, when the Lines are very long, the following method 


—— 


is the moſt eligible. | D 


. 


—yIßͤ —ꝛ̃ —— 
— 


Take the diſtance of the gi-, 
ven Line AB, from the given 
Point C, in the Compaſſes; as CA; and, aſſuming any 
Point, B, towards the other end of the Line, deſcribe an 
Ark, at D, with that Radius, | 

Apply a Ruler to the Point C and the Ark at D, and draw 
CD; which will be parallel to AB, . 


— EY 1 


7 
| 


I af mans er . 


For, the Perpendiculars, AC and BD, being drawn, are e- 
qual, by Conſtruction, 


PROBLEM VI. 11. I. Euclide 


To draw a Perpendicular, from any Point, in a given 
Right Line, | 


AB is the given Line, and, let C be the Point given. 


With any Radius, on the given Point C, 
deſcribe a Semicircle, cuting the given Line in 
two Points, A and BA. e. make CB equal CA, 
Then, with ary Radius, greater than AC, 
on A and B, deſcribe two Arks interſecting at 
D, and draw CD. 


The Line CD will be perpendicular to AB. Q. E. F. 
For, draw DA and DB, 


Dem. Then, the Triangles ADC, C DB, are congruous. 
W herefore, the Angles are oh: ata equal, and ACD 
is equal DCB. — — — - . 
Therefore, CD is SCID OW to AB. Def. 10. 


After the ſame manner, a Perpendicular may be erected 
en the Ark of a Circle, AEB, at che point E. 
F 2 P R O- 
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VII. 12. I. Euclid. 
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To draw a Perpendicular to a Right Line, from a 


given Point which is out of the Line. 


Let C be the given Point, from which it is required to 
graw a Perpendicular to AB. 


On C, the Point given, deſcribe an Ark, 
with any Radius greater than CE, the neareſt 
diſtance to the given Line, cuting it in A 
| OED IDS > oY 
With the ſame or any other Radius, on A 
and B, deſcribe two Arks, interſecting at D. 
Apply a Ruler to the Points C and D, and draw CE; 


1 3 
ws Then will CE be perpendicular to AB. QE. F. 
1 { For, draw AC and AD, BC and ED. 


Du. The Triangles ACD, DCB are congruous. Con. 
Wherefore, the Angle ACE is equal to ECB.—P. 7. 1. 
Conf, the Triangles ACE, ECB are alſo equal.— 8. 1. 
And the Angles AEC, CEB, being equa), are con- 
ſequently Right Aagles. C. . 1. 1. 
Therefore, CE is perpendicular to AB. - Def. 10. 


the Ark of a Circle, AFB. 


p R O- 


In the ſame manner, a Perpendicular may be drawn to 
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PROBLEM VII. 10. I. Euclid, 


To biſe& a given Right Line, AB, 


With any Radius, at pleaſure (provided it 
be more than half the given Line) on cach ex- 
treme, A and B, deſcribe two Arks, cuting 
each other, at Cand D. 

Draw the Right Line CD; which will bi- 
ſet, or divide into two equal Parts, the given 
Line AB, in the Point of their common inter- 


ſection E. Q. E. F. 


Draw AC and AD, BC and BD. 


Dru. Then, ACBD is a Parallelogram; by Con. P. 15. 1. 
And, the two Diameters AB and CD biſect each other, 
in its Center, E. — — — 5 „ Sf 


This Problem may be deduced from and proved as the 
foregoing. 


** 
0 


After the ſame mannet an Ark of a Circle may be bi- 
ſected; as AFB in the Point F : 


N. B. It is not neceſſary to draw the whole Arks from 0 to D, 
put only the Interſections at C and D; the reſt are uſeleſs. 


PR O- 
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PROBLEM IX. 9. I. Euclid, 


To biſect a right-lined Plane Angle. ABC. 


On the Vertex, B, of the given Angle, de- 3 
ſcribe an Ark, ab, at diſcretion, cuting both 
Sides, in a and b; and, on the interſection a, 

with the ſame Radius, draw the Ark CD. 
D Make CD equal ab (Pr. 4.) and draw BD. % 
Then will BD biſect the given Angle ABC, i - 


Compleat the Semicircle CDAB, and draw aD. A 


Dem. Then Da C is an Angle at the Center, and DBC 
is at the Circumference of that Circle. 4 = « 
Th. DaC, (eq. ABC, Con.) is equal twice DBC. P. g. 3. b I 
And conſequently, ABC is double of DBC. Q. E. D. 


Or, an Angle may be readily biſected in this manner. 
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On the Vertex B deſcribe an Ark, AC, as before, 3 

On the two Interſections, A and C, with the IJ 

ſame, or any other Radius, deſcribe two Arks, 4 

cuting each other, at D. | A 

| Draw BD; which biſects the Angle ABC. 1 

| Draw DA and DC. 3 

Dem. Then, the Triangles ADB and DBC are con- 4 

Ft gruous, by Conſtruction. | 4 


Therefore, the Angle ABD is equal DBC. P. 7. 1. 


Angles may be thus divided into four, eight, or ſixteen equal 
Parts, by biſecting again and again; but there is no geometrical 
method, by which, Angles, or curved Lines, may be divided into 
any equal Parts, at pleaſure, as a Right Line may be divided; 

cotherwiſe than by dividing the Ark with Compaſſes. ny 
| APPL 
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3 = APPL. By this Problem, Carpenters and Joiners, &c. find, what 
| they call, the Mitre of any Angle (whether 1t be Right, Acute 
d. J or Obtuſe) with eaſe and expedition, 


2 In returning, or breaking age at an Angle, whether | 
3 external or internal, the Angle biſected is the Mitre; in which f 
A the Mouldings will exactly fit each other. 
e- 
1 - 
th | 
2 PROBLEM: X. 
To make a Right Angle; or, to draw a Perpendi- 
I 4 cular at the extreme Point of a Right Line, 
0 IF It is required to make a Right Angle, at the extreme, B, 
of the Right Line AB. | 
3- | L 
2. Set one point of the Compaſſes in the point 1 
4 B; and, with any Radius, at diſcretion, fix the | 
| other Point, at pleaſure, at C (on that ſide, | 
0 you require the Perpendicular) and draw the j 
be Ark ABD, through the Point B, and inter- 
bs ſecting the Line AB in A. 


Draw a Right Line through the Interſection A 
and the Center C, cuting the Ark on the oppoſite Side, at D. 
Draw BD, which will be perpendicular to AB, Q. E. F. 


— —„- — K —ů— 2 — by — ul —[—t— 


Dem. For the Angle AB P, being in a Semicircle, is a 
Right Angle. by as 2 va * P. 12. 3. 


» 
= 
= : 


1 Or, it is frequently, and not inelegantly, performed thus. 
1a 

m It is required to draw a Perpendicular, to AB, at the ex- 
d; treme Point A. | 

| | Fix 
L. 
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Fix one point of the Compaſſes at A, and 
with any Radius, deſcribe the Ark BCE, cut- 
ing AB in B. 
On B, deſcribe the Ark AC, cuting the 
former in C; on which Center deſcribe a 2 
Circle, or an Ark AED only; and on E, 
where it cuts the Ark BCE, draw ACD, or Met 
cut the other Ark, only, at D. E 
Draw AD, which will be perpendicular to AB, Q. E.F, 


Or thus, without the Point E. 


' Deſcribe the Arks BC and AC, interſecting at C. 
Through B and C draw the Right Line B CD, indefinite. 
Make CD equal CB, and draw AD; and it is done. 


By producing B A to F (making A F equal AB) and 
FD being diawn, it is demonſtrated as the 6th. 


The uſe of Right Angles, perpendicular and parallel Right 
Lines, are ſo well known, that it would be impertinent to point 
them out; particularly to thoſe concerned in building, and va- 7 
rious other mechanic Arts. They give beauty, ſtrength, utility, | 
and conveniency to a Building and its ſeveral Appurtenances ; 
alſo the execution, of the ſeveral parts thereon depends on them 
entirely. 


PROBLEM XI. r.I.Euchd. 


8 

(To make an Equilateral Triangle, on a Line given, AB. ! 
| | 3 7 

With the Radius AB, the given Line, and WW - 


on the extreme Points A and B, deſcribe two 
Arks AC and BC, interſecting at C. I 
Draw AC and BC; and it is done, Q. E. F. 


7 
_ 
_ 


This needs no Demonſtration ; for it is evident, 
wil that the three Sides are all equal, ſeeing, they arc 
OY all Radii of equal Circles. 
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PRODL EM: Al. 
To make an Iſoſceles Triangle. 


AB and CD are two given Lines; of which, 


ith that Radius, on the extremes of the other 


Line, A and B, deſcribe two Arks, interſecting 


at E; draw AE and EB; and it is done. QE. F. 


et AB be the Baſe, K 
Take the Line CD in your Compaſſes, and . / 


If the other Line, CD, had been required for C 


q the Baſe, the operation would be the ſame; taking AB for 


Radius, & drawing the Arks, interſeQing F; draw CF & FD. 


FROELEM- XL. 


To make a Right- angled Triangle, having two 
Lines given for the Sides containing the Right 
Angle. 


Let AB and C be the two given Lines, 


On either Line, as AB, and, on either ex- 
treme, as B, make a Right Angle AB D. — 10. 
Make B 1) equal to the other given Line, C, -2. 


and draw the Hypothenuſe AD; - Poſt. 2. & * 


ABD is the Triangle required, 


The uſe and application of Triangles, in general, are almoſt 
univerſal, in mathematical Sciences. The Iſoſceles and Right-an- 
gled are particularly uſeful in Perſpective. | 


N. B. The Properties of the Right-angled Triangle are fully ex- 


plained in the ſeventh Propoſition of the fixth Book of Elements. 


P R O- 
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To make a Triangle, of three unequal Lines given; 
any two of which muſt be greater than the other. 


F, G, and H, are the three given Lines. 


; Let them be placed at the ends of 
each other in one Right Line, in 
what order you pleaſe, 1. e. having 
drawn the Right Line AD indefi- 
\ Nite, make the Segments, AB, BC, 


5 and CD, reſpectively equal to the gi- 

— — ven Lines, F, G, H. 

With the Radius AB, on B, deſcribe a Circle, or the 
Ark AE only; and on C, deſcribe the Ark DE, with the 
Radius C D, cuting the other Ark in E; draw BE and 
EC, and it is done. E. F. 


This Problem and the two laſt need no Demonſtration; every 
thing being as required, by Conſtruction; agreeable to Def. 26. 
28. & 30. | 


N. B. The Triangle BE C would be the ſame, if either of the 
other two Lines, F or A, had been made the Baſe, by placing it 
in the middle; only the poſition of the Triangle would be va- 
ried. This follows from Prop. 7. 1. of Elements. 


2. There is no neceſſity for placing"them, at all, in this manner; 
only, with the different Radii of two of the Lines, draw Arks, 
on the extremes of the other Line, cuting each other; taking 
any one for the Baſe, ; 
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FN DB-L-3 2: Iv. 


To make a Triangle, ſimilar to another Triangle“. 


Let ABC be the given Triangle, and DE 
a Line given, on which to conſtruct a Trian- 
cle; ſimilar, and in a fimilar Poſition, 1. e. a- A 
like ſituated, to ABC. 


At the Point D, of the given Line, make an 
Angle EDa, equal to CAB, of the given Tri- 


' 
s 


angle, by = 8 VET, Pr. 4 BY 
And, at the Point E, make the Angle D Eb, equal to ABC, 


Produce Da and E b, meeting in F. — =: FOR. 2» 
The Triangle DEF will be ſimilar to ABC. Q.E.F. 


Dem. For, the three Angles are reſpectively equal. C. 5. 10. 1. 
Therefore, the Sides are proportional. - = P. 4. 6. 
Conſequently, the Triangles are ſimilar. = - Def. 1. 6. 


APPL. This Problem is of great uſe in various Profeſſions. For, 
by it we learn to take Altitudes and Diftances, though ever 
{9 inacceſſible; or, the Surveyor takes his Bearings, and lays 
down a Plan of the Ground he ſurveys; by it, the Mariner 
plans the Cowte in which the. Ship ploughs the Ocean; 
and the Mechanic plans the Ground, on which he intends to 
build, &c.; in ſhort, it is almoſt of univerial Uſe ; which, to. 
enumerate, is not neceſſary in this place. 


| 
* — 


— 


* For ſimilar Figures, ſee Def. 1. of the 6th Book of Elements. 
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PROBLEM XVI. 18. VI. Euclid. 


To make a Figure, fimilar to any given right- linzd 
Figure. 


Let ABCDE be the Figure given, and ae a Line given, 
on which to conſtruct a Figure, ſimilar, and alike fituated 
to the given Figure. 


Draw the Diagonals AC, AD, BE, and CE. 


On the given Line, ae, make the Triangle 
abe, ſimilar to the Triangle ABE, in the ori- 
gina! Figure, by the foregoing. - - Pr. 15. 
alſo, make ace ſimilar to ACE, & ade to ADE 
Join be & cd, which compleats the Figure. 
abcde is ſimilar to ABC DE. E. F. 
a This method is deduced from the foregoing Problem ; for, all 
right-lined Figures are compoſed of, or may be reduced into 


right-lined Triangles. It is demonitrable from 4. and 13. of 6. El. 
The Application ot this Problem is evident. 


It may be thus performed, when required bigger. 


On AB, the given Line, deſcribe a Pentagon, 
Abcde, congruous to the given one, by redu- 
cing the given Figure into Triangles (as above) 
and making Abe, Acd, and Ade, reſpective 
A eTF ly equal to them. = Pr. 14. 
— Produce AV, and the Diagonals, Ac, Ad, indeſinite. 
Draw BC, CD, and DE, parallel to the Sides be, cd, 
and de, reſpectively ; cuting the Diagonals and Side AF, 
in the Points C, D, and E. ABCDE is ſimilar to Abcde. 
Aſter the ſame manner, any Poligon may be increaſed or 
diminiſhed in any Propoition 5 gemonſtrable by 2. 6. El. 
| P KR O- 
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PROBLEM XVII. 46.1. Euclid. 


d. 
-4 = To make a Square on a given Line, AB. 
On cither extreme of AB, make a Right 
8 
A Angie ; as ABC. s: 6 - Ft 3 AL | 
60 lake BC equal AB. + „ . Bo ; | 
Then, with the Radius AB, on A and C, , 
FS deſcribe two Arks, interſecting at D, and Ky 
E. draw AD and DC. | LOS 
1 The Quadrilateral ABCD is a Square. —— G 
i- Dxu. For it is equilateral, by Conſtruction; 
5. conſequently it is a Parallelogram. - - P. 15. 1. 
EZ Wh. the Angle D=B; conſ. Dis a Right Angle.-10. 1. 
But, the Angles A and C are alſo equal; conſ. Right. 
F. Therefore, ABCD is a Square, = - Def. 35. 
all BB | | 
t | 
1. PROBLEM XVII. 
S To makea Rectangle; two Lines is given; AB & E: 
1 | 
| Make ABC a Right Angle. - - Pr. 10, A B | 
W Make BC equal to the LineE; - - 2. | 
* | Draw AD parallel to BC, and CD to AB.—5. 
5 AB Cb is the Rectangle required, 
_ Dem. For, it is a Parallelogram, = Con. 


Wh. the Angle D is equal B, and A equal C. P. 15. 1. bi 
But, the Angle B is a Right one. - - Con. 1 
wherefore they are all Right Angles; — Th. 1. 10. 1. 

and therefore it is a Rectangle, = - = Def. 34. 


The Square and Rectangle are of great uſe in the mechanic 
Aris; as molt regular Figure, are Rectangles. 
In Menſuration, the Area of every Figure is reduced to a 
ſtandard meaſure ; by the Square, or other Rectangle. 


P R O- 
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PRO BEL EM-.XIE. 


To conſtruct a Parallelogram under a given Angle, 
and having its Sides equal to given Lines, of de- 


parallel to A CW. - . 
Draw DG, from the point of biſection, per- 
pendicular to the Baſe AC, cuting EF in G. 
3 y Laſtly, draw CF parallel to DG. 

The Red. LGEFC is equal to the Triangle ABC, Q. E F. 
Or, 


2 Dex 
terminate length. ys 
AB and E are the given Lines, and X the given Angle, | 

3 N At either extreme, of either Line (as A) 4 
. X make an Angle, BAD equal to the given Angle. be 
A. B Make AD equal to E, the other given Line, = » 
'T hrough the Points D and B, draw DC paral- se 
| Icl to AB, and BC to ADD, meeting in C.-Pr. 5. 17 
| Then is ABCD the S ba required. | g 
go | C 1. 

This needs no De every thing being as required 
by Conſtruction. Wb. 
The oppolite Sides and Angles arc equal, bj P. 15. 1, 7e. 
1 
APPL. By this Problem is delineated Plans, &c. of four fided 6. 

Objects which are not right-angled, but, whoſe oppoſite Sides | 
are equal. Any one Angle, being taken, determines all the reſt, = C 
I 
| 1 
PROBLEM XR. . Mt 
= | 
To make a Rectangle, or any other angled Paral- 

| Iclogram, equal to a given Triangle. 
E B G6 2 F ABC is the given Triangle. = = 
| { Biſect any Side, as AC in the Point D 8, | 1 
11 N Draw EF, through the oppoſite Angle, B, ; | 

| E 
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Or, if the Rectangle AHIC be conſtructed on the whole 
zaſe, AC, and half the perpendicular Altitude, B K, it will 
be equal to the Triangle A BC. 


Dem. For, it is half the Rectangle AE FC, which is 
double the Area of the Triangle AB C.. < 17.1. 


N. B. If any other angled Parallelogram was required, you 
muſt proceed as in Prob. 19. making the Angle CDG or DCF 
equal to the Angle given; ſtill keeping the ſame Altitude; i. e. 
between the ſame Parallels, AC and EF, and the ſame Bale 
DC or AD. 


SCHOL. From hence, and from the 17th Propoſition of the firſt Book 
of Elements, the whole Theory of Menſuration is deduced ; as all 
Figures whatever, except Parallelograms, are reſolved into Tri- 
angles in Menſuration. 

From the 17th of the firft Book we learn, that every Triangle is 
equal to half a Parallelogram of the ſame Baſe and Height ; con- 
Sequently, the Rectangle 1) GF C is equal to the Triangle ABC, 
which is on half its Baſe, AC, and the ſame height, GD, 
equal BK, | | 


Cor. Hence, the Rule for meaſuring a Triangle is to 
multiply the Perpendicular, BK (equal GD) by half the 
Baſe, AC (equal DC) or the whole Baſe, AC, by half 
the Perpendicular BK (equal AH); the firſt gives the 
Rectangle DGFC, the other is the Rectangle AHIC; 
either of which is equal to the Triangle AB C. 


For, if the whole Baſe A C be multiplied by the Perpendi- 


cular BK, it gives the Area of the Rectangle AEFC which is 
double of the Triangle (17. 1,) conſequently, half that Sum 
1s the Area of the Triangle ABC; and alſo of the Rectangle 
DGFC or AHI ©; which is, therefore, equal to the Tri- 
angle given. 


PRO- 
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PROBLEM XXI. 
To make a Parallelogram, under any given Angle, 
equal to a Rectangle, and having the ſame Baſe, 


ABCD is the given ReQangle, 
C F Make the Angle DAE equal to the given An- 


gle, cuting BC in E, by - - - Pr. 4. 
| Produce BC; and draw DF parallel to AE.-5. 
The Parallelogram AEFD is equal to the given 
ReQangle Ae. P. 18.1. 


Or, it may be thus demonſtrated. 


DxNM. Ag is equal DC (15. 1.) and BE is equal CF. Ax. 7. 
for, EF (eq. AD) is equal to BC; and EC is common. 


And, the Angle ABE is equal to DCF., - P. 4. 1. 
conf, the Triangle AEB is equal to DFC. 8. 1. 
Wherefore, if from the Rectangle ABCD there be taken 
away the Triangle AEB, and an equal Triangle DFC 
be added, the Par. AEF D is equal to the Ret. ABCD. 


Con. 1. Hence it is evident, that two Spaces may have the 
ſame Area, yet differ greatly in compaſs or circuit. 


For, the Sides AE and DF, of the Parallelogram AEFD, 
are greater than AB and DC of the ReQtangle ABCD. 12. 1. 
But, EF is equal BC (Ax. 3.) for each is equal AD.—1s5. 1. 
Therefore, the Circuit of the Par. AEFD is greater than that 
of ABCD; and they contain equal Areas. 18. 1. 


Cor. 2. From hence is deduced the general Rule for mea- 
ſuring all Parallelograms; which is, to multiply the Baſe, 
i. e. any Side (as AD) by its perpendicular height, (CD) 

For it gives the Area of the Rectangle AB CD, and conſe- 
quently of the Par. AE F D, which is equal to the Rectangle. 


P R O- 
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* 


PROBLEM I. 


To make a Rectangle equal to a given Trape- 
zlum; ABCD. | B 


Draw either Diagonal, as AC; to which, 1 Fo 


draw the Perpendiculars BE and DF, from | 

the oppoſite Angles. = - „Pt. 7. / E 
Biſect the Perpendiculars, BE and F D, in | 
Gand HM... - - Pr. 8. ai 
Through the Points G and H, draw IK and 
LM parallel to AC. - „ . 
and through A and C, draw I'M and KL, 
perpendicular to AC. - „„ 10. 
The Rectangle IK LM is equal to the Trapezium ABCD. 


Dem. For, the Rect. Al KC is equal to the Triangle ABC, 
and the Rect. ACLM is equal to the Triangle ACD. 20. 
Conf, the Ret. IK LM is equal to the Trap. ABCD. Ax. 2. 


| B Hh 
Otherwiſe, „ 2 


Having drawn a Diagonal and Perpendicu- 
lars, as before; biſect the Diagonal, in 
the Point G. — — . 
Draw BI and ME through the Angles B 
and D, parallel to the Diagonal (AC), 5 

and, through G and C, draw HL and IK, X 1L. D 
parallel to BE and FD, cuting BI and MK 808 

in the Points H and L, I and K. 

Then, the Rect. H IKL is equal to the Trap. ABCD. 


— — — 


Dem. For, the Rect. GHIC,is equal to the Triangle ABC. 
and the Re, GLEC is equal to the Triangle ACD. 20. 
H N B. By 


Sd 
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N. B. By this Problem and the laſt may be performed the 
45th of Euclid, without the aſſiſtance of the next, which he 
makes uſe of, and much readier; making the Parallelogram un- 
w a given Angle, as hi kl, which is equal to HIKL by the 


Cor, Hence we learn, to find the Area of any Quadrilate- 
ral whatever; the Rule for which is, to multiply the 
Diagonal (AC) by half the Sum of the two Perpendi— 
culars (Fig. I.) or, the Sum of the two Perpendiculars 
(BE and FD) by half the Diagonal (GC, Fig. 2.) or, if 
we multiply the whole Diagonal by the Sum of the two 
Perpendiculars, they will give the Area of the Rectangle 
NMNMNIK; half the Sum, of which, is the Area of the Tia- 

pegium ABCD. 


It may appear ſtrange, to thoſe who have not conſidered it, that 
the Arca of any Figure ſhould be obtained without mcaſuring us 
Sides; Which are of no ule in this operation. 


But, having well digeſted what has been advanced, they will 
find, that the whole buſineſs of Menfuration is to find a Rect- 
angle equal to any Figure; for (as ] ſhall make appear hereafter) 
the multiplication of any WO Numbers, applied to meaſure, de- 
notes a Rectangle of ſuch Dimenſions. . 


Now, ſince it ſeldom happens, that a Trapezium has either 
Right Angles or parallel Sides, it is plain, that they cannot be of 
any uſe tuwards ons its Area; whereas, the Diagonals and 
Perpendiculars are at Right Angles with each other. 


A Diagonal divides any Quadrilateral into two Triangles ; and 
every Triangle 1s equal to halt a Parallelogram having the ſame 
or an equal Baie, and the ſame Altitude. (Prop. 17. 1.) 


Hence, it is eaſy to account for the Rules given for meaſuring 
a Trapezium, as two Triangles having a common Bale ; which 
15 a Diagonal of the Trapezium. | 


For, every Trapezium is equal to half a Parallelogram which 
circumſcribes it, having two Sides parallel to either Diagonal; 
and all Parallelograms having the ſame Baſe and Altitude are 
equal (18. 1.) conſequently, they are equal to a ReQangle of 
taoie Dimenſions, be R ws 0 
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1 he ff 
un- 
the | 
4 PROBLEM XXII. 44. I. Euclid. 
Ide : 4 
4 I To make a Parallelogram, equal to a Triangle, ha- 
wh F ving an Angle equal to a given one, and a Side 
il | equal to a given Right Line. 
Wo 
ale | ABC is the given Triangle; X the Angle, 
la- f and Z the given Line. — 
| Make the Parallelogram DEFC, equal 


hat to the Triangle ABC, whoſe Angle, at D or 


C, is equal to the given Angle, X.—Pr. 20, 
Produce DE indefinite; alſo, produce AC; 


_= 1 and make CH equal to the given Line, Z;-2. 
er) 3 From the Point H, and through the Angle * 8 il 
de- PF, of the Parallelogram DEF C, draw HI, cuting DE, 


produced, in I, 


EI, is the other Side of the 3 ſought; 
8 which may be compleated by Prob. 19. 
Draw 1 L parallel to AH, and H L parallel to DI meet- 
nd ing at L; produce EF to G, and CF to K. 
me 
Dem. The Par. K LGF (having its Angles, at K and G, 
ng equal to the given Angle X, and a Side, F G, equal to a 
ch given Line, Z) is equal to the Par. DEF C. P. 19. 1. 
which, is equal to the Triangle AB C. — Pr. 10. 
ch 


ScCHOL. This is, properly, geometrical Diviſion, 


H 2 
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Let the ReQtar ngie - BCD be anv Wantiey given, to be d 
vided ; whote Area is 24 ; the Si de AB being 6, and AD 
4 equal Parts; it is required to be divided by z. 
8 reedb any Side, as AB; and make BE 
KI f | | Wi FH + equa} 4 (half AB) allo produce AD indefinite. 

Fl 3 bu rough E and the Ang | e Gy draw EC. and 
| Prod ue CS u, cating ab! 33 in F; 
D F w:it be ©] 2 $ of the diviti Ons, or tu lee 
| AD, winch is the e Quotient foug Kt. 


C omplent the Rea. AEHF: — — RC to 
5 L, and DC to G; the Ret, CHS AC. 
) For, CI is equal D F, . -* equal S; and, CG equal! BE 
Eq ua, 43 8 w alt plu CQ by 35 2 equal 2 24, the Arez of CH ; 
which cal to te Dividend, or the Rectangle ABCT 
If the Drvifor had been 8, equal DF, the Cuctient would 
dave been 3, equal B E. 


reer 6. _— 


3 
F 
Z 
3 
2 
x 


Ir a fractonal. Number was given for the Diviſon. the Quo. 
err would. mot proba Oly, de track! onal hiew tte ; tor the Rock. 
angle under the Divtfor and the Quotient will abways de equal 
to We given Rectangle, which is the Dividend. 

As in Divigon, the — multiplied by the Diviſor is 
(den there is no remainder} equal to the Dividend ; which 
proves the work to de true. 

N. B. It ts equal, which way the given Rectangle is fituated, 


'I 
nn this operation; or with Side is produced tex the Diuiſor; 
the Quotient, will always be the Ame. 


ROB LE M XXIV. 


To make a Triangle equal to any given Right-lined 
Figue; ABCDE., 


Draw the Diagenals AC and CE; 2nd 
produce EA, indefinite. Polk. 3 
From the Angle B, and parallel co & C (: 
adjacent Diagonal) dizw BF; cuting E A, 
produced in F; and draw F C. 

Again. Produce: the adjoining Side D E. 
indeß nite; and, parallel to the other Diagonal 
CE, draw FG; euting DE produced, in G5 
draw GC, and it is done. AEF. 


R 


The 


[PE 


* 


T 


WR” r ** F . '2 22% har 2 eee rde : k 
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The Triangle GC, is equal to the given Pentagon 
ABCD E. 


Dru. iſt; the Trap.FCDE is equal to the Pent. AEC DOE 
For, Hince FB 18 947 Alle! £05 ATC, the Tri 1 ** 


dne 208 * * 1 5 | 
equal T Abe (18. 1 and A! 


0 
L 
fi 
7 
— 
4 
C 
2 #* 
— 
to 
£ 
- 
- 
'S } 
w#+ 


wherefore, AF! is equal to 
Then, if from te given 


* 


p . 8 !? ia = * ; 27 — * | T 
taken away the Triangle 180, and its equal F AL 


4 


ated; the Trapezium FC DE is equal to the given 
Pebtagon. - - . - Ax. 7. & ©. 
But, the Trap. FCDE is equal to the Triangle GCD. 
For, becauſe F Q is parallel ro CE, the Tg E & C 
$5 equal EFG — . 
count. EGC added to ECD = EFC + ECD.— oh 6. 1. 
i. e. the Triangle GCD is equal to the Trap. F CDE. 
But, the Trap. FCDE= e Peat. ABCDE.-groved above 
Th. the Triangle GCT is equal to the given Pentagon. 


Or, if the Side AE dad been produced both wars, and 
DH drawn parallel to CE, cuting AE in H, and if HC 
be drawn ; the Triangle FC 4 is allo equal to the given 
Pentagon, equal to the Triangle G CD. 

For, the Triangle CHE is equal to CD E. 18. 1. 


SCHOL. By 426:ofs means, A Triangle may oe read. {1 cm{fruZud, 


whoſe Attitude rl vo b ta tre Altitude af the £ Palzg rm; ar, 56 


, 5 — — 
4 Parnendicular , 7 n ann Anga tu any 4. ; as CI „ CK. 
Or, any ane fag, as D, au an aufm Su, CD, af the 
Paiigan,, may du reta:ned in the L r14g'e. 


[ 2 6 . 9943 N — ly ”» 7 5 — — 6 1 4 1 * "0 S 
ve Een mor Put 1eY — 478 1? = IT — 2 220 o = * A e 0 4 4 „ AS ks UL 

K! 21 g - . * * oh *4 x . 8 * 1 , | 

Diem an u 40 CL ME jor mer; Or! | 


1 1 UT i 2 9 ir? : 
1 1 R 
year, 40 frit U 18 ur, rater M1 Narr , 


Which & certamiy ia nut, 
buing proper 17 — 


From hence, and from Prof. 20. 2 Lefangle may be hund ar 
conſtructed! equal to any given ch ned Figure; and, by 
Prob. 2 5. 


che Side vcr 4 Square, equal wu à given Ku. tung! 2. 19 
readily abraiacds 


Zur 
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But, as the operation, in a more complex Figure, may nat he 
readily performed, without an Example, I ſhall briefly go 
through the whole proceſs ; and alſo, ſhew how much it js pre- 
ferable to the 14th Prop. of the 2d Book of Euclid; viz. To 

xd the Side of a Square, which is equal to any given right-lined 
Pig hs 


igure. 


Let ABC DEF H be the given Figure. 


Q 


* 
— 
— 
— 
* 
hs 
W 


. 
3 


"OO — —„V — —— — - 


— 
— 


% 
- 
11 


n 


Firſt, draw the Diagonals BH, B G, GC, &c. 
Produce the Side G H, and, draw AI, parallel to the Dia- 
gonal B H; cuting GH produced, at I, and draw BI. 


—_— 


Now, ſince Al is par. to BH, the Tri. B!H,=BAH, 20. 1. 
' Wherefore, the Tri. BIG, is equal to the Trap, BAHG. 


Next, produce the Side BC, both ways, indefinite, for 


the Baſe of the Triangle ſought. 

From the new-acquired Angle I, draw I K, par. to the 
Diagonal BG; cuting CB produced, at K, and draw GK. 
Then, the Tri. BEG=BIG, having the ſame Baſe BG. 18.1. 


But the Tri. BIG is equal to the Trap. BAHG ; 
wh. the Tri. BEG, is equal to the Trap. BAHG.---Ax. 3. 
Conſ. the Triangle BEO, which is added, is equal to the 
Trap. AH GiO, taken away from the original Figure; 


for, BOG is common to both, 
Again, 


* 

2 

* 

4 

” 

oh 
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* 
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* 
TE 
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Again; produce GF; and, from the Angle E, draw EL, 
parallel to the Diagonal FD; and draw DL. 
The Triangle FLD is equal to FED. = — 18. 1. 


| The given Figure is now reduced to a Pentagon, KGLDC. 


Then; produce the Side CD; and, from the Angle L, 
draw LM, parallel to the Diagonal GD; cuting CD pro- 
duced, in M, and draw GM. 

The Triangle GMD is equal to GLD. - 18.1. 


Laſtly; from the Angle M, and par. to the Diag. GC, 
draw MN, cuting K C produced, in N, and draw GN. 
The Triangle GNC is equal GMC; equal to the Tra- 
pezium GLDC ; equal GFEDC. 

But, the Triangle BKG is equal the Trap. BAHG ; 


' Wherefore, BEG, added to BGC, added to GNC, is e- 


qual to the Triangle KGN. - - Ax. 2. 
Conſ. the Triangle KGN, is equal to the Trap. KGMC; 
which is equal to the Pentagon KGLDC; 

equal to the Hexagon KGFEDC; 

equal to the Heptagon BIGFEDC; 

equal to the Octagon AHGFEDCB. 

Therefore, the Triangle KGN, is equal to the given 
Figure. | | 


Having thus reduced the given Figure to a Triangle, it 
is eaſily formed into a Rectangle, by Prob. 20. ; 
For, a Rectangle on KR, half the Baſe KN, and GP, 
the perpendicular Altitude of the Triangle, is cqual to 
the Triangle. - - Cor. 19. 1. 
Or, by Prob, 23. it is eaſily reduce! to a Parallelo- 
gram under any given Angle and Side, 


EC 1OL. Le 
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Deu 
SCH OL. Let any one compare this, with the 14th Propoſition in the S A 
24 Bock of Euclid ; that is, let him go through the operation, both | Ce 
ways, in a {"igure of as many Sides; I am confident to which he e 
ewill give the preference. To ſav nothing of the inaccuracy of the | q 
other, this may be done in leſs than à fourth part of the Time, 
Each Triangle (of which there are frx, in this Figure) goes N. 
through two operations, viꝝ. 20th and 23d of this; and are adill- to 
ed, ſeparately into one Sum, or Rectangle. Whereas, by this me« J' (4 
thod, the Figure is reduced one Side at every operation; from a thi 


Hexagon to a Pentagon, from a Pentagon to a 7. 8 e From 

à Trapezium to a Triangle; each, being equal 10 the original Fi- 
gure : and, from a triangle to a Reittangle, or other Paralicio- 
gram under any Side or Angle; by the 23d, 


APPL. This Problem, may be applicable in ſeveral Caſes, in 

ſurveying, &c. with the greateſt accuracy. e. g. | 
If you would exchange an irregular piece of Ground in one I 

Place, for the ſame Quantity in another, ſuppoſe to build on; f, To 
which, by reaſon of the contiguous Buildings, is confined to a WF R 
certain Angle, which 1s the given Angle ; the length in Front | 
may be conſidered as the given Side; the Queſtion is, what 
Depth of Ground from the Front is required, to be cqual in its 
Area to the other. 

Having firit reduced the original given Figure to a Triangle, 
by this Problem, it is then convertible into a Parallelogram 
under any Side and Angle, by the 23d; or, into a Square by 
the following. 


PROBLEM XXV. 


| 5 To make a Square, equal to a Rectangle. ABCD. ' ag 


it Produce any Side, as AB, of the given 


f 


* 
1 
4 n — 3 WW 
- 1 
% 


* Rectangle, until it be equal to the adjoining 


f - 0 \ | Side, BC; i. e. make AE equal to AB and 7 
A | BC, in a Right Line. ; 
1 Biiet AE, in F; on which, with the Radius . 
„ AF, equal FE, deſcribe a Semicirele. : | 
1 ** 2 Produce CB, till it cuts the Arch, at G; : 


[a | or, at the point B, draw BG perpen. to AE. 
a Deſcribe the Square BGHI on the Line BG. 
| | Dex, It 


US 


PRACTICAL GEOMETRY. 37 


Deu. It will be equal to the Rectangle ABCD. - 14. 3. 
Alſo, BG is a mean Proportional between AB and BE. 
Conf. the Rectangle under AB and BE (i.e. DB) is 
equal to the ſquare of B G (i. e. BH) by Cor. to 9. 6. 


N. B. In the performance of this Problem it is not neceſſary 
to conſtruct the Rectangle; but only, to draw a Right Line 


x (AE) in which, take AB and BE equal to the meaſures of 


the two Sides, and. proceed as above, 


PROBLEM AXVE 


3 To divide a Triangle into two equal parts, by a 


—_ 


of the Triangle ABC. 


g a2 P * 4k do 8 4 2 » * r — a 7 is M7 4 Lo * 
= * > — C hy 7 4 y - w . - 0 


Right Line drawn from any Point given, in a Side. 


4 


Let D be the given Point, in the Side AC, 


Biſect the Side AC, in E, and draw EB, to 
the Vertex B. 
Draw DB, and EF parallel to it, cuting BC a; 
in F, and draw DF, 
The Trapezium ABFD, is equal to the Tri- 


angle DFC. — — 


Dem. Becauſe]; AEZ EC, the Tri. AB E= EBC. — 20. 1. 


But, EF is par. to DB; wh. the Tri. BFD=DBE--ſame. 
conſ. BYD + ABD is equal to DBE + ABD. - Ax. 6. 
And, the Triangle ABE is equal to EBC. - - - above. 
wh. the Trap. ABFD, is equal to the Tri. ABE, eq. EBC; 
and conſequently, to the Triangle DFC. 

Therefore, the Right Line DF divides the Triangle 
ABC into two equal Parts. Q. E. F. 


I PR O. 
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ſe 
PROBLEM XXVII. ar 
| PF. 
To divide a Trapezium into two equal Parts, by 4 
1 Right Line, drawn from a Point given in any Side. 
| 9 is the . and E the giver Poiat. ie 
; 3 = = 
0 L 
"1 ( 
4 de 
x 5 p. 
4 Through the Angle B, draw BF, parallel to AD. — 5. T 
1 Biſect A D and B F, in G and H; and draw GH and HC, 
4 Then the Pentagon ABC HG is equal to the Trap. AHCD, 
4 Dem. For (having drawn BG and GF) the Triangle ABG | | 
. | is equal to GFD, the Triangle BGH is equal to HG, 1 
. and BCH is equal to HCF. P. 18. 1, T 
1 | | ar 
þ/ 2dly. In Fig. 2. let ABCHG be equal GHCD, as before. 
{a 3 GC, nd HI parallel to GC, cuting BC in I, Þ 
a and draw Gl. : 10 
4 The Right Line GI biſects the given Nea bes | | * 
| DEM. For, becauſe HI is parallel to G C, the Triangle GIC F C 
. is equal to GH C. — - P. 18. 1. pe 
; Wherefore, GIC added to Gba GHC + GCD. Ax. 6. 
Again. Draw EI, and GK parallel to EI, cuting BC | a 
in K, and draw EK. BB. 
1 fay, that EK divides the Trapezium ABCD equally. 4 


DE M. 
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Den. For firſt, the Trap. GH CD was proved half ABCD; 
ſecondly; GICD was proved equal to GHCD ; 
and, EK CD is equal to GI CD. 
b For the Triangle EKI is equal to EGI. - P.18.1, 
521 Therefore, the Trap. AB KE is equal to EECD. 


F Now, if E had been given near the Angle A, at the 
at. lefſer end of the Trapezium, the operation would require 
more labour. 


Let Fig. 3. be ſuppoſed the ſame Figure divided, by the 

Line G1, into two equal parts, from the middle Point G 

(as by the ſecond operation) which is neceſſary to be firſt 
done, in all caſes. 


Join the given Point, E, and I, as before; draw GF, 
parallel to EI, cuting CD in F, and draw EF and IF. 


= 5. Then, the Pent. ABIFE is equal to the Tri. EFD +FiC. 
IC. 5 | | 
2D, For, becauſe GF is parallel to EI, the Tri, IFE=EGT. 
Bg © But, although the Pentagon ABIF is equal to half the 
Zr. | Trap. ABCD, it is not equally divided by one Right Line. 


Therefore, draw IH parallel to CD, cuting EF in H, 
and draw HC, 


2 ; Then, becauſe IH is parallel to CF, the Triangle 
We f 
ICH is equal to IFH, - . 18. 1. 
Wh. the Pent. ABCHE = ABIFE = the Trap. EII CD. 


Laſtly ; join EC, and draw HE parallel to EC, cuting 
CF in K; and draw EK; which Line divides the Tra- 
pezium ABCD into two equal parts, as required. 


For, ſince HK is parallel to EC the Tri. EKC EHC; 


But, ABCHE was equal to ABIFE, equal to ABIG; 
Which, was equal to half the Trapezium ABCD. 
| 5 I 2 | PR O- 


wherefore, EKC added to ECBA=ZEHC added to ECBA., 
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6 PRACTICAL GEOMETRY. 


PROBLEM XXVIIL 


To find the Side of a Square, equal to any Number 
| of Squares. 


Let X, Y and Z be the Sides of three given Squares, 


It is required to find the proportion of a 
Line, on which. if a Square be conſtructed, 
C it ſhall be equal in Area to all the three, 


Make a Right Angle ABD. Pr. 10. 
From the Angle B, take BA and BC, equa! 
to any two of the given Lines, reſpeCtively, 
as X and Y, and join AC, 
* ; The Square of AC is equal to the two 
Squares of AB and BC, or X andY. - - P. 20. 1. 


Again. Make BD equal AC, and BE equal Z; 
Draw ED, which is the Line required. 


Du. For, E D ſquare = the two Squares of EB & BD, 
But, BD, equal AC, ſquare = AB+BC ſquare. 
Wherefore, ED ſquare = AB+BC+EDB ſquare. 

i. e. ED ſquare=the three Squares, of X, Y and Z.--20.1. 


APPL. By this uſeful Problem, Quantities may be increaſed in 
any Proportion at pleaſure. 
Alſo, by means of this Problem, and Prop. 20. 1. Carpenters 
form a Right Angle, in framing 'Timber, &c. 
For, having made AB equal 3 feet, and BC equal four; 
then, if AC meaſures 5 feet ABC is a Right Angle. 


N. B. The Numbers 3, 4 and 5 being multiplied, ſeparately, 

by any one Number, at pleaſure, produce the fame effect. e. g. 
If AB be made 6 or 9 feet, and BC equal 8 or 12 feet, then will 
AC be equal to 10 or 15 feet, if the Angle ABC be a right one. 
For, the Square of 9 is 81; and the Square of 12 is 144, 
added to $1 1s 225 ; equal to the Square of 15.—.-20. 9 
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When the Timbers are long, it is neceflary, in placing them 
at right angles, to apply greater meaſures ; which, will give 
the Right Angle with greater accuracy. 
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Cor. Hence, a Perpendicular may be drawn, very readily, 
at the extremity of a Right Line; by a Scale of equal 
Parts. As BC, perpendicular to AB. e. g. 


bh — 


— - »> As & in 3. — — * * 
_ * — ” 


Take, by any Scale, 3, 6, 9, or 12 equal Parts, which, 
ſet off, from B to A; at which point, B, a Perpendicular to 
AB is required. 

Then take, for Radius, 4, [8, 12, or 16 Diviſions, of the 
ſame Scale; and, ſeting one Point of the Compaſſes in B, 
make a ſmall Ark, at C. | 

By the ſame Scale, take 5, 10, 15, or 20 equal Parts, and 
with one point of the Compaſſes, at A, croſs the former Ark, 
at C, and draw BC; which will be perpendicular to AB. 

For, the Square of AC is equal to the two Squares of AB 
and B C, added together; by 20. 1. El. 


PROBLEM XXIX. 


The Sides of two Squares being given, to find the 
Side of a Square which is equal to the difference 


between them; i. e. by how much the greater ex- 
ceeds the leſs. 


X and Z are the Sides of the given Squares, 


bs 

Draw AC indefinite; in which, take AB Z | 1 
equal X, and BC equal Z. Pr. 3. „ f 1 
Make ACD a R. Angle, and draw CD, indef. | 
On B, with the Radius AB, deſcribe the Ark 4 
AED, cuting CD at D; CD is the Side of | | 
a Square, equal to the difference between the S ws — _ 
Squares of AB and BC, or X & Z. Draw BD. F 


Dem. BD (equal AB, equal X) is the Hypothenuſe of 
the right-angled Triangle DCB ; the ſquare of which, is 
equal to the ſquare of BC added to the ſquare of CD. 
Conſequently, BD ſquare (equal X) exceeds BC ſquare 
(equal Z) by the ſquare of CD; by Prop. 20. 1. 

P R O- 
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PROBLEM XXX. 13. VI. Euclid, 


To find a mean Proportional between two given 
Lines. | 


X and Z are the two given Lines. 


It is required to find a Line, to which, either 
of the Lines, X or Z, ſhall have the ſame 
Ratio or Proportion, as that Line has to the 
other. Or, the Square of which, ſhall be 
equal to a Rectangle under the two given 


D B C Lines. 


Draw at pleaſure A'C; make AB equal to one of the given 
Lines, as X, and make BC equal to the other, Z. 
Biſet AC, in the point D; on which Center, and with 
the Radius AD, equal DC, deſcribe a Semicircle. 
At the Point B, draw a Perpendicular, to A C, cuting the 
Ark at E; and BE is the Line ſought. 


Dem. For, draw AE and EC; AEC is a Right Angle--12.1. 
And, the Perpendicular, BE, in a right-angled Triangle, 
AEC, is a mean Proportional, between the Segments of 
the Baſe, AB, BC, made by the Perpendicular. C. 1. 7. b. El. 
Conſequently, AB is to BE, as BE is to BC. — ſame. 
Therefore, AB BCS the ſquare of B E.—Cor. to q. 6. 


SCHOL. This is the very ſame, in the operation, as the 2 oth; for the 
Side of a Square is a mean Proportional between the two Sides of a 
Rectangle having an equal Area, | 
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PROBLEM XXXI. 11. VI. Euclid, 


To find a third Proportional to two given Lines. 


X and Z are the given Lines. 


It is required to find a third Line, to which the greater, Z, 
ſhall have the ſame proportion, as the leſſer, X, has to Z. 
Or, which ſhal! have that proportion to the leaſt, as the 
leaſt to the greateſt, 


Make a Right-angled Triangle, ABC, 
whoſe Catheti or Legs, are equal to the 


one (X) and BG equal to the other.---13 . 
Produce AB and CB, indefinite, 


Make ACD and CAE Right Angles; i. e. 
draw CD and AE perpendicular to AC, 


cuting AB and CB, produced, in D and E. 
Then will BD be agreater, and BE a leſs, third Propor- 
tional, to the two given Lines, X and Z; Q. E. F. 


Deu. For, as in the laſt, EB is to AB, as AB to BC; 


and AB:BC::BC:BD. -. - 5. . 6. 


Wherefore, EB, AB, BC, and BD are in continual 


Proportion.” =.» ..'- „Dei as 
Conſequently EB is a leſs, and BD a greater third 5 
portional, to the two Lines AB and BC, equal K and Z. 
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PROBLEM XXXIL 12. VI. Euclid 


To find a fourth Proportional, to three given, un: 
equal Lines; X, Y and Z. 


It is required to find a Line, to which, 
the third (Z) ſhall have the ſame pro- 
portion, as the firſt (X) has to the ſe- 
cond (Y). Or, the ſame proportion to 
the firſt Line as the ſecond has to the 
third, | 


Draw two Lines, AD & AE, making any Angle at pleaſure, 
Make AB equal X, & AC equal Y; alſo make BD equal Z, 
Draw BC, and DE parallel to it; cuting AE in E; and, 
CE is a fourth Proportional, greater than Z. 

i. e. As AB is to AC, ſo is BD to CE. QE. F. 


Du. For, becauſe BC is parallel to DE, the Sides of the 
Triangle ADE are cut proportionally; 
wherefore, AB.: : AC, as BD :: CE. P. 2. 6. 
But, AB is equal to &, AC is equal V, and BD equal Z; 
therefore, as X is to V, fois Z to CE. ä 


If a leſs Proportional be required; make AG equal to Z, 
make AF equal Y, and GE equal to X. 
Join FG, and draw DE parallel to it. 
Then, will FD be the Proportional ſought. 


Dru. For, as AG (equal Z) is to AF (equal Y) fo is 
GE {equal X) to FD. — - = by the ſame, 


| — bi: 71 Alter 
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After the ſame manner, a third Proportional may be found. 


Draw AF and AG, making any Angle, as beſore. 
11d, Let AB & AC be made equal to the given Lines, reſpectively 


If the greater Proportion be requir= 4— 


un. WY ed, make BF equal to AC, and draw 
FG, parallel to BC. 
The Segment CG is the Proportional 

ch, (YR fought. | & | | 
ro- But if a leſs Proportional is wanted; 3 
ſe. make CD equal AB, and draw DE parallel to BC. F: 
1 to Then, BE is the Proportional required. 

the ; DEM. For, as AB is to AC, fo is BF to CG; 


and, as AC is to AB, ſo is CD to BE. 2. 6. El, 
But, BF was made equal to A C, and CD to AB. 


Ire, | 
= Conſ. as AB: AC:: AC: CG; and, AC: CD:: CD: BE. 
nd, We N. B. A fourth Proportional to three given Right Lines may 
be required and found in various orders of the given Lines. 
F. Let X, V, and Z be three given Lines; of which, let X be 
| the leaſt, and Z the greateſt of the three, 
he By the firſt, it is, as X is to Y, ſo is Z to a fourth; 
J and by the ſecond, as Z is to V, ſo is X to a fourth, 
; But it may be, as Y. is to either X or Z, ſo is the other to a fourth. 
6. ö Alſo, as X is to Z, or Z to X, fois Y to a fourth. 
It may alſo be obſerved, that it is not neceſſary to draw the 


Lines, making an Angle, for the operation, longer than the 
greateſt given Line; except when a Proportional is required great- 
er; for the meaſures may all be ſet off trom the Vertex. e. g. 
Let AB and AC make any Angle (BAC) at diſcretion. 


Make AB equal to T, and AC equal Z; alſo, make AD equal X. 


Join BC; and draw DE, parallel to - 
cuting AC in E. Y— 

Then, as AB or V, is to AC or Z; ſo is $D ___Tþ 
or X, to AE, a fourth, | 
But, if DC be joined, and BF drawn, pa- | 
rallel to DC; it is then, as AD or X. is ta | 
AC or Z, ſo is AB or V, to AF, a fourth. 

| K 


* 
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Note. This method, of ſeting of all the meaſures from the 
Angle, is the moſt eligible, when we are clear in the manner of 


placing them ; being leſs liable to error than when they are ſet : fir 
forward on a longer Line; on account of the Parallels being po 
nearer together. The Demonſtration is in the 4th of 6th El. a K 
i a 
A third Proportional may alſo be found after the ſame manner. mi 
For, if AD be the firit; and, if AB and AC be each made | 
equal to the ſecond; DC being joined, and BF drawn. parallel 28 
to DC gives AF, a greater third Proportional; or, if AF be 
the firit, AD is a leiter third. | 1 
A third or a fourth Proportional may be very elegantly Þ pl 
. * 4 
found after this manner, 2 H 
Let X, V and Z be three given Lines. = ” 
If you require a leſs Proportional, X is the firſt Term By 
taken; if a greater be required, Z muſt be the firſt, con- = 
trary to the order, after the former method; nor can the ? 4 
Terms be taken alternately, as in the other. W 
Draw a Right Line, AC, at pleaſure, ; 
Make AB and BC equal, reſpectively, to 1 
the firſt and ſecond Terms, X and Y. = 
Through the point B, draw, at pleaſure, DE at. 
and make BD equal to the third Term (Z) = 
Deſcribe a Circle through the three Points : 
| A, C, and D, cuting DE, at E.—Pr. 49. ] 
| Then, BE is a fourth Proportional; in the t 


_ — order Z to Js as X to BE. 


Dem. For, the ReQangles under the ſegments of Chord. 
'' Lines, cuting each other, are equal, i. e. the Rectangle, 
M = under AB and BC, is equal to that under DB and BE. 
4 Conſ. as DB: AB, or BC :: BC, or AB: BE.- 9.6. El. 
10 ä Therefore, BE is a fourth Proportional. | 


| If a third Proportional be required, AB and BC muſt be 
3 Ho each equal to that Term, of two given Lines, which you re- 
7 


5 quire to be the middle Term of the three. | 
wh For, if three Quantities are Proportionals, the middle Term 
bs | is a Mean between the other two. | 


| In 
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ne bY 
Of | In analogous or equal Proportion of four Quantities, ſince the 
et # firſt has the ſame proportion to the ſecond, as the third has to the 
8 pourth; and conſequently, the firſt is to the third as the ſecond 
to fourth; a Rectangle under the two extreme Jerms (in equal 
Ratios of Right Lines) is equal to a Rectangle under the two 
"A middle Terms (9. 6. E!.) ; which, in Numbers, is eatily proved, 
"= Take any four proportional Numbers, either continual; e. g. 
el = as 3, 6, 12, and 24; or in equal Ratios, as 3, 5; 9, and 15, 
be 4 Now, it is plain that the firſt Number, 3, has the ſaine prupot - 


tion to the ſecond, 5, as 9g, the third, has to the fourth, 15. 

For, if 3 be multiphed three times, it is equal 9; and 5 multi— 

y | plied three times, is equa] 15; contequently, 3 has the ſame pro- 
portion to 9, the third Number, as 5, the iecond, has to 15, 

the fourth; and fo it will ever be, when any two Numbers are 
multiplied 8 | : b 
As 4 is to 6, ſo is 10 to 15; conſequently, 4: 10: : 6: 15. 1 
Now, in both theſe Caſes, the two extreme "Terms, i. e. the firſt if 


m and the laſt, viz. 4 and 15, and the two middle Terms, 6 and bt 
1 10, remain the ſame; only, the middle Terms have changed {| 
* . places; but, the ſecond multiplied by the third cr the third 4 
dy the ſecond is the ſame thing; and is always equal to the fourth 1 
multiplied by the firſt, or the firſt by the fourth. a 1 

Wherefore, if four Lines are proportional, as above; a Rect- } 

angle under the firſt and the fourth, the two Extremes, is equal to i 

2 2 Kectangle under the two mean or middle Terms; that is, the | g 
Recdangles have equal Areas, ſeeing, the Area, of a Rectangle, "_ 
E is produced by the multiplication of one Side by the other, f 
, ] Hence, a fourth Proportional may very readily and accurately Fl 
4 = be found ; as follows. A 
" Let X, Y and Z be three given Lines, | "| 
Jo It is required to find a fourth Proportional, which ſhall have 4 
ne the ſame Ratio or Proportion to Z, as X has to Y, 1 
In this Caſe, X and Z will be the two Extremes; for fince X 1s | 
leſs. than Y; conſequently, the Proportienal required, ill be 98 
rd leſs than Z, and is, properly, a Mean. #4 6 Bd M 
5 Make a Rectangle, ABCD, under the two | 1 
E. given Lines X, and Z. : 4 ; L 
l, Produce any two Sides, from the ſame Angle, 33 | 
. Coo 1 
as AB and AD; on either of which, make D 4 
"i BE or DF, equal Y. 1 
re- Draw EG or FH, through the Angle C, cut - i 

A ing the other Side, produced, in G or H; * 
8 then is DG, or BH, the Proportional ſought. & 


In | K 2 For, 
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For, compleat the Rectangle AEIG. 
Produce BC to K, and DC to L. 


Dem. The Rectangle CT, is under BE (equal Y) and +» 
D G, the fourth Proportional required, 
AC and CI are Complements of the Par, 'AEIG. Def. 39. 
But, the Comp. in every Parallelogram are equal. - 19.1, 
Th. the Par, or Rect. CI is equal to the Rectangle ABCD. 


A ; Hee p R o. 


C 
L | D A» But, if the Proportional was required to be 
to Z, as YtoX; then the Rectangle, or any f 
Parallelogram, AB CD, muſt be under the 
\ two Lines Y and Z; which will, in this Caſe, | 
8 be the two Means; and DG the Proportional f 
ſougnht, is now one of the Extremes; being : 
the greateſt of the four ; which, in the former 


Caſe, was one of the middle Terms, 


Thus may a fourth Proportional be found, either oreater or leſs | | 
than either of the three given Lines, X and Z. | 
For, if a leſs Proportional was required, which ſhould be an 


Extreme of the four; the Rectangle or Parallelogram, muſt be 


made under X and Y. | | 


SCHOL. Ven three Lines are giver ; a fourth Proportional is ge- 
nerally underſtood, to be either greater than the greateſt, or leſs than 
the leaft of the three; but if another mean Proportional is required, 

to three Lines given, as it muſe be between the two Extremes of the 
three ; fo it will be, either greater or leſs than the middle Line, as 
that is either greater or leſs than a true Mean, between the other 
two, And if it be already a true Mean, thire can no other be 
found, bn; either Side; for, the Square of a mean Proportional, be- 
ing equal to the Rectangle under the two Extremes (C. 2. 6.) con- 
ſequently, no other Rectangle but a Square, which jhall have the 
true Mean for its Side, can be equal to a Rectangle under the two 
Extremes. 


Let X and Z be the two given Lines. 


It is required, to find two other Lines; which not only 
contain an equal Rectangle, but, are in continual Proportion, 


Conſtruct the Rectangle A ECD, on the , 


two given Lines; and on its Center, E, $$ 
deſcribe a Circle, circumſcribing it. | RP 
Produce the two Sides AB & AD, indef, BF 

Apply a Ruler to the Angle C, and move 
it on that Point, till it makes FC &. GH 


equal ; and draw FH through G and C. p 
Then will BF and DH be the two Proportionals ſought, 


For, DC, DH, BF, and BC are in geometrical Progreſſion. 
And, a Rectangle under the two Means, DH and BF, is 
equal to the Rect. ABCD, under the two given Lines, X& Z. 


Or, briefly thus. 
Make a Right Angle FAH ; in which, from the Angle A, 
make AB & AD reſpectively equal to the given Lines, X & Z. 


Join BD; which biſet in E; and, on E, with the Ra- 


dius EB, deſcribe a Semicircle, BCD. 
Make DC equal AB (eq. X) and apply a ſtreight Ruler to 


the Point C, making EF equal to EH, and it is done. QE.F. 


N. B. This method, though very ingenious, is not perfectly 
geometrical ; ſeeing, the Points F and H cannot be aſcertained, 
but by trial; yet, it is the beſt I have met with; for thoſe me- 
thods which are performed by an Inſtrument, are not practical 
otherwiſe, and conſequently cannot be called geometrical, 

The method for finding a thi:d Proportional (Pr. 31.) exhibits 
the reverſe of this; for AB and BC, the two given Lines, in that 
Problem, are two Means, between the two Extremes BE and BD. 


For, BD: BC;; BC; BA:: BA: BE. F. 7.6. 
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-» PRACTICAL GEOMETRY, 


PROBLE M XXXIV. 


To continue a progreſſive Proportion, between two 


given Lines, infinitely ; and to repreſent the {um FR 


of them all. 


X and Z are the two given Lines, 


= 
— 4 


Draw an indefinite Right Line, AF; 
in which, take AB equal to X, and 
BC equal Z. 


N 
—1 Ky Make BAG a Right Angle ; and draw 
| Oe 


L BH parallel ro AG, 
B "TVET Make AG equal AB, and BH eq. BC. 
Through the Points G and H, draw 


2 Right Line, cuting AC, produced, at F; and AF is the 


whole Sum of the infinite Proportionals, 


Draw CI par. to BH; make CD equal CI, and draw DK. 
Make DE equal DE, and draw EL, perp. to AH. 
Then is CI a third, DE a fourth, and EL a fifth Propor- 
tional; and, after the ſame manner, it may be continued, 
ad infinitum. 
For, ſince AG is leſs than AF; fo BH is s leſs than BF; 
and conſequently, CI, DK and EL, will ſtill have the 


' ſame Ratio to CF, DF and EF ; wherefore, the laſt may 


always be taken from the remainder, and therefore, A F, 


is equal to the whole ſum of the infinite Proportionals ; and. 


AB, BC, CD, &c. or, AG, BH, CI, &c. are in a pro- 


greſſive, geometrical Proportion. 


The Demonſtration of this Problem and the laſt are given at 
the end of the ſixth Book. 
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PROBLEM XXXV. 11. II. Euclid. 


To divide a Line in extreme and mean Proportion. 


AB is the given Line. 


It is required to cut it ſo, that the leſſer Segment ſhall 
have that Proportion to the greater, as the greater Segment 
has to the whole Line. 


Or, the Rectangle under the whole Line and the leaſk 


Segment ſhall be equal to the Square of the greater, 


Biſect AB, in C; draw BD perpendicular 


to AB and equal to BC, half the given Line, 
and draw AD, | 2 
Jon D, with the Radius DB, deſcribe an 3 


Ark BE, i. e. make DE equal DB; and, on = 


N. B. AF, the greater Segment, is the difference between the 


beast Side, DB, and the Hypothenuſe, AE, of the Right-angled 


Triangle ABD; conſtructed on the whole given Line, and half 


me Line, for the Baſe and Perpendicular, = - - Pr. 13. 


This Problem is otherwiſe performed and demonſtrated in 


| | Prop, 11. of the ſecond Book of Elements, 


P R O- 


3 
the point A, deſcribe the Ark EF, cuting & * 17 
AB in F, the Point ſought, QE. F. 
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PROBLE M XXXVI. 10. VI. Euclid. 
To divide a given Line, in any known Proportion. 


AB is the given Line; and Z, is a Line divided in the Pro- 
portion required, at 1, 2, and 3. 


At any diſtance from AB, at diſcretion, draw CD pa- 
8 G rallel to AB; and make CE, EF, and FD 
| equal, reſpectively, to the Diviſions on Z. 
Through the extreme Points of the two Lines, 
AB and CD, draw CA and DB, produced 
till they interſect, at G. 
Draw EG and FG, cuting AB in e and f. 
Then, is the given Line, AB, divided (ine 
and f) in the fame Ratio as CD (in E and F) 
| \ or as the given Line, Z, is divided, in the 
„ > P32; 6; EL 


7 


ES. EF 


If the Meaſure given had been leſs than the Line given 

10 to be divided (as in this Example it is greater) AB would be 

Wl divided the ſame. 

Let cd, leſs than AB, be divided in the known Ratio, e &,. 

; + Draw, as before, the Lines Ac, and Bd, through their 
Extremes, meeting at G; and, from G, through the Divi- 
ſions e and /, draw the Lines Ge, Gf, cuting the given 
Line, AB, in the ſame Points e and f. * 


The difference, it is evident, is only in the operation, for the 
effect is the ſame. | : 

In the firſt Caſe, when the Meaſure is greater than the Line to 
be divided; then, the Vertex G will fall on the oppoſite Side, 
from CD ; but, when it is leſs, as cd, the Vertex, G, will fall 
on the fame Side with cd; as is obvious from the Figure. 


N. B. Any 


22 5 


2. 
af 


di 


mo 
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N. B. Any other Line drawn between the two Lines GC and 
GD, as gh, parallel to AB or CD, will be divided in the ſame 
Ratio, by the Lines GE and G F, | 


2. The ſame thing may be very readily and accurately done 
| FS after this manner. 


AB is the given Line, to be divided; and HI is a Line 
divided in the given or known Ratio, in 1 and 2, | 


At either extreme of the given Line, draw AE, in any 
D Angle at pleaſure. 
An acute Angle, not too ſmall, is beſt. H. 7 1 
Make the diviſions at C, D, and E, equal, ; 


2 s reſpectively, to the diviſions on HI; 
according as you require them on AB, be- 
7 gin at either end, H or I. 
ne Join the Point E, and the other extreme, B, 
F) of AB; draw DG and CF, parallel to 
be EB, cuting AB in G and F. 
El, do ſhall AB be divided in the ſame Ratio, | 
| = Hh in Kand Go - P. 2. 6. * 
5 If the Meaſure given had been leſs than AB, as Ae, di- 


vided in e and d, the Diviſions, on AB, would be the ſane, 


N. B. If it was required to divide AB into any number of equal 
Parts; make ſo many equal Diviſions on CD, in the firit, or on 
AE, in the laſt method, at pleaſure ; and proceed as directed, 
| AB may be readily biſected by either method; by the laſt, 
ven making Af, FE, or fe, two equal divifiens, and drawing fg, as 
F. before, parallel to EB or e B. | 


th tte Boi dt, 


The firſt method is demonſtrable, from $3 6. C. & Corol. 
the For the Triangles CGe and AGe, alſo EG F and e Gf, &c, 
are ſimilar. Conf. Ae: ef:: CE: EF, and as f B to FD. 


e to 
= The laſt method is eafily deduced from Prob. 32, and the De- 
1 monſtration of it, from Prop. 2. 6. El. ow; | 
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APPL. It is almoſt needleſs to give an Application of this Pro. 
blem, as it ſpeaks its ule ſufficiently. It is extremely uſeful in 
the practice of PerſpeCtive, as well as in all geometrical Draw. 

- ings; as Plans, Elevations, &c. 
AB is conſidered as a finite Line, already drawn, in ſome 
Plan, &c. and the Ratio or Proportion given, is certain 
known meaſures, or diviſions, to be repreſented on AB, from 
either a greater or leſs Scale of Proportion, 


3. There is another method, by which a Line may be divi- 
ded from a greater Meaſure given; which, not ſo much for 
its utility as the ſingular elegance of it, I ſhall give, as 
follows. 


Let AD be divided in the given Ratio, at B and C; and 
ct X or Z be a Line given, to be divided, in equal Ratio. 


1 Deſcribe three Circles, on the three Dia- 
meters AB, AC, and AD. 

Take the Line X or Z in your Compaſſes; 
and, ſeting one Point in A, cut the greateſt 
Circumference at E or F, with the other 
Point, and join AE or AF ; which, will be 
divided in the ſame Ratio as AD, in b & c, 


Draw Bb and Cc. 


þ Dru. The Angles AbB, Ac C, alſo AED or AFP, 
bil r ones. =»: Bae Fl. 
wherefore, A bB, Ac C, &e. are ſimilar Triangles, the 
Angle at A being common to them all. - C. 3. 2. 6. 
Therefore, AE or AF is divided in the ſame Ratio as AD, 
the Lines Bb, Cc, and ED, or FD, being parallel. —2. 6, 


4 A Right Line may be accurately divided into any number 
of cqual Parts, by the following Method. 
Let AB be the given Line, to be divided into five equal 


Parts, 
From 
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10. 


in S From either extreme, as A, draw AD, making any Angle, 
vw-. BAD, at pleaſure; and, at the other extreme, B, make 
me the Angle ABC equal BAD. 

ain On AD and BC take, at pleaſure, ſour e- 

om WH qual Diviſions, from A and B, at a, b, e, D 

and, d, e, f, ©. 

vi- join, aC, bf, &c. as in the Figure, which 

for MT will divide AB into five equal Parts, as 

a: WT required; at 1, 2, 3, and 4. Q. E. F. 


This is very evident from the ſecond method; for, the Divi. 
ions on AD and BC being equal, they are coniequently equal 
nd BY wn AB; the Lines AC, bf, &c. being parallel (C. 15. 1.) for, - 
io. AD is parallel to BC; by P. 4. 1. | 


N. B. If the Diviſions on AD and BC were either greater or 
leſs, AB would be divided the ſame ; which is obvious by taking 


ia». 
Aa 3 fourths of A a, and joining af; for, Bf is alſo 3 fourths 


telt I have never ſeen this method uſed for dividing a Right 
2 Line in any given Ratio; which may be applied with ſucceſs. | 
* Let AB be a Line given to be divided; and Z, a Meaſure 2 f 


= known, ile. a Right Line divided in the Ratio reguired,jn a& by 

Make AD and BC in equal Angles with L . 4 

AgB, as before, 

FI Tranferthe meaſures Z a, a b, and be, to 
5 Abd and BC, in the order required; viz. 


th f . 

2 make AE equal Za, and E F equal ab. 

n. alſo, make B G equal be, and G H equal 

1 p 

6 | ab, &c. and join the Points EH, FG; 

IT which will divide AB, in the Ratio of Z, in the Points a & 8, 
ber Note. The two extreme Diviſions FD and C11 are of no uſe in 


the operation; but AC and DB, being joined, will be parallel to 


EH & FG; and exhibits the former Method, applied on both 
ual Sides. : 


The only difference is, that, in this Method, there is no re- 
gard had to the paralleliſm of the Lines EH and FG, but only to 
jon the Points, and they are neceſſarily parallel. 


I, 3 PR O- 
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PROBLEM XXXVII. 


To find the Side of a Square, or any other Right. 
lined Figure (ſimilar to a given one) which ſhall 
be to the given Figure in any proportion required, 


Let AB be the given Line, or Side of the given Figure. 


4 It is required to find the length of a Line, for a correſpond- 
ing Side; on which, if a ſimilar Figure be conſtructed, its 
Arca ſhall be to the given one in the Ratio of 31 to x, 


Produce the given Line, AB, indef, 
Make BD equal to 34 times AB. 
Biſect AD; and, on the point of bi- 
ſection, C, deſcribe a Semicircle, or 
the Ark AE only. 

At the Point B, draw BE perpendicu- 


ao F * D jar to AB, cuting the Ark at E; 
| BE is the Line ſought. E.. 


bin For, BE i is a mean Srecortional between AB & BJ), 
Wherefore, the ſquare of AB, to the ſquare of BE, is du- 
plicate of AB to BEB. P. 10. & 12.6. 
i. e. their Ratio or Proportion, to each other, is as AB to 
Y A | BD; and all ſimilar Figures are in the ſame Ratio, as the 
j 5 Squares of thetr correſponding Sides, = — C. 2. 13. 6. 


By this Problem; any right- lined Figure, whatever, may be in- 


crenuſed or diminiſhed in any Proportion. e. g. 


It you would decreaſe it a fifth, a "EY a third, or a hall, 
&c. make BF to AB in that Ratio: biſect AF, and deſcribs 
the Semicircle AGF, cuting the perpendicular BE (at the 
Point B) in G; and B G 1s the Line ſought. 


Hence the Ratio between any two Figures, may be know: 


FE my) 
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For, having, by Prob. 24. and 25. reduced the given Figures 
to Squares; 1: e. having found the fide of a Square, equal to 
each Figure, reſpectively, make AB and BE reſpectively equal 
% them, and forming a Right Angle, ABE. 

Produce AB or EB, indefinitey join AE, and make AED, 
or EAH,' a Right Angle; i. e. draw ED, or AH, A 
lar to AF, cuting AB, or EB, produced, in D or H. 

Then, as AB is to BD, or, as HB to BE, ſo is one Figure 
to the other; — by Cor. 1. P. 13. 6. El. 

For, the Squares of AB and BE are, reſpectively, equal to 
thoſe Figures, 


N. B. If the Figures, whoſe Ratio is required, are ſimilar, 


make AB and BE, reſpectively, equal to any two correſponding, 
Sides, and proceed as above, 15 a 


PROBLEM XXXVIII. 23. VI. Euclid. 


To conſtruct a Poligon ſimilar to a given one, and 
equal to any given Right-lined Figure. 


X and Z are the two Figures given. 


It is required to make a Pentagon fimilar to X, and equal 
to the Trapezium Z. — 


On any Side of the Pentagon, as AB, 
make a Rectangle AB C D equal to the X 
Pentagon; by Prob. 24, 20, and 23. | 


Then, on the Side B C, of the Rectangle 
BD, make another Rectangle, BE, equal 
to the Trapezium ; by the ſame Problems. 
Biſect DE, in F; and, on that Center, 
deſcribe a Semicircle, with the Radius FD, 5 


cuting BC, at G. 1 
On CG, if a Pentagon be conſtructed, ſimilar to X, ma- 

king CG the correfponding Side to AB, it will be equal 

to the given Trapezium EZ. E F. 

DEM. For 
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Dem. For, CG is a mean Proportional between DC & CE, 
Wherefore, ſince the Ratio of any two ſimilar Figures, 
is duplicate of their correſponding Sides (13. 6.) and the 
Ratio of DB to BE is as their Baſes, DC to CE; - 1.6. NY 


| Ct 

Conſ. the Ratio of the two Pentagons,will be as DC to CE; P 
for, they are reſpectively equal to the Rectangles DB & BE. 7 
Therefore, a Pentagon conſtructed on CG, ſimilar to x, „ 


will be equal to the Trapezium Z. Q. E. D. 


By the 24th any Figure is readily reduced to a Triangle, by 
the 20th a Rectangle is found equal to a Triangle; and by the 
23d, another Rectangle may be found equal to that, having one 
Side equal to AB, or any given Line; + 
For, it will produce AD, for the ons Wile of the Rectangle | 
AC, which is a fourth Proportional to AB and the two Sides of We To 
that Rectangle, found by the 2oth, equal to the Pentagon; as by = 
the laſt method of Prob. 32. 
Conſ. the Rectangle BD is equal to the Pentagon X, and BE to Z. 


I 
_ Þ$:7: 
PROBLEM XXXIX. 1. III. Euclid. uh! 
\ | f 3 fre 
To find the Center of a given Circle; and through . 
5 a given Point, to deſcribe a Circle parallel to the on 
given * ; CD 
Firſt, ny is the Circle given; and G the given Point. 
TX Draw a Chord Line, AB, at pleaſure. {WE > 
Bifect AB (Pr. 8.) and through D, the 8 
> point of biſection, draw EF perpendicular to z and 

AB(6.)cuting the Circumference in EXF, WM 
Biſect EF, in C, which is the Center of 4 
& the Circle ABE. Q. E.- F. W 
— a 8 : thri 
For EF is a Diameter, and conſequently paſſes through Wl *2 

- the” Center of the Circle. P. 1. 3. 
and. Join 


. 


E. 


* 
F 
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2nd. Join CG. With the Radius CG, and on the Cen- 
ter C, deſcribe a Circle GH, and you have done. Q.E.F. 


s# SCHOL. Al parallel Circles, in the ſame Plane, have the ſame 


Center, and are called concentric; but, if they are in parallel 
Planes, as on a Cylinder, Cone or Sphere; a Right Line perpendi- 
cular to thoſe Planes, if it paſſes through the Center of one Circle, 
it <vill paſs through the Centers of _then all; rich line is the Axis 
of the Cylinder, Cone or Sphere. 


< 


PROBLEM XL. 25. III. Euclid, 
; W 


Jo perfect or compleat a Circle, from a given Ark 


or Segment of that Circle, | 


ABD is the Ark given. 


Draw, at pleaſure, two Chord Lines; AB and BD. 
Biſe& the two Chords, at E and F; from | 
which, draw the Perpendiculars EC and 
FC, interſecting at C. - Pr. 8. & 6. 
Then will C be the Center of the Circle; 
on which, with the Radius CA, CB, or 
CD, the Circle ABDG may be compleated 


This Problem is demonſtrated in the laſt. 


N. B. By this method, may be found the Center of a perſect 
Circle, as readily as in the foregoing ; nor is it neceffary to draw 


and proceed after the manner following, 


With any Radius, at diſcretion, on B, as a Center, deſcribe the 
Ark HIKL; and, with the fame Radius, on A and D, defcribe 
two Arks, HI and K L, cuting the former in H, I, K and L; 
rough which Points, draw Right Lines, HI and L K, interſect- 
Ing at C, the Center ſought. 


Cor. 


the Chords; only, aſſuming, at pleaſure, three paints, A, B, & P, 
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Cor. Hence, through three given Points (not lying in 2 
Right Line) as A, B, and D, the Circumference of a 
Circle may be deſcribed . whoſe Center (being found, as 


above) is C, | 1 
PROBLEM XEL 
. ; t 
To draw a Tangent to a Circle, through a given 
Point in the Circumference. And, to find the WM , 
Point of Contact of a Tangent to a Circle. m 
f a 1 
Firſt; B is the Point given; through which a Tangent i 
required to be drawn. » 
Having found A, the center of the Circle 
| {by the foregoing) join the point B, and the 
| S center of the Circle by a Right Line, AB. 
Ni hg At the Point B, make a Right Angle, 
* ABC, and produce CB, towards D. 
2 The Right Line CD will touch the Cir- . 
$20 N 5 cle, in the Point B. — P. 8. 3+ El. . U 
2nd: CD is the Tangent given; to find the Foint «t 11 
Contact. 1 : 
* 2 


Draw a Perpendicular AB to the Tangent, from the cen- W 
ter of the Circle; cuting CD in 3 » - - Pr.. 1 


N | | } 
x © 


B is the Point of Contact, in which the Tangent, AD, 
touches the Circle. = 2K » TC. 3. 8. & 


P R O- 
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| | 3% 
in a © 
of > PROBLEM XLII. 17. III. Euclid. 
«i | | 
To draw a Tangent to a given. Circle, from a Point 

given without the Circle; 1. e. to determine the 

Point, in which a Right Line drawn from the 

given Point ſhall touch the Circle, 

From the given Point, A, draw AC; 8 ” | | 
| to the Center of the Circle. 1 8 | 
wen Biſect AC; and, on the point of biſecti- . i 7 : 
the on, B, with the Radius AB, deſcribe a Se- EX BN 

micircle; cuting the circumference of the | N \ 
given Circle in D, the Point ſought. QE. TF. 
it is / 
peu. Having drawn AD and CD, the Jt . 
s RightLine AD will touch the CircleatD. ö 
ircle For, the Angle ADC is a Right one.. P. 12. 3. 
I the i Wherefore, AD touches the Circle in D. - - C. 2. 8. 3-1) 
AB. 8 
ile, Otherwiſe. 2 


— 


* 
Join the Point A, and the Center C, as N. 
before, cuting the Circumference in B. "i N 


= With the Radius CA deſcribe the Ark AD. | \/ 
Draw the Perpend. BD, cuting AD at D. C 
it of Laſtly, draw CD, cuting the given Circle * Ws 
at E, the Point ſought. Draw AE. dear . 


The Right Line AE will touch the Circle, at E. 


Du. The Triangles AEC, BDC are congruous. 
For, the ſides AC, CE are equal to DC and CB, refpec- * 
tively; and the. Angle C is common to both; therefore, 
AL is equa] to BD; the Angle at A equal D, and the 
Angle AEC equal DBC., - - = P. 8. 1. El. 
But CBD is a Right Angle (Con. ) wh. AEC is a R. Angle. 
Therefore, AE touches the Circle at E. C. 2. 8. 3. 


* 
0 
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PROBLEM XIII. 34. III. Euclid, 


To cut off a Segment of a Circle, which ſhall con. 
tain an Angle equal to a given one, 


> DEC is the Circle given, and X the given Angle. 


A . . 
Draw a Tangent, AB, to the given Circle, 


— 2 At the Point of contact, C, make the a R. 
/ Angle ACD equal to X, the Angle given; : 
o | and DEFC is the Segment required. QE F. 
/ Do. Dru. For, if from any Point in the Cir- 
Lig cumference, as E or F, Lines are drawn We 
© — to the extremes of the Chord CD; the WR 7 


B Angle DEC or DEC, is equal to AC, 
(equal X, by Con.) - P. 13.3. 


2 


PROBLEM XIIV. 33. III. Euclid 


On a given Line, to deſcribe a Segment of a Circle, 
which ſha!l contain an Angle equal to a given one, 


s 
uns. is the given Line, and X the given Angle, f 
Make an Angle, BAD, equal to the t 

gen ale, .. Pf. 4 : 

Draw AC perpendicular to AD, - - 10 1 

and, on the other Extreme, B, make the : 

angle ABC equal BAC. 

Or, having biſected AB, draw EC per- , 

pendicular to AB, cuting AC in C; on 


which, with the Radius CA or CB, de- 
ſcribe the Ark AFB, the Segment required. 
Or 
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clis, WE Deu. From any Point, as F, draw FA and FB, 

FF The Ang. AFB=BAD, eq. to the given Ang. X.- 13.3. 

con. Or, without drawing AD, on the given Line AB, make i 
an lfoſceles Triangle, whoſe Angles at the Baſe, BAC, | 
# ABC, are each equal to the Gompiranent of the given j 
Angle, to a Right Angle. 

ircle, The Vertex C will be the Center,. and CA, OY, the f 

the Badius of the Circle required, | 

ven; 1 | 

EF, 

rawn | | 4 

a = The Angles being given, ungler which three Objects, 

TD ſituate in a Right Line, are ſeen, and their 

2's Diſtances from each other known; to determine ij 

the Point from which they are ſeen, | | 
cli. | f 
A, B, and C are the three Objects. 5 4 

2 2 " 

8 Make the Angles ACD, CAD, alter- | 

ne. 


nately, equal to the given Angles, i. e. 
make ACD equal to the Angle under 
which AB is ſeen, and CAD equal to 
the other Angle given. 


Produce CD and AD, interſecting at D. . 4 
= v0 Deſcribe a Circle through the two ex- 4 
de the treme Objects, A & C, and the Angle D; - by Pr. 40. . 
Draw DB, and produce it, till it cuts the oppolite Cir- | ; 1 
per- cumference, at E, the Point fought, 4 
>; on L 


Dim. For (having drawn AE and CE) the Angle 
AEBZACD, and the Angle CEB=CAD. -. P. 10. 3. 


* 


M 2 N00. 
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1 PROBLEM XLVI. 
ns 'A Circle being given, to cut off a Segment, ſimilar 1 : 
| to a given Segment; and, on a given Line, to con- : 
| ſtruct a Segment, fimilar to a given one. | 
; a ; 1 

1 | Firſt. It is required to cut off, from the given Circle 

| FHI, a Segment ſimilar to X. y - 


Find the Center, C, of the given Segment, X, - Pr. 40. 
and compleat the Semicircle ABD, 


Through the Center, E, draw FG, and 1 
make the Angle G FH equal DAB; - Pr. 4. 
The Segment, Y, cut off by the Chord 

FH, will be fimilar to the given Segment, 


Dru. For, the Angle GFH = BAD.- Con. 

And (having joined BD and HG) the 
Angle FAG =ABD - Ax. 9. 
(for they are Right Angles; 12. 3.) 
G' conf. FGH=ADB - Ci. 5.10. 1. 

wherefore, the Triangles ABD, FAG 

JJ. oo. 0.240; 

Therefore, as FG : AD :: FH: AB.-4.6. 

Ard, by taking away the Friangles ABD, FH, from 


the Semicircles, there is left the Segment Y 3 to X. 


VN. B. If the Segment given bad been greater than a Semi 
circle, the operation is the ſame; the Triangle GFH being added 
to the Semicircle FIG, inſtead of taking it away from F HG. 


em! 


died 


N 
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A 
* * 


2nd. FH is the given Line, on which to conſtruct a Seg- 


ment as required, . 


Make the hogs HFG equal to BAD; died AB, the 


Chord of the given Segment, makes with the Diameter AD; 
found as above. 


Draw HG perpendicular to FH, cuting FG in G. 
Biſet FG, and on E, the Center, with the radius EF. or 
EG „ deſcribe the Ark FCH, forming the Segment required, 


APPL. This Problem is very uſeful to Builders, to form Arches, 
and ſcheme Heads for Windows, Doors, &c. ſimilar to others, 
either greater or leſs, of any proportion required. 


The following is an univerſal Rule, to find, arithmeti- 


cally, the Diameter of a Circle, from any given Segment, 


by the meaſure of the Chord Line or Subtenſe; i. e. the 
Lafe of the ſegment, and the height of the Ark. 


ADB is the Segment given. 
Divide the Square of half the Bafe by the perpendicular 
height and add the Quotient to the Diviſor, See Caſe 2.14.3. 


e. g. Let the Bate AB be 14 and the Per- 
pendicul: ar CD, 4. 


The Square of AC or CB, 7 multiplied by 


7 is equal 49 ; with, divided by 4, gives the C 

Quotient 12, 25 equal CE; to which add * 

the viſor, 4, the height of the Ark, CD; it is 

g1ves 16, 25, for the Diameter. 2 N 
ror a Rectangle under CE and CD is equal! 

id the Square F I 4+ 3+ — 5 


- Suppoſing the legend Feet, the Diameter, DE, is 16 Feet 3 In. 


The Rule is the ſame, if the Segment be greater than a Semi- 
circle, But, having found the Center (by Pr. 39 or 40) a Right 


Line drawn through the Center, cuting the Ark in two Points, 13 


4 D. nnter. 
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PROBLEM XLVIL 


To make a regular Pentagon, on a given Line, AB, 


Divide AB in extreme and mean Pro- 
portion, in the Point C, - Pr. 35. 
Produce AB; and make BD equal to BC, 

* the greater Segment; then, AD is to AB, 
, as AB to BC, and as BC to AC.“ 
On A, with the Radius AD, deſecribe 
| the Ark DEF; and, on B, deſcribe the 
r D Ark GF, interſecting at F. 

On F, with the Radius AB, deſcribe 
the Ark EG; i. e. make FE and FG each equal AB, and 
join the Points A and G, B and E; alſo E, Fand F, G, 
which compleats the Pentagon. Q. E. F. 


F 


The Demonſtration of this con ſtruction of a Pentagon may be 
obtained, from the 7th and Sth Prop. of the 4th of Elements. 

For, AED is an Iioſceles Triangle, having its Angles at the 
Baſe, ED, each double the Angle EAD, at the Vertex; 

AFB 1s the ſame, which may be conſidered as inſcribed. 

And, by 34. of the 6th. the Diagonal of a Pentagon, BF or 
AE (equal AD) has that ratio to the Side, AB, BE, &c. as the 
greater Segment to the leſs, of a Line div ided in extreme and 
mean Proportion, 


Or it may be conſtructed thus. 


Having ſound the Point D, as above, and drawn the 
Ark DEF, on the Center A. f 

On B, with the Radius AB, deſcribe the Ark AE, cuting 
the other at E, and draw AE and DE. 
Draw BF parallel, to DE; and alſo AG, indefinite. 
Draw FG parallel to AE, cuting AG in G, and join FE 
and BE. which compleats the Figure. 


4 — 


* Sce N. B. 2. Prop. 35. 6th of Elements. 
Other wiſe, 
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| Otherwiſe, mechanically; AB being the given Side. 


On A and B, with the Radius AB, 
ceſcribe two Circles, cuting each other 
in C and D, and draw CD. 

On D, with the ſame Radius, deſcribe 

the Ark EABG, cuting the two Circles 
and the Right Line CD, in E, F, and G. 
Draw the Right Lines EF and GF, and 
produce them till they cut the Circum- 
ſerences, in H and I. 
Then, on H and J, with the Radius AB, 
deſcribe two Arks, interſecting at K, 
and join the Points Al, IK, KH, and HB, which coni- 
pleats the Pentagon, AIE HB. QE. F. 


Of this conſtruction of a Pentagon, there is no Demonſtration 
has yet been given. 


I ſhall, here, give a general Method for conſtructing every 
kind of regular Poligon, from a Pentagon to, a Duodecagon, 
by means of the following Table; in which, the Angle of 


the Poligon is determined by the proportion it has to a Right 


Angle, and the difference there is between them. 


A Right Angle is to the Angle of a Poligon as follows, 


Ratio Diff. Ratio Diff. 
Pentagon as5 to 6— 1 Nonagon as ꝗ to 14 5 
Hexagon as 3 to 4 — 1 Decagon as 5 to 83 
Heptagon as 7 to 10 — 3 Undecagon as 11 to 18 - 7 
Octagon as 2t0 3—1 Duodecagonas 3 to 5 - 2 


Note; the Hexagon, Octagon, &c. having an equal number 
of Sides, are reduced to the loweſt Denomination; otherwiſe, the 
Right Angle is always ſuppoſed to be divided into the ſame num- 
ber of Parts as the Poligon has Sides; which will then be, for a 


- Tlexagon, as 6 to 8, difference 2; in an Octagon, as 8 to 12, 


difference 4; and ſo of the others. 


To 


$38 PRACTICAL GEOMETRY, 


To conſtruct a Pentagon, by the Table, on the Line AB 


a 


Make a Right Angle, ABF, on the extreme Point B. 


By the Table, the Angle of a Pentagon 
is to a Right Angle in the ratio of 6 to 5, 
difference 1. 
Wich the Radius AB (er any other) on B 
deſcribe an Ark from A to C. 
Divide the Ark (of the Right Angle) AGF 


into five equal Parts, as in the Figure; the 
Angle of the Pentagon is ſix of thoſe Parts. 
Add the difference, 1, from F to C, and draw BC. 

The Angle ABC is the Angle of a Pentagon, containing 
6 fifths of a Right Angle, on the Ark AGC. 

On A, with the ſame Radius, AB, deſcribe the Ark 
BGE, cuting the other at G; make GE equal GC, and 
draw AE. 

With the ſame Radius, on E and C, deſcribe two Arks, in- 
terſecting at D, and join CD and DE; which compleats 
the Pentagon. 


y 


Dem. The) Sides AB, BC, &c. are equal, by Conſtruction. 
And the Angles are alſo equal, being ſubtended by equal 
Arks, AGC, BGE, &c. of equal Circles. C. 2.9 3: 
Therefore, ABCDE is a regular Pentagon. 


as 


two Arks, on A and B, interſecting at C, AN > 
and compleat the equilateral "Triangle ACB. 7 N 
On the Center C, with the ſame Radius, de- ; | \ 
ſcribe a Circle. 727 

Piroduce AC to E, and BC to F; and, through 7 

the Center C, draw GD parallel to AB, and 


join the Points A, G, F, E, D, and B. 
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PROBLEM XLVIII. 


To make a Hexagon, on a given Line, AB, 


In the conſtruction of a Hexagon you need not regard 
the Table, nor proceed after that method ; ſeeing that, the 


side of a Hexagon is always equal to the Radius of a cir- 


cumſcribing Circle, - - - = 11.4. El. 


Therefore, with the Radius AB, deſcribe 


— — 


Or, having found the Center C, and deſcribed à Circle, 


as above. 


Apply the given Side, AB (equal to the Radius, AC) ſix 


times round the Circumference, from B to D, E,, G, 


and join the Points as before. 


AGF EDB is a regular Hexagon. Q. E. F. 


The circumference of a Circle contains the Radius ex- 
actly fix times inſcribed (Th. P. Ang. Art. 5.) conſcquently, 
it is equal to the Side of a Hexagon inſcribed.— P. 11. 4. 


This needs no other Demonſtration; for, the Sides are all 
equal by Construction : and the 'I riangles ACB, BCD, DCE, &c. 
are Equilateral, whoſe Angles are alſo equal (C. 1.9.1.) Each 
Angle of the Hexagon, contains two Angles ot a Triangle, 


? ABD, equal ABC added to CBD, &c. which are therefore equal ; 


and conſequently have that proportion to a Right Angle as 4 to 3; 


as the Perpendicular BH, biſecting the Angle CBD, indicates. 


N P R Q- 
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PROBLEM: XLIX. 


To make a Heptagon, on a giveh Line, AB. BS 


Make a Right Angle ABD ; and divide the 
Ark of it into ſeven equal parts, as many az 
the Figure has Sides. | 
Obſerve, by the Table, that the angle of a 
4 1 Heptagon is ten of thoſe Parts, the dif- 
ference is three. 

Set off three Parts from the Perpendicular 

BD to E, and draw BE. Make BE equal AB. 

Biſect the two Sides AB and BE; - Pr. 8. 
and draw the Perpendiculars, FC and GC, interſeQing at C. 
On C, the Center, and Radius CA, or CB, deſcribe 2 
Circle; which will contain the given Line, AB, ſeven 
times in its Circumfnrence, at A, B, E, H, 1, K, L; 
which Points, joined by Right Lines, will compleat the 
Heptagon required, QE. FE. EE 


Dem. It is equilateral by Conſtruction; and it is alſo equi- 
angular, becauſe inſcribed in a Circle; for, equal Seg- 
ments contain equal Angles. - - P'. 10. 3. 


N. B. It is plain that the Angle ABE, which is an Angle of 
the Heptagon, is equal to the Right Angle ABD added to the 
Angle DBE ; the Right Angle containing ſeven parts, the Acute 
Angle, DBE, three; and conſequently, the Angle ABE contains 
ten; therefore, the Ratio is as 10 to 7; as by the Table. 


After the ſame manner a Circle may be found, which ſh:ll 
contain a given Line any number of times, to twelve, applied to 
the Circumierence, by the Table, given above. | 


P R O- 
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PROBLEM L. 


. Jo deſcribe an Octagon, on a given Line, mechan 
| cally, without the Table, 
Je the 
2) on the extremes of the given Line, AB, draw the Per- 
BZ pendiculars AG and BH, indefinite. | b 
0 produce AB, both ways, to I and K. A 
1 Biſect the external Angles, IAG & HBK, 4 
IE by the lines AC and BD; which, make ££—® NY. 
equal to AB, and draw CD; which, will | 
q be parallel to AB. . 
lake LN equal LM; and, through N, XA 
draw EF parallel to CD. a ! 5 
Draw CE & DF, parallel to AG & BH, + X 5 


Make NH equal NF, and draw GH 
parallel to EF; and j join EG and FH; 


which compleats the Octagon. QE. F. 


N. B. It is obvious, in this Figure, that its Angles, as ABD, 
has the proportion to a Right Angle, ABL, of 3 to 2, as in the 
Table; for, the Angle LBD is half the Rig ht Ah le LBK ; and 
8 LBD added to ABL, _ ABD, 1s the Angle - the Octagon, 


? 


\ cute 
tains 


ſhall 
ed to 


PRO- 
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PROBLEM II. 


To find the Side of an Octagon, in a given Square, 
, ABCD. 
B 


Draw the two Diagonals AC and BD, 
| No whichlgives the Center E. P. 16.1. El. 

With the Radius of half the Diagonal, 
AE, on every Angle of the Square, de- 
Id fcribe an Ark or Quadrant, bEg, aEd, 
&c. i. e. make Ab, Ag, Ba, Bd, &. 
C cequal half the Diagonal; and, joining 
the Points a h, be, &c. you will have a 

regular Octagon abcdefgh. Q. E. F. 


APPL. The uſes of theſe Problems, to various Mechanics, are 
very obvious. By the 5oth we learn how to form an Octagon 
Building; as a Temple, Library, &c. an Alcove, or Bow 
Window, &c. (which are frequently half a regular Octagon or 
Hexagon) of a given meaſure, for a Side of the Building, &c, 

By this Problem, we find the meaſure of a Side, when the 
width or Diameter is firſt determined. 


To enumerate all the uſes of Poligons, would b&impertinent 
and foreign to the purpoſe ; my deſign being to ſhew how to con- 


ſtruct them, in the eaſieſt and readieſt manner, the application of 
them will readily occur, as occaſions require. 


Theſe are the moſt neceflary Poligons for mechanical uſes ; and 


fince, by the 'Table, and Rules already given, any Poligon, to 
twelve Sides, may be readily conſtructed, I ſhall defer treating 
more fully on them to the tourth Book ; which teaches how to in- 
ſcribe and circumſcribe all kinds of regular Figures. - 

Although it is entirely Problematical, yet I think it beſt to fol- 
low the order of Euclid, in that ; ſeeing, it cannot. be properly 
treated on without the Elements of the firſt three Books, I hz 
practical Part is, nevertheleſs, eaſy and intelligible to any Ca- 
pacity. | | | 


* 
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n of 
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To find the Side of any regular Poligon in a given 


conſtruct an equilateral Triangle, ACB; 


at C. (This preparation is tht ſame 
for any Poligon whatever.) 

Then, divide the Diameter into as many 
| } 

equal Parts as the Poligon, required, 
has Sides; (Pr. 36.) and, through the ſe- 
cond diviſion, from either extreme, draw 


© divided into five equal Parts; through the ſecond Diviſion, | 


tk a Right Line, be drawn, from C, through the Center, 


* 


* 
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C 


PROBLEM LII. . 


Circle, 


Draw a Diameter, AB, on which, 


or draw the two Arks only, interſecting 


2 Right Line, from C to the oppoſite - 
Side, of the concave Circumference. e. g. | 


If a Pentagon be required, the Diameter (AB) mult be 1 


from A or B, draw CD; then, AD is the fide of a Penta- , 
gon; i. e. a fifth part of the whole Circumference, or two ' 


8 fifths of the Semicircumference AFB, 


The Side of a Hexagon is equal to the Radius; and the 
Side of an equilateral Triangle is the Diagonal of two ſides 
of a Hexagon; yet the ſame Rule holds equally true in all. 


E, to F, it divides the Circle equally into four, and AF or 

FB, is the Side of a Square. | | 
For, if the Diameter be divided into four equal Parts, the 

Center being equally diſtant from each extreme of the Dia- x 

meter, AE is, conſequently, two of thoſe Parts, ; 4 


3 4 
One 
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One of thoſe Parts, GB, equal half the Radius, EB, 
two cighths of the Diameter; wherefore, if CG be drawy 
and produced, it will cut the concave Circumference in th; 
Point H; and BH, or FH, being joined, is the Side of aq 
 OQagon ; for it will biſect the Ark, FHB, of the Side of! 
Square, 

Again. Al, being a fifth part of the Diameter, is equal 
to two tenths ; wherefore, if Cx be drawn, to I, it will 
biſect the Ark AID; and All or ID, being joined, is the 
fide of a Decagon, inſcribed ; for, „it is equal to two tenths 
of the concave Circumference AFB, 


* 


— 


Thus may the Side of any Poligon whatever, contained in a 
Circle, be obtained; by obſerving the Rules given above. And 
it is truly worthy of notice; that, any Right Line, drawn from C, 
cuting the Diameter and the concave 8 will cut Pl. 
them both in the ſame Proportion; or, in whatever Ratio one of | 


them is divided, a Right Line being drawn, from C, through the Wi . 
point of diviſion, will alſo cut the other in the ſame Ratio. lie 
. fine 

Of this Conſtruction, or equal diviſion of the Diameter and wa 
the Circumterence, no Demonſration can be given, having con- . 
ſulted ſeveral able Geometricians concerning it; who ſay, that it tn 
is only an approximation and not mathematically true. Yet, l Wa 


muſt own, that I do believe it to be perfectly true, or it could 
never anſwer ſo very accurately, as it does, in all Diviſions, 
whatever, 
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AVING now, gone through all the moſt uſeful and 
valuable Problems in Geometry; I ſhall, next, be- 


fore I proceed to the Elements, ſhew how to deſcribe that 
W uſeful and elegant Figure called an Ellipſis; which is To 
Wvery neceſſary to Mechanics, and particularly to Architects 
Jand Builders, in general; inſomuch, that I ſhould reckon a 
Wcompleat Syſtem of practical Geometry deficient without it. 


The Ellipſis, is a Figure which is not admitted into 


Plane Geometry; as the nature of its Curve and the pro- 
perties peculiar to it, are of no uſe in the Elements of Eu— 


lid, Nevertheleſs, as it is a very uſeful Figure, I ſhall de- 


Ine all its parts, particularly, and ſhew how, by various. 
ways, it may be deſcribed of any Proportion required ; a 
thing much wanted and but little known, to many who have 
Va conſtant occaſion for it; how many lame and imperfect 
vals may be ſeen amongſt the Works. of our moſt eminent 
itiſis, at an Exhibition, is but too obvious to a judicious 


ye, | | | 
{ ſhall alſo explain ſome of its peculiar F roperties ; ſhew- 


ing the affinity between the Circle and Ellipſis (as between 
square and Rhombus) the Ellipſis being conſidered as a 
Circle, preſled gently, or drawn out, at the two extremes 
Wo! avy Diameter. 
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DEF. I. An ELLIPSIS, or OVAL, is a Plane Figur 
bounded by a regular curved Line, falling into itſel, 
which, is not circular in any part, being deſcribed an 


two Centers, Þ C 0 "MM. 


\% . 


18 — | 


/ 

Ne / 
—— —— 

DEF. II. PERIPHERY, or CIRCUMFERENCE, is the 
curved Line which bounds the Ellipſis; ACBD. 


DEF. III. CENTER, of an ELLIPSIS, is the Point E, 
where any two Diameters interſect, and, conſequently, 
biſect each other. 


DEF. IV. DIAMETER, of an ELLIPSIS, is any right 
Line, as AB, MN, &c. paſſing through its Center, E, 
and terminated by the Periphery. 

For, every ſuch Line divides the Ellipſis equally in 
two; and is alſo biſected in the Center, E. "Therefore, 
any two Diameters biſect each other; as in a Circle. 


DEF. v. TRANSVERSE DIAMETER is the lonyef 
which can be drawn in an Ellipſis. As AB. 


DEF. VI. CONJUGATE DIAMETFR. This Term 
is generally confined to the ſhorteſt Diameter, CD ; but, 
that is conjugate only in reſpect of the Tranſverſe AB; 
which is alſo conjugate to CD, } 

If Tangents to the Ellipſis be drawn, through the &x- 
tremes, A and B, of the Tranſverſe, and CD its conjugate 
Diameter, cuti::g each other in F, G, H and |, they 

wilt 
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will form a Rectangle; and if the Diagonals of the Rea- 


* angle, FH and IG, be drawn, they will paſs through the 
*y Center of the Ellipſis; the parts, KM and LN, which 
01 


are terminated by the Curve, are Diameters of the Ellip- 
ſis; each of which, is Conjugate, in reſpect of the other. 


Theſe are the only two Conj . Diameters which are equal. 

The Tranſverſe Diameter, and its Conjugate, are the only two 
which are perpendicular to each other, or cut at right Angles. 

The Tranſverſe Diameter, AB, biſects the acute Angles FEI, 
GEH; and the obtuſe Angles, FEG, LEH, are biſected by the 
Conjugate, CD. 

Every Diameter, drawn within the acnte 1 is greater 
than its Conjugate, which falls within the obtuſe Angles. 


is the , DEF. VII. ORDINATES are Right ERS. © 
Lines drawn parallel to the Conjugate 2 
of any Diameter, as MN, OP, &c. and 


int E, they are biſected by the Diameter, AB. 
ently, The whole Lines MN, OP, are, there= + 
fore, double Ordinates to the Diameter 
right AB. 1 
, E DEF. vnt. A TANGENT is a Right Line touching 


the Periphery, at the extreme of a Diametet, parallel to 
its Ordinates. As FI, FG, &c. © 


DEF. IX. AXES, of an Ellpfis, are the Tranſverſe and 
its Conjugate Diameter; AB and CD, Fig. iſt. 


DEF. X. FOCI, of an Ellipſis, are the Points Q and R, 


on which it is deſcribed; as a Circle on its Center. 


Ally in 


efore, 


on geſt 


Term 
but, DEF. XI. LAT US RECTUM, or RIGHT PARAME. 


AB; 7 TER, is that Ordinate to the Tranſverſe Axe which 
| paſſes through either, Focus; as MN; Fig. iſt. 
The Latus Rectum, and every Parameter, is a third Pro- 


portional to the two conjugate Diameters, to which it is the 
Parameter. ä 


O Note. 
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Note. The Parameter to the Diameters EM and LN, Fig. 1ft, 
coincides with them ; tor, being equal, there cannot be a third 
Proportional to them. 


DEF. XII. ABSCISSA. If the Tranſverſe Diameter be 
cut, in any Point at pleaſure, the two Segments, made by 
that Section, are called Abſciſſas. 


Note. An Ellipſis may be generated, by the Shadow of a 
Circle, or Ring, projected on a Plane, not parallel to the Ring; 
provided, the luminous Point is not in the Plane of the Circle. 

Or it is an oblique Section, made by a Plane, of a Cylinder or 
Cone. (See Def. 15 and 18, 7th. El.) 


PROBLEM I. 


The Tranſverſe and its Conjugate Diameter being gi- 
ven, how to determine the Foci, on which an El- 
lipſis may be deſcribed, of the Proportion requited. 


Let X and Z be the meaſures given. 


— — 


Sy Draw, at right Angles, two Right 

-< X EE ELD I Lines, AB and CD, equal, reſpective- 
5 NN ly, to X and Z, and biſecting each 
F \ other, in the Point E. 


bet its / Conjugate Diameter, deſcribe an Ark, 


7 A,. with theiradius AE, or EB, half the 
ee» Tranſverſe, cuting it in F and G; 


N which are the Foci, or Centers, on 
which the Ellipſis may be deſcribed. 
'Then, proceed in the manner following. 


T Take 


— 85 On either extreme, C or D, of the 


— * Lon 
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Take a fine, ſmooth Cord or ftring, and, having fixed 
two Pins in Fand G, carry the ſtring round both Pins, and 
draw it, on both Sides, to the Point C, or D; where, fix a 
Pencil, and revolve it around, on the two Pins, keeping the 
String at full ſtretch; the point C will deſcribe a Curve, 
which will paſs through the four Points A, C, B and D. 


From which conſtruction it is evident, that any two Right 
Lines, FH and GH, drawn from the Foci to any Point in the 
Circumference, are equal to FC and CG; that is, to the Tranſ- 
verſe Diameter, AB. 

For, FG being common to both the Triangles FCG and FHG, 
the remaining Sides, added together, are equal 
j. e. FC added to CG is equal to FH added to HG, 

As it is difficult to keep the Point or Pencil true, in a ftring, 
this Method is not ſo eligible, for ſmall Ovals, or tor any, which 
require the Curve tobe exact; but, from what has been advanced, 


© (being well confidered and underſtood) it will be found practicable 


to deſcribe ſmall Ovals with tolerable exactneſs. 


— 
Having determined the two Foci, F and G, in the given 


Tranſverſe Diameter, AB, whoſe Conjugate is CD (as 
above) as many Points, H, may be determined, in the Pe- 
riphery, as are neceſſary; through which a Curve may be 
deſcribed, by a ſteady Hand, which will be a true Ellipſis; 
after the following manner. 


Wich any Radius, at pleaſure, 
ſetting one Point of the Compaſſes 
in either Focus, as at F; with the 
other Point, make an Ark, at H. 
Then, with the ſame Radius, FH, 
ſeting one Point in either extreme 
of the tranſverſe Diameter, as at A, 
cut the Tranſverſe, at E with the other. 


Take the remaining Segment, EB, as Radius, and, on the 


Center, G, deſcribe another Ark, cuting the former in H; 
which will be a Point in the Periphery. 


Thus, as many Points, H or h, may be obtained as you 


pleaſe; which are all in the Periphery. 


I — 
— 3 * __— 
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That the Point H is in the Periphery is manifeſt, For, ſeeing 0 
that the Foci are determined from rhe extremes, C and D, of the | 
Conjugate Axe, making CF and CG each equal to AE, half 1 
the Tranſverſe; (by Prob. 1. ) conſequently, FH and GH being . 
made alſo equal to AB, the Point H is in the Periphery. : 


— — 


2nd. To deſcribe an Ellipſis, by means of an Inſtrument 
called a Trammel. 


The Trammel is made of two pieees of wood, fixed to- 
gether at right Angles, in the form of a Croſs; or, for 
ſmall Ovals, it may be of Metal, with two ſtreight Grooves, 
truly perpendicular to each other, as AB and CD. 

Then, having provided a ſtreight Ruler, of wood or 
metal, fix a Point or Pencil at one end, as at E; and, let 
two ſhort, round Pins (equal, in Diameter, to the width 
of the Grooves in the Trammel, which will ſlide in them, 1 
freely) be fixed at F and G, in the manner, or order, aa yl 

follows. = | 

Make EG equal to half the Tranſverſe, and EF half 
the Conjugate Diameter. 4 1 


wm=_ = = ẽ-ãmmͥ ̃ ẽͥœãyt RD he - 


The Trammel and the Ruler being thus prepared, let the | 
Trammel be placed, as in the Figure; exactly on the 
Tranſverſe and Conju gate Diameters. 


Then, apply the Ruler, with the 
Pins in the Groove, along the Tranſ- 
verſe Diameter, G being in the Center, 
and the point E in the Periphery, at the 
extremity of the Tranſverſe. 

When the point E is moved towards 

C, the Pin at G, in the Center, falls 

into the Groove towards D, whilſt the 
Pin at F, moves towards the Center; 
which is continued till it falls into the Center, at G, and 
che point E being arriyed at C, has deſcribed, by its motion, 
| the 
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the Curve AC, a fourth part of the Periphery; which has 
all the variety of the whole; for every fourth part is the 
ſame; from C to B, and from A to D, it is inverted. 

The Ruler being now in the poſition of the Conjugate 
Diameter; the Pin, at F, in the Center, and that at G 
fallen down to g; the motion is continued to B; the Pin 
at F, being now ſuppoſed to be in the Center, moves to- 


wards B, and the Pin at g goes back again to the Center; 


when the Point bas deſeribed the Curve CB, another 4th 
part, the converſe of the former; thus continuing the mo- 


tion until the Curve is compleated, and the point E arrives 


again at A; the Pin, at F, ſtill moving, to and again, in 
the Tranſverſe, from F to f and back again to F; and 
the Pin at G, to and again, in the Conjugate Groove; by 
which means a true Ellipfis is formed; which, it is evident, 
has no part of the Curve of a Circle in its compoſition, ſee- 
Ing it is deſcribed on two Centeis. 

The nearer the Foci are together, that is, the leſs the dif- 
ference is betwcen the Tranſverſe and Conjugate Diameters, 
the nearer it approaches to a Circle, and at lat ends in a 
Circle, when the Centers unite. 


PFROBLEM I. 
To find the Center of an Ellipſis. 


Draw, at pleaſure, two parallel 
lines, AB and CD, in the Ellipſis. 
Biſe& them, in E and F; through 
which Points draw HI, which is a 
Diameter, of the Ellipſis. | 
Bife& the Diameter, HI, in. G, 
which is the Center of the Ellipſis. 


For, every Right Line drawn through the Center is 2 


Diameter; and every Diameter is biſected in the Center. 
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IS 


Ig 
Wa PROBLEM III. 


* wx 


| To find the Axes of an Ellipſis. 
= Having found the Center, by the laſt, 
7 — with any radius, leſs than the Tranſverſe 
fd . Diameter and greater than the Conjugate, 
> X 


I deſcribe a Circle, cuting the Ellipſis in ſour 
points, A, B, C, and D. 
Draw the Ordinates AD and BC and bi- 
ſect them, in E and F; through E and F 
draw HI, which is the Tranſverſe Axe. 
Through the Center, G, draw KL, at right Angles 
with the Tranſverſe, or paralle] to the Ordinates, AD aud 
BC, and that is the Conjugate Axe. 


* 


PROBLEM IV. 


To find the Foci of an Ellipſis. 


Having found the Center, G, and drawn the Tranſverſe and 
Conjugate Diameters, or Axes, take GH, half the Tranſ- 
verſe, for radius, and on either extreme, K or L, of the 
Conjugate, as a Center, deſcribe an Ark, cuting the 
Tranſverſe in two points, E and F, which are the Foci, or 
Centers, on which the Ellipſis is deſcribed, 
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) 


To draw a Tangent to an Ellipſis at any Point given; 
in the Periphery. 9 


PROBLEM V. 


If the Tangent was required at either extreme of the 
tranſverſe or conjugate Axes, as B or C, it will be perpen- 
dicular to them, as in the Circle, and conſequently makes 
equal Angles. 


Let D be the given Point, through which a Tangent is 
required to be drawn. | 


Find E and F, the Foci of the Il! _ — 
lipſis, by the foregoing; and draw 4 
ED-and DE. 

Make DG equal DF, and draw GF; , 
to which, if HI be drawn parallel, W . | F 
through the given Point D, it will 8 N s | 
touch or be a Tangent to the El> —_ 

lipfis in that Point. 9 . 


For, let KL be drawn, through C, parallel to the Tranſ- 
verſe, AB; it will touch the Periphery in C. 


% 


Draw EC & CF; they are equal, by Conſtruction - Pr. 4. 
and, conſequently, the Angle ECK, is equal LCF - 4. 1.El, 
for the Angles CEF, CFE are equal -- - 9. I. El. 
Ba the Tri. GDF is Ifoſceles, and HI is par. to GE. 
conſ. the Angle HDG or E is equal to FDI, 4. 1. El. 
Therefore, HI touches the Ellipfis, in the Point D. 
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6 
15 | A x Or [ 
5 PROBLEM VI. 1 
1 7 Div 
, Any Diameter, as AB, being given, to find its Con- 5 2 
| * 6 . | Cire 
A | Jugate, CD. | with tt 
A” | J Through either extreme of the Dia. BD This 
| 4 | \ Xmeter, as A, draw the Tangent FG; Ml on fe 
| L 8 „ chat the 
E./— through the Center E, draw CD, ba. ; ee 
tallel to the Tangent; which is Conju- Wiſs com 
gate to the Diameter AB. W Points, 
_ i ircles, 
If Tangents are drawn, through the four 
points A, B, C and D, of any two Conju- Havi 
gate Diameters, meeting in F, G, H and I. the Parallelogram he El 
161II, is equal to a Rectangle under the two Axes. 3 3 
5 Where re 
PROBLEM VII. ad 
To 
To make a Repreſentation of an Ellipſis, with Com. . 
* | 
paſſes. 1 
Let AB be the given Tranſverſe Axe, and CD the Con- ar 


Mo thoſ 
1 rom th 
Pich th 


jugate. 


Biſect AE and EB, in F and 6, 
and on the Centers F and G, de- erſtan- 
ſcribe the Circles AI EH, & EKL, ot be 
touching at E. Pyſelf; 
Draw CA; and, with that radius, Mie pre. 
on C, deſcribe the Ark AM, cut- three 
ing the Conjugate Axe in M. Wents « 
| Make EN equal EM; on which WW 2 D. 
- | Centers, M and N, with the ka- WF: luad 

dius MC and ND, deſerive the Arks HI and KL, falling 
into the Circles AE and EB, at E, I, N, and L. 


Or 
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Or thus, when the difference between the Axes is leſs. 


+ 


Divide the Tranſverſe, AB, into three equal Parts, at 
c and D; on which, with the radius AC, deſcribe two 
Circles, cuting each other in E and F; on which Centers, 
Vith the radius AD, deſcribe the Arks GH and IK. 


* 


W This laſt, is nearer to an Ellipſis than the other; and they 
W may be lengthened or ſhortened at pleaſure. It is very obvious 
chat they are not Ellipſes, but compounded of circular Curves ; 
Whereas, a true Ellipſis has no part of the curve of a Circle, in 
5 its compoſition, the Curve, being every where deſcribed on two 
Points, is continually varying; wherefore, no Oval, formed by 
; Circles, can partake of the properties of an Ellipſis. 

2 


Having explained or defined all the Terms peculiar to 
Ithe Ellipſis, and ſhewn how to conſtruct it of any given 
Dimenſions, and to fix the Points on which it is deſcribed, 
Where remains nothing more to be done in reſpec of the uti- 
Wity of it, to Mechanics, &c. 

To treat at large of its Properties would neither be pro- 


In the Prelude or Introduction. 

© The Properties of the Ellipſis are really very extraordi- 
ary and ſurprizing; many of which have ſo near Affinity 
J thoſe of a Circle, that they are almoſt neceſſarily deduced 
om them. But, as it is requiſite to have ſome acquaintance 
Pich the Conic Sections, in order to a right and clear un- 
Werſtanding of the Properties of the Ellipſis, which would 
ot be proper to enter upon in this place; I ſhall content 
Pyſelf with giving one or two general Theorems, from which, 
e preceding Problems are deducible ; and juſt mention two 
& three particular Properties, and then proceed to the Ele- 
ents of Geometry, from which this may properly be call- 
a Dizreſlion, though a very uſeful one; and which, I am 
7 erſuaded, will not be unacceptable to many. 
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Per nor neceſſary, in this Work, for the reaſon mentioned 
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2. Ine 


— 


2. 
; TH K-00: <0 I. | Tran 
The Rect ks 
e Re angle, under any two Abſciſſas, has the ſam: FG to 
Proportion to the Square of the Ordinate which divide; 1 
them, as the Rectangle under any other two Abſciſſas, b orie 
to the Square of the Ordinate dividing them. | WM The 
In a Circle, the ReQan f d | the 5q 
, gle, under the two Se | 
Sar by 
ection; conſequently they have all the ſame Ratio . 14.3. El ' Wh. 
| But, 
De ACBD be an Ellipſis; and let there be deſcribed tus | wh. 
. 5 conlſ. 
- irc 2 the one circumſcribing it, the other, f CFD, in. , 
1 gg ö e. 
21 i - From any Point, E, in the outer Cir, N But, 
2 cles Periphery, draw the Right Line EF, i. e. 
4 me: parallel to the Conjugate Axe, CD, cut- . conſ. 
N. \ by ing the Periphery, of the Ellipſis, in the 3. 
| — Point G; from which Point, draw GH, con; 
| parallel to the Tranſverſe, AB; alſo draw the 1 
8 the Radius, EI, which will cut the in- 7 paſs tl 
l b 2 ſcribed Circle in the ſame Point K. „ 
a For, becauſe KG is par. to IF, FE:FG::IE:IK,- 2.6. g KN, 
1. e. as IB:IC. And, EF par. to CD will be cut, in G, by N Diame 
the Periphery of the Ellipſis, as I B to IC. - 19. Em. C. Se. AE, i 
Now, GH 3 Hel | | ; meat . 
: is parallel to IB, and EF to Fe EN ne ö 
wh. the Angle HKI=EIF, and A hi 3 * ; 11 
rag as 1 F Triangles, IHK and IEF, are fimilar; _ the T 
as Re MEE LS ; | ny 
3 IC=IK; and FG—IH; * — + þ _w_ 
5 F::IC:FG; conf All:: Rp: FC ateranely; 8. 
and n Alo:1ICo::EFa PS. G, i. ; | 5 
But, AF x FB is equal to EFO, - - 5 15 i any D 
and, AIXIB is the fame as ATo ; for ALZIB. 3 : meters 
Therefore, n ICS: AEX BB: K 5 Ku 
e ſame holds true of any Ab . ; 
Ordinate. For, Aff B:fgo 12 1 K TB:ICO and thet ; equal 
conſ. Af xfB:tgo::AFxFB:FGo. | gate t. 
: 


0 
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2. The Latus Rectum (FG) is a third Proportional to the 

W Tranſverſe and Conjugate Axes, | SE 
= The common method of proving it, is to make a 3 I 
ro to AB, as CEO to AE; i. e. as CD to / | 
WABO (4. 2. El.) which is making FG a third Pro- g 


| portional to AB and CD (12 and 13. 6.) and then, ; 
@ proving it to be what it is by Conſtruction. 


| The diſtance of the Focus from the Center = 
me sq. Root of the diff. between AE (eq. CH) q and CE 0.20.1 


Now, IF+FH=AB=2 EB, i. e IF=2EB—FH ; „ 
wh. IFO SAEBOTFH OO -4EBN FI. El. II 
But, IFo=IHo+FHoO; - - - - - . - 206.1. EL, 
wh. i4EBO +FHO —4EB x FH=IHo +FHo. 
conf, 4EBO =4EB x FH=IHO =4EHoO, <- Ax. 
and, 4 EB OU AEB FHTAEH UW. I I 
1. e. 4EBoO =4EB x FH+4CH 0 —4CE O. 

wh, 4 EBU +4CEO =4EB x FH+4CHo. 

But, CH=EB (Pr. 1.) wh. 4aCE Q AEB x FH; 
i.e, CEQ =2EBx2FH; ie. CDQ SAR FG. 
conf, FG is a third Proportional to AB and CD. 9. 6. El. 


3. If from the Center, E, of an Elliptis, EL (on the 
conjugate Axe) be made equal to the Semitranſverſe, AE, 
the Tangents LF and LG, drawn from that Point, will 
paſs through the Extremes of the Latus Rectum. 


Pd 
— 


- 


nn . et 24" 6 APIs Weir, 


| 4 If from the Point of Coutact, K, of any Tangent, 
KN, to an Elliplis, an Ordinate, KI, be drawn to 1 


Diameter, cuting it in I; half that Diameter, I * 
; AE, is a mean Proportional between the Seg- , ha | 
ment EI, made by the Ordinate, and the Diſ- be 

V 


tance of the Point N, from the Center, where 
the Tangent cuts the Diameter, AB, pro- p 8 


4 N 5 0 chin 


E 


urn 


meters, AB and CD, in M and N; the Rectangle under 
KM and KN, the Segments of that Tangent, will be 
equal to the ſquare of EF, half the Diameter FG, conju- 
gate to the Diameter KL. 


4. 6. uced; i. e. EI: EA:: EA: EN. 

e. Z a | , ( . 
7 s. If a Tangent MN be drawn through the Extreme of 
5.6. any Diameter, KL, cuting any other two conjugate Dia- 
4-3 


P 2 6. If 


o 
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6. Tf from the Extremes, F and K, of any two conju. 
gate Diameters, Ordinates are drawn to the tranſveiſe Axe, 
cuting it in Hand I; then is the Ordinate FH to the ſemi. 
conjugate Axe, as the Segment EI, made by the other 


Ordinate, to the ſemi-tranſverſe Axe, 


j. e. FH:CE::EL:EA; and IK:CE::EH:EB. 


7. Every Parallelogram formed by Tangents at the Ex- 
treme of any two conjugate Diameters, is equal to a ReQ. 
angle, under the tranſverſe and conjugate Axes, 


As this is a curious and extraordinary Property, I ſhall give 2 


Woke of mer of it, as follows. 
. C — 8 5 


made by the Tangents, NO, OP, &c. 
at the extremes of the Diameters GF 
B and its Conjugate KL. 


2 


x A NOpQ be a Parallelogram, 
Ll 


Draw the Ordinates, FH and Kl, 
to the tranſverſe Axe, cuting it in H 
and I; and draw EM perpendicular 


. and. to NO; and conſequently, 
the Triangles EFH, ENM are fimilar. - - « - 4-6.El, 
for, the Angles NME, EHF are Right; and MNE=FEH. 4. 1. 
Wherefore, EF: FH:: EN: EM. =. - by 46. 
Now, - FH:CE::EI: EA (b.) and EI: EA:: EA: EN (i.) 
wherefore, FH: CE: : EA: EN; by equality of Ratios. 
Then, ſince, EF: FH:: EN: EM; and, FH: CE: : EA: EN; 
conſequently, EF: CE: : EA: EM; by inordinate equality; 
wherefore, EFxEM=CE xEA - - - - -- by 9,6. El. 
But, CE xx EAS Z of the Rectangle under AB and CD. 
And, - EF EM 2? of the Parallelogram NOPQ. -18. 1- 
Therefore, the Par. NOPQ is equal to the Rect. RS TU. Ax. 5. 
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/ 1 * firſt Book of Elements treats of particular pro- 


m, perties of Right Lines and right lined Figures, re- 
de. ſppecting themſelves, and alſo their relation to, or connection 
i one another; of Angles, formed by the interſections of 
: W Right Lines, &c. which, being entirely unconneRed with 
A r igures, in this Work, are firſt treated on, before we begin 
H with F igures. 

ilar i 


= Next we proceed with Triangles, the firſt, yet molt uſe- 
By ful and extenfive, of all right lined Figures. Then is thewn 
the aflinity between Triangles and Parallelograms, and 
1. other four ſided F igures; all which, is neceſſary, in ſome 
. 6, Legree, to prepare the way for the laſt grand Propoſition, 
(4.) Je 47th of Euclid, which concludes this Book. 

= The Order in which theſe things are treated, according 
co Euclid, ſeems to me not very regular; the chain of con- 

Nnection is frequently broken or interrupted; beginning firſt 
with Figures, then Lines and Angles; again Figures and 
ines, alternately, The fourth Propoſition begins the pro- 
| perties of Triangles, in general; the 5th introduces the Iſo- 
eeles, a particular ſpecies of Triangles, merely (in this 
Place) for the Demonſtration of the 7th; and that, is of no 
ber uſe but to demonſtrate the 8th, which may be clearly 
monſtrated (according to Proclus) without it, In the 24th 
4 and 
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25th is again introduced the ſame general properties of Ti. WS T 
- angles, which are evidently deducible from the fourth. F or, = Dem 

having, in the fourth, proved, that, in two "Triangles, if S 8th, 
there are found two Sides, in each, reſpectively equal, ant WW from 

that the Angles, contained between the equal Sides, ate (my 
alſo equal, the remaining Sides are equal; can any Perſon geon 

of common ſenſe, who knows what a Plane Angle means, 2 ed; 

want Demonſtration, that if, in the Caſe of equality of the pet, 
Angles, the Sides oppoſite thoſe Angles are equal; if one Dem 
of the Angles be greater or leſs, the ſide oppoſite will alſo {WR can! 
be greater or leſs? and, vice verſa (in the 25th) if the Side of F 
or Baſe, lying between the equal Sides, be greater or leſs, | mon 
the Angle it ſubtends muſt neceſſarily be ſo too: theſe things iſ popp 
ſeem, to me; ſuch a neceſſary conſequence; that I would not the c 
heſitate to take them for granted. 19. 0 
This Book is much encumbered with uſeleſs . ME: 

ſtrations, of feveral Propoſitions, already ſully demonſtrates WW Pard 

or need none; for, what is evident in itſelf, needs no other of h 
Demonſtration; and ſuch Propoſitions, as may eaſily and We who! 

clearly be deduced from ſome preceding ones, are as well We lar; 
made Corollaries to them; ſuch are all converſe Propoſiti- . Feat 
ons; for I cannot conceive it uſeful to perplex and embar- chem 
q raſs the minds of Youths, with demonſtrating what is not 13th 
. — eſſential and abſolutely neceſſary. the! 
| hiſt 


I have, therefore, greatly abridged, and altered the Ele- 


ments of Euclid's firſt Book; yet, I am greatly miſtaken, if (finc 
I have not retained all that is eſſential in it; and which, | Fam 
I think, may be much eafier and more regularly ac- hrſt 
quired. After abſtracting the 14 Problems, I have but 20 — 
other Propoſitions in this firſt Book; three of which num- A 


ber (the 3d the 6th and 16th) are not in Euclid; where- 
N as, . 0 of the Problems, Euclid has 34 Theorems, ang] 
I twice th number, of the remaining ſeventcen. W 
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The 7th of Euclid is not only uſeleſs, in itſelf, but the 
Demonſtration is intricate, to a beginner; and ſince the 
8th, which is made to depend on it, is clearly deducible 
from the 4th, I ſee no uſe for it all. In reſpect of the 4th 
(my 8th) T cannot think the Demonſtration of it perfectly 
geometrical ; but, ſuch as it is, has been generally accept- 
ed; and although it has been thought ſomewhat deficient, 
yet, I have not ſeen even an attempt at any other kind of 
Demonſtration ; which is ſufficient conviction that no other 
can be given. As it is the firſt Propoſition on the properties 
of Figures, which might well paſs for an Axiom, the De- 
monſtration, being purely mental, is ſatisfactory; though it 
ſuppoſes a manual, or mechanical application of one to 


the other ; the proof ariſing, from which, would be, mere- 


ly, occular. 

Having received the firſt rudiments of Geometry from 
Pardie, I may perhaps have imbibed a prejudice, in reſpect 
of his manner of treating the firſt Elements, Upon the 
whole, I look on that Tract as very imperfect and irregu- 
lar; but I have always thought it more introductory to 
treat, firſt, of Lines and Angles, before Figures ; keeping 


them diſtin&t- and unconnected, as much as poſſible, The 


13th, of Euclid J have, therefore, made the firſt ; for, on 
the foundation of it, depends, in a great meaſure, the whole 


firſt Book, I am the more confirmed in it, having ſeen 


(fince my Plan was formed) two or three Authors, of ſome 
Fame, who have purſued the ſame Plan, nearly ; which at 
firſt (I freely own) hurt me, not a little, but, which, I am 
now reconciled to, and think it does me credit. 


According to Euclid, the properties of parallel Lines 


&c. cannot be obtained without having recourſe to Tri- 
angles, and is the reaſon why the 27th, and the following, 
are not introduced ſooner, which are previouſly neceſſary to 
cemonſtrate the 32nd; in which, the 16th and 17th are 
more fully and perfectly demonſtrated; wherefore, Euclid 


was 


— 
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was obliged to have recourſe to the 16th, as a Lemma, 
(which is much more complex and difficult to conceive than 
the 32nd) in demonſtrating ſeveral Propoſitions previous to 
them. But, for what uſe the 17th is introduced, I am x 
a loſs to deviſe, it being never once referred to, I believe, 
in the whole Elements; it might (if it be neceſſary) be; 
Corollary after the 32nd, and it is never uſed before, We 
can never be at a loſs to know, that any two Angles of 3 
Triangle are leſs than two Right Angles, having full De. 
monſtration (in the 32nd) that, the three Angles of even 
Triangle are, together, equal to two Right ones; conſe. 
quently it is of no uſe at all. 
In the 18th of this, is contained the 35, 36, 37 and 38th 
of Euclid including alſo, i in a Corollary, the 39th and 4oth, 
This property of Parallelograms and Triangles is, un- 
doubtedly, very extenſive ; but it is all included in the fil 
part of the 18th (i. e. in the 35th of Euclid) having previ- 
ouſly demonſtrated, in the 17th, that every Triangle is 
equal to half a Parallelogram, having the ſame Baſe and 
Altitude; which, Euclid deduces and demonſtrates from the 
other. To dwell fo long on one Property, in fix Propoſi. 
tions, becomes tedious, if not trifling; for where is the dit- 
ference,- whether Parallelograms, or Triangles, have the 
fame or an equal Baſe? 
The alterations, which I have made in the firſt Book, are 
very conſiderable; and the manner of demonſtrating is, in 
geaeral, different, and more conciſe; as to the clearneſs of 


it, it muſt be left for others to determine. I do not doubt 


but the judicious, candid, and impartial Reader will concur 
with me, or not diſapprove, entirely, the liberty I have 
taken. I thought it incumbent on me to advertiſe him of 
the alterations, and, by pointing them out, he may, with 
more eaſe, form a judgment of them. 


TAE 
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Tur firſt ſix Propoſitions, and the Corollaries deduced 


he from them, contaih all the properties of Right Lines, and 
© Angles formed by their IntcrſeCtions ; which are eſſentially 
* | neceſſary to be known; before we can obtain a knowledge 
"© WE of the properties of Plane Figures. But, I think it ſcarce 
©1 WE worth the loſs of time to demonſtrate them, they being in a 
We manner ſelf evident; inſomuch, that the greateſt part of 
1 them may be, and are, by ſome, given as firſt Principles, 
e. or ſelf evident Propoſitions. : 
er | 
A, 5 1. For, ſince (by Def. 10.) one Right Line ſtanding per- 

pendiculatly on another makes the Angles on each fide equal 
th to the other, they are, therefore, Right Angles. 
th, N The Perpendicular, CD, being com- 
— = mon to both Angles, ACD and DCB; 
rk tee two other Sides AC, CB are, con- 
"” ſequently, in one Right Line, ACB. © 
K And, it is cleatly evident, that any 
nd other Line, or number of Lincs, as CE; : 
. CD, CF, at the ſame Point C, muſt H 
wh make all the Angles, ACE+ECD+ DCF +FCB, equa! 
4 to the two Right Angles (ACD+DCB.) 

Hence, the firſt Propoſition and its Corollaties are evi- 

e deatiy clear and manifeſt, 
p ; 2. Again; (by Def. 11.) if the Perpendicular, CD, be 
+ produced, towards H, there is generated equa] Angles, to 
= the oppoſite, on either Side, for, they are all Right Angles, 
= conſequently equal, by the gth Axiom. _ 


of & So likewiſe, if any other, inclined, Line be produced, 
as EC, or FC, it will, neceſſarily, produce equal Angles, 
to the oppoſite, on the other fide of AB; as ACG Equal 
FCB, and GCB=ACF; and which, together, are : alſo 
equal to two Right Angles, 


Q | For, 


— —ö—̃ d — SO» ow, Pu * 5 
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For, if EC biſects the Right Angle ACD, CI will if; cm 
biſect the oppofite, HC B; and, if CF triſect the Right 3 
Angle DCB; the oppoſite Angle, ACH, will alſo be 
triſected, if FC be produced, towards G; and ſo, in what- 
ever proportion DCB is divided, by FC, the continuation I 
of FC will, neceſſarily, divide the oppoſite, ACH, in the 4 
ſame Proportion; wherefore, the Ang. GCH=DCF, and 


ACG=FCB; alſo, GCH+HCB=DCF+ACD; and (WR ”' 
 ACG+GCB=FCB+ACE; i. e. they are each equal to Wi 
two Right Angles; and conſequently, all the Angles about * 
the Point C are equal to four Right Angles. 
Hence, it is plain, that the firſt and ſecond Propoſitione, * 
with their Coꝛollaries, are clearly deducible from the 10th be 
and 11th Definitions; after what has been ſaid in the The— s 
ory of Plane Angles is well underſtood. : 1. 
3. It is alſo, I prefume, eaſy to be conceived, and whica . en 
I think no Perſon, at leaſt, who has any Talent for Geo- pa 
metry) can be at a loſs to conceive; that, two or more pa- 3 
0 rallel Lines muſt neceſſarily have the ſame Inclination to 95 
0 any Right Line which cuts them all; 1. e. the Angle of | 
l Inclination, with each Line, is equal to one another; the 0 
N bare Idea of Paralleliſm ſeems to indicate it; which being 
i known, or underſtood, all the reſt follow of courſe, viz. 0 5 
lf Pat the Alternate Angles are equal to one another, and the , 
1 two internal Angles, on each Side, are equal to two Right 8 
I Angles, 
i >| : | f 2; 
il For, ſuppoſe the Right Lines AB, An 
CD, and EF to be parallel amonel! ; 
4 themſelves, and all cut by any Right I 
li Ae 2. Line, GE; 3 making, with them, the Rig 
n 1 5 on Angles x Y, Z; and, ſuppoſe AB to An 
be moved, directly, to CD, ſtill keep- 7 
ing parallel to CD, it mult neceſſarily 4 


3 coincide with CD; and, conſequently, 
| the 


oY OOTY OOF. 


ELEMENTS or GEOMETRY. 115 


: the Angle GAB will always remain the ſame, and, at laſt, 


coincide with ACD. 
And if AB be moved directly forward, to EF, ſtill keep- 
ing aarallel to its firſt poſition, it will alſo coincide with 


EF, and the Angle GAB, or ACD, with CEF. 


Hence, it is plain that the Angles x, y and z, made 
with GE, are all equal to one another; and, being equal to 
one another, the Right Lines AB, CD and EF arc conſe- 
quently parallel between themſelves. 


4. Again; ſince the Angles x, y and z are equal to one 
another; and the oppoſite Angles, v, u, w, are alſo equal 


between themſelves, and to the other (as it was made evi- 


dent in the foregoing) conſequently, the Alternate Angles, 


vand y, u and z, &c. are equal; for, they are all equal to 
one another, as above (the Lines AB, CD and EF being 
parallel) and, converſely, if the Alternate Angles are found 


to be equal, the Lines, forming them, are conſequently pa- 
rallel. | 


5. Alſo; ſince a Right Line cuting another Right Line 
makes the Angles, on both Sides, equal to two Right 
Angles (by the firſt) it is evident, that, if the Angles x, 
y and. z are equal to one another, and the adjoining Angles 
x+A and y+C, &c. are each equal to two Right Anglcs; 
conſequently, A, C, and E are alſo equal betwcen themſelves, 
and the internal Angles (between each two Lines) ,A added 
toy, and C added to z, are alſo, each, equal to two Right 
Angles ;- by the 6th. Axiom. | 


6. And, becauſe A-+v and yo are each equal to two 
Right Angles; and, Ay, on one Side GE=two Right 


Angles; conf. vo, on the other Side GE, are, alſo, equal 
to two Right Angles, *1 herefore, if two parallel Right. 


Lines, AB & CD, &c. are cut by any other Right Line, GF, 
the internal Angles, on each Side, are cqual to two Ri; ht 
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Angles; and, conſequently, if a Right Line cuts two Right 
Lines, which are not parallel (as CD and HT) they wil; 
meet on that Side where the two internal Angles (DCE + 
CE[l) on the ſame Side, are leſs than two Right Afgles; 
which, is Euclid's 12ih. Axiom, 


Now fince all theſe properties of Right Lines, and of 
Angles formed by Right Lines, are manifeſt, from what has 
been advanced already, there is, I think, but little occaſion 
for Demonſtration ; nevertheleſs, in conformity to the An- 
tients, I have formed them into Propoſitions, for the ſatis- 
faction of the ſcrupulous, and for the ſake of reference, in 
other Works, as well as in this; yet, I muſt own, I am 
clearly of opinion, that this brief extract is ſufficient, to- 
Wards attaining all the neceſſary knowledge inculcated by 


the firſt fix Propoſitions, It will, at leaſt, be of uſe to the | 


young Student, in giving him a clear Idea of the Proper- 
ties therein demonſtrated ; which, by being more familiar- 


ized to them, will appear more evident and conſpicuous; | 


the neceſſary knowledge, contained in them, will be deeper 


rooted and more ſecurely eſtabliſhed, and the Pupil better 7 


prepared to proceed wich the Demonſtrations of the ptopes. 
ties of Right lined Figures. 


An explanation of the Notes and Abbreviations made 


it uſe of in this and in other mathematical Treatices, 
IW | 
+ * — Note of Equality. 
s: Thus; A= B, fignifies that A and B are equal; 2 
is thus read, A is equal to B; frequently, A equal B. 
of il 1 + Note of Addition, Plus, or more. 
\o« Thus AB, ſignifies the Sum of A added to B, 
on A and B repreſenting any Quantity, whatever. 
n. Let A be 5, and B, 3; then A+B=8. 
tis- * Note of Subtraction; Minus, or leſs. 
in Thus A—B, ſignifies the ſum of B taken from A. 
am A—B=2, muſt be read, A, leſs B, is equal to 2. 
to-! „ Note of Multiplication. 
by Thus AXB, ſignifies, A multiplied into B. 
the AxB=15. A multiplied into B is equal 15. 
per.] — Note of Diviſion. 
liar- Thus, AB ſignifies, A divided by B. 
9 Let A be 6 and B 2; then, A B 3. 
ha , ::: Note of Equality of Proportion. 
. 4 Thus, A: B:: C: D, ſignifies, that A bears the ſame 
— Proportion to B, as C to D. 6:9:: 2: 3. 
Note of continued Proportion, or geometrical Pro- 
greſſion. 


Thus, A: B: C: D ſignifies, that A has the ſame 


Proportion to B, as B has to C, and, as C to D. 
In Numbers, thus, 1: 3:9: 27 ++ 


2 Square. Thus, AB Q, fignifies, the Square of 


the Line AB. A—-B. 
A B Rectangle. Thus, ACC; or ABC, Ggnifies 
2 the Rectangle under the Lines AB and BC; or, 
AS AB NBC. And, ABCC5=BDqo, muſt be read 
= thus; the Rect. 'ABC is equal to BD Square, or 
to the Square of BD. 
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Rectangles and other Parallelograms, are frequently de. 
noted by two Letters, at oppoſite Angles. As AC or DB. 
2 ABC; or 2 ABC7; muſt be read, two Rectangles ABC, 
or twice the Ret. AB; and, 2 or 3 AB N Square muſt be 
underſtood, twice or thrice the Square of AB, 


A Triangle. Thus, AABC, ſignifies the Triapgle ABC, 


A K TOMS 


An Axiom (as already defined) is a manifeſt Truth, 
clear in itſelf, and therefore, does not require to be de- 
monſtrated: Nevertheleſs, an Illuſtration will not, I pre- 
ſume, be thought ſuperfluous or unneceſſary. | 


1. Things which correſpond, coincide, or mutually agree 
J with each other, in every Part, are equal, 
And if the wholes be equal, the halves are alſo equal. 
Thus, A is equal B; if every part of the Figure 


A coincides with B. 
The whole is greater than a Part of the ſame Thing. 


| For it is equal to all its Parts, 
* B ” Thus, AD=AB+BC+CD. 
23. If two, or more, Things, or Quantities, are cach 
N _ equal to the ſame third Thing or Quantity, they ate 
1 equal between themſelves. 
Fe] Thus, if Ag C, and if B=C, then Ag B. 
4᷑. Things, or Quantities, which are each equal to 
half (or any other equal portion) of the ſame third 
(a) | IE | 


Thing, are equal to one another, 
and B are equal, 


Thus, if A and B are each equal to half of C, A 


5. Thing 


2 


. 


de 


ure 


„ Things, or Quantities, which are each double, or 


6, If to equal Things be added equals, the Sums are 


. If from equal Things be taken away equals, the —— 


8 9. All Right Angles are equal to one another. | | 
The Right Angle ABC=the Right Angle BDE. "7 | 

I 

10. Two or more Right Lines, being perpendicular | 


K: 3:10 40-8; 


triple, &c. of the ſame third Thing, or Quantity, 
are equal to one another, | 

Thus, if D and E are each equal twice or three 
times F, D and E are equal. 


equal, 
If to the equal ReQangles A and B, be added 
equals, C and D; then, C LADA B. 


2 — a ' 


remainders will be equal. mel probe 
If from the equal Rectangles, A and , be taken Th þ 2 
away equals, C and D, the remainders of A and 5 
B are equal. 1 2 
C 


3, If to or from unequal Things be added or taken away 
equals, the Sums or Remainders will be unequal. 
This neceſſarily follows from the two laſt, 


— } Won — —— — — * 1 . 
" . ; pe —— — —— AA—— — —— 
r —— — ͤ— a 


to the ſame Right Line, and being all in the ſame | o 
Plane, are parallel. BC is parallel to DE. 

The Angles ABC, BDE, being Right Angles, are 
n by the laſt. 
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He. 


one Right Line touch or cut another Right Line, 
at any Point apart from its Extremes, it will make 
two Angles; which are either both Right Angle, 


or, both together, equal to two Right Angles. 


1 
in the Point C, making two Angles, ACT, 
D CB; I ſay, they are either Right Angle, 
or both together equal to two Right Angles, 
If CD be perpendicular to AB the thing i: 
0 manifeſt; by Def. 10. 


But if CD does not make Right Angles with 
AB; draw CE perpendicular to AB. 


Dru. Now, ACE, ECB are Rt. Angles (Con.) th. equal 


Cos. 1. Hence, if from the ſame Point in a Right Lie 


But, ACD=ACE + ECD; alſo DCB=ECB—ECD. 


Therefore, ECD, the exceſs of the Obtuſe Angle, ACT, 
to the Right Angle ACE, is alſo the deficiency of the 
acute Angle DCB to the Right Angle ECB. 


Conſ. ACD+DCB is equal to ACE+ECB; Ax. 2 


(as C in the Line CD) two Right Lines AC, CB an 


drawn, on contrary Sides and in the ſame Plane, makin 


Right Angles, or Angles equal to two Right Angle, | 


with the given Line, they will conſtitute one Rig 
Line. ACB. 


2. Two Angles at the ſame Point, and on the ſame Sit 
of a Right Line, being __- they are e conſequenl S 


Right ones. 


Wherefore, when two ane are contiguous or 


joinin, if one of them ACE, be a Right Angle, t! 


other ECB is alſo a Right one; and if one of them AC 


de Obtuſe, the ana ECB, is conſequently Acute. 


3. Ta 


Let DC be a Right Line, touching AB 


Bc 


| AEC, BED, are equal; alſo, AED is eq, to CEB. 
Deu. The Right Line AE, touching the Right 


of a Circle. 89 VP P 
Wh. taking away the Ark DB, there remains AD CB; 
and, the Angles AED, CEB, having equal Arks, are equal, 


8 55 R Cer, 
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3. Two or more Right Lines meeting in the ſame Point of 
another Right Line, make all the Angles, together, equal 
to two Rt. Angles. ACE+ECD+DCB=ACE-+ECB, 


4. When one Right Line makes Angles with another, if 


one of the Angles be known the other is alſo known. 
For, it is the difference between the Angle known and 


two Right ones. As, ACQN=ACE +ECB—DCB. 


THEOREM II. 15. Euclid, 


vertical or oppoſite Angles, made by the Interſection 


of two Right Lines, are equal to one another. 


Let AB and CD interſ-& in E; then, the Angles 


Line CD, makes the Angles AEC, AED, to- 
gether, equal to two Right Angles. - Th. 1. 
And, becauſe DE touches the Right Line AB, 
the Angles AED, DEB, are alſo equal to two 
Right one. fame. 
Therefore, the Ang. AEC AED S AED + DEB.-Ax. 9, 
and if there be taken away the common Angle AED, 
there will be left, the Ang. AEC equal to DEB. - Ax. 7. 


- in the ſame manner, AED may be proved equal to CEB, 


Or, it may be demonſtrated after another manner, thus. 


About E, the point of Interſection, as a Center, deſcribe a 


b Circle (with any Radius at difcretion) cuting the two Lines 
FS in A, C, B, and D. Then, the Ark AD+ DB=CB-+- BD. 


For, they are, each two, equal to the Semi-circumference 


See N. B. Def. 21. 
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Cor: Hence, if two Right Lines interſect each other, the 
1 they make are equal to four Right Angles. 


All the Angles which can be made about a Point are 
"= to four Right Angles, 


N III. 


If a Right Line, cuting two Right Lines, makes all 
the Avgles, on both Sides, equal between themlelyes, 
the two Lines are parallel. 


1 | | s 


bh a Let the Right Line EF cut two Right 
Lines, AB and CD, making the Angles 
p AEF, EFC, BEF, and EFD equal to 
one another; then AB is parall. to CD, 
| 
Pu. Becauſe the Angle AEF =BEF, EF is perpendicular 
% KJ Def. 10 
And, becauſe EFC=EFD, EF is, alſo, perpend. to CD. 
Wherefore, ſince EF cuts both Lines, AB and CD, per- 
pendicularly, the Angles AEF, ET C, &c. (being equal) 
are Right Angles; and, AE, EB, CF, and FD are per- 
pendicular WEE a wc ee Def. 11, 
But, AE, EB is the ſame with AB, & CF, FD, with CD, 
Therefore, AB and CD, being both perpendicular to 
EF, are parallel, =>" „ 10 


Cor. From hence it is manifeſt, that, any Right Line, 
cuting two parallel Lines, makes the internal Angles, on 
each Side, equal to two Right Angles. 
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e For, if they are cut perpendicularly, as EF, it is clear. 

- ö And, Rnee any other Line (FG) cuting them both, makes 
the adjoining Angles (à and b, c and d) with each Line 
(AB and CD) equal to two Right Angles, = - = IB. k. 
Conf. all the internal Angles (a, 6b, c, and 4) which it makes 
with them both, are equal to four Right Angles. - Ax. 2. 


Nov, fince AB is parallel CD ( Theo.) and the two in- 
ternal Angles, on one Side EF, are equa] to thoſe on the 
bother Side (Hyp.) it is manifeſt, that the internal Angles, on 
one Side, are, alſo, equal to thoſe on the other Side, of any 


$ Right Line (FG) cuting them both; wh. a+c=b +4. 
But, all the four internal Angles are equal to four Right 
Angles ; conſcquently, the internal Angles, a+c, and b ＋ d, 

" on each Side, are, each two, equal to two Right Angles, 
es Con. 2. If two Right Lines, which are not parallel, be cut 
to by another Right Line, they will meet on that Side where | 
). dee internal Angles are leſs than two Right ones. $1 

: 4 

For, if 54d be leſs than two R. Angles ac is greater; 14 

r becauſe, a+b4+c+d= four Right Angles. = Th. 1. | | 
©, 3 Wherefore, AB will incline to CD, and 7 | 
. | ; they will, if produced, meet on that ſide [ ; 
Ef, towards B and D, on which the 1 
al) Angles Y d are leſs than two Right ones. By. 
* Hghcecauſe, the Angles, þ and 4, on that Side '1 | 
Ts EF, are, together, leſs than a-+c, on the 
D. other Side. | 1 
to 1 
o We. If this Theorem cannot be admitted, as perfect Nemonſtration, 14 

it may be ſuppoſed a Lemma to the next; being an illuſtration, at 

leaſt, of Euclid's 12th Axiom; which, in my opinion can at be ö | 

4 received as ſuch; by any Perſon as yet uuacquainted with Geo- oY 


I 
* 
— x 


on netry. From that conſideration, it may paſs with the molt fc u- 
pulous. My deſign is to make Geometry underſtood, and intclli- 
gible to common Capacities, in the. eaſieſt manner. 


* . 
— 
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THEOREM IV. 27. Euclid, 


If a Right Line, cũting two Right Lines, makes the 
Alternate Angles equal, to one another; or, {hall 
make the external Angles equal to the internal and 
oppolitez the two Lines are parallel. 


G i 
25 Let FG be 2 Right Line, cuting the 
A IP B two Right Lines AB and CD, and mak. 
ing the Angles AEF; EFD, equal to on? 
another; then, the two Lines, AB and 
D CD, are parallel, | 


/ For, if the Angles AEF, EFC, be not 

5 — equal to two Right Angles, they ate 
either greater or leſs; ſuppoſe them greater; then, the 
Lines, AB and CD, will meet on the other Side, to- 
wards B and P). DQ. 2.3. 


Now, the Angles BEF, EFD, are leſs than AEF EF C. 
And the Ang. AEF FEB=EFC+EFD, - Ax. 9. 
for, they are, each two, equal to two Right Angles.- Th. 1, 
But, the Ang. AEF EFD (Hyp.) wh. BEF=EFC.-Ax.7. 
Conſequently, BEF+EFD=EFC-+EFD 3; 
and, BEF+EFD=AEF+EFC, - <-- - Ax. 6 
i. e. they are, on each fide, equal to two Right Angles. 
Therefore, AB is parallel to CN. = Th. 3. and Cor. 


2. Let the Arigle GEB be equal to EFD. 


Now, the Ang..EFD=GEB (Hyp.) and, AEF=GEDB. 2. 
Wherefore, AEF is equal to EF) . Ax. 3 
But, the Angles AEF, EFD, are Alternate; and, it is al- 
ready proved, that, if Alternate Angles be equal the Lines 
are parallel. The efore AB is parallel to CD, 


Cox. 


IN. I 


07, 


Con. 1. Conv. If a Right Line cuts two Right Lines, which 


be both parallel to the ſame Right Line, EF. 


| being produced, if neceſſary 
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- 


are parallel, the Alternate Angles are equal to one another, 


For, AEF4+BEF are equal to two Right Angles, Th. 1. 
Alſo,, BEF+EFD are equal to two Rt. Angles. C. 1. 3. 
Wherefore, AEF EFD (BEF being common) Ax. 3. 
and conſeqnently, BEF=EFC; by the ſame. | 


| Con. 2. If a Right Line cuts two parallel Lines, it makes 


equal Angles with them both. viz. GEB equal to GFD. 


N. B. From this Theorem, is deduced the fifth Problem; 


according to the firſt Method, there preſcribed, 


T H EOREM V. 23o. Euclid. 


If two, or more, Right Lines are parallel to any other 


Right Line, they are parallel between themſelves. 


Let the two Right Lines, AB and CD, 


B 


I ſay, that AB is parallel to CD. 
Let any Right Line, (AG) cut them all; 


Dru. Becauſe AB is parallel to EF, and hey are both cut 


by the Rt. Line AG, the Angle BAE=FEC. -- C. 2.4. 
And, for the ſame reaſon, the Angle DCG=FEC;. 
wherefore, the Angle BAE is equal to DCG. Ax. 3. 
But, thoſe Angles are internal and oppoſite, - Def. 16. 


therefore, AB is parallel to CD. - - 2. Th. 4. 


W SCHOL. This Theorem might well paſs for an Axiom; for, by 


adopting paralleli im for Things, or Quantit ty, tis the ſame as Axiom 
the third. 
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THEOREM VL 


If two Right Lines cut each other, and, if there b: 
two other Right Lines (in the ſame Plane with 
the former) parallel to them, reſpectively, and alſ 
cut each other, they contain equal Angles, 


Let the Right Lines DE and DF (or D 
be reſpectively parallel ta AB and AC, 


1 ſay, the Angle FDE is equal to CA, 


Produce either Side (if it be neceſſary) 
as DE (or ED) cuting AC, at E. 
DM. Now, becauſe DE is parallel to AB, and they ar: 
both cut by AC, the Angle CAB=CED., - C. 2.4, 
And, . becauſe DF (or DF) is parallel to AC, and ate 
both cut by DE, the Angle FDE=CED. = - - - ſame, 
But, the Angle CAB=CED ; and FDE = CED. proved, 
Therefore, the Angle FDE is equal to CAB. - Ax. z. 


This valuable Theorem is not in Euclid, except the 10th of thi 
eleventh Buck, may be compared with it; in which, the twi 
Lines (cuting each other) are, reſpectively, in different Planes; 
but they are, neceſſarily, either in the ſame Plane, or in paralli 
Planes, and holds equally true. 
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THEOREM VII. 8. Euclid, 


If the three Sides of one Triangle are equal, reſpec- 
. tively, to the three Sides of another Triangle, they 
are alſo equiangular; i. e. the Angles oppoſite to 


th * equal Sides, are alſo equa], and the whole Triangles 
„are congruous, or equal, each to the other. 
Let the Triangles a bc, ABC, have all 
WE their three Sides equal; viz. ab equal 
7 


to AB, be equal BC, and ac equal AC. 
I ay, the Angle a is alſo equal to A, 

b. dequal B, and c equal C; and the Tri- 
angle, abc, equal to ABC. * 


4 2 
— Sl th 


ry | 
N Dru. Suppoſe the Triangle abc applied 
to ABC; any Side, ab, to its equal AB, - Poſt. 5. 
Then, if the Triangles are alike fituated, ac will fall on 
are 


A, and bc on BC; the Angle a will coincide with A, 
b vich B, and c with C. 1 
= - For, becauſe the Side ab is equal to AB, the Extremes, 


a and b, will fall on A and B; and, becauſe ac is equal to 
cd. AC, and be to BC, the Point e muſt neceffarily fall on C 
3 If not, let c, if poſſible, fall at d, in the Ark Cd, de- 

. ſcribed on A, with the radius ac; wh. Ad AC, equal ac. 
* : But, Bd is not equal to be; for, if an Ark of a Circle 
uw be deſcribe!, on B, with the Radius bc, being equa to 
4; BC, it will cut the Ark, dd, at C, and the Line A d, zt e. 
„% Wherefore, the Point c cannot fall at d, nor elſewhere 


but on C, in the interſecting Point of the two Arts. 
Th. the Triangles, agreeing in every part, are coigruous. 


N. B. This Property does not hold good in any cthe Figure. 
Hence, an An 
and hence, 
* Prob. 9th ; 
ber, 


gle is made equal to a given Angle, as in Pr. 43 
an Angle is biſected according to the 2nd method, 
VIZ by making two Triangles, congrious With each 
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ll, | a Let the Triangle, abc, have two 
1 * Sides, ab, be, equal, reſpeCtively, to 
1 | 7 AB, and BC, of the Triangle ABC; and, 
| | 2 let the Angle abc be equal to ABC, 

1 4 * 90 - 

x * of Then, the Side ac is equal to AC; the 
we / 

wh. / 
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THEOREM VIII. 4. Euclid. 


Triangles having two Sides, in each, reſpectiveh, 


equal, and if the Angles, contained by thoſe Sides, 
are alſo equal; then, the remaiuing Side, of the one, 
ſhall be equal to the remaining Side of the other; 
the remaining Angles, of the one, equal to the te. 
maining Angles of the other, viz. thoſe that ate 
oppoſite equal Sides; and the whole Triangles ar: 
equal, and congruous, | 


Angle a is equal A, and c equal C; and 
the whole Triangle, abc, equal to ABC, 


DEM. For, ſuppoſe the Triangle, abc, applied to, or laid 


upon, the Triangle ABC, in ſuch wiſe, that the Sid: 
a b, of the one, agrees with AB of the other Triangle; 


the Extreme a, with A, and b with B. Poſt. 5. 


Then, the Side bc will fall upon BC; - by Def. 14; 
for, they contain equal Angles, by the Hypotheſis. 

The Extreme c, of the one, will coincide with C, of 
th: other; becauſe, bc is equal to BC. 

Therefore, the remaining Sides, ac and AC, muk 


necelarily agree, and be equal to each other; the Ange . 
a will coincide with A, and c with C; and conſequently, Wt v 


the while Triangles, abc, ABC, are congruous; 
therefore, the Triangle abc is equal to ABC, 
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Cox. Hence, if two Sides of one Triangle be equal, re- 
ſpectively, to two Sides of another Triangle, and the con- 
id. tained Angle, of one, be greater or leſs than the contain- 
ed Angle of the other, the remaining Side will alſo be 
greater or leſs; and converſely, 
„ For, ſuppoſe two Triangles, abc, ABC, having their 


„ Lices, ab and bc, reſpectively equal, to AB and BC. 
81 II t is evident, that, if the Angle abc 
fe- vas the leaſt poſſible; i. e. if the inclina- 
are ion of the Sides, ab, bc, was ſuch, th# 
are Wt is not poſſible to conceive a leſs Angle, 
Fhe two Sides, ab, bc, would nearly coin- 
2 | ide; and conſequently, the length of the 
» emaining Side, ac, would be ſomewhat 
nd, Pore than the difference between ab and 


h © c; viz. ac=ab—bc, nearly. 

Again. Suppoſe the Angle made by the Sides AB, BC, 
the I qual a b, be, the largeſt poſſible, ſo as, nearly to fall in- 
and e one Right Line; it is manifeſt, that the remaining Side, 
BC, c, would be ſomewhat leſs than the length of both, AB 
Ind BC; i. e. AC SAB TBC, nearly. 


ws Hence it is plain, that, whether the Angle, abc or ABC, | 
Pu | ontained between a b and be, or AB and BC, be greater 
. þ leſs, the remaining Side, ac or AC, will alſo be greater 
140 Jr leſs; and converſely, the greater or leſs the Side, ac or 


C, the greater or leſs is the Angle, abc or ABC. 

For, ſuppoſe the Triangle abc applied to ABC, the 
Jide ab to AB, the Angle a to A, and b to B; and let the 
Pk of a Circle be deſcribed, from e to C, on the Center B. 
Then, ſuppoſe the Angle a Be opened or enlarged, to 
e ſeveral Apertures, a Bd, a B e, a BC; it is evident, that 

che Angle a Be is increaſed, at a Bd, &c. ſo is the re- 
'I aining Side, Ad, Ae, &c. continually longer; from Ac, 

ſhorteſt poſſible, to AC, the longeſt. 
{ence the 24th and 25th of Euclid are clear, and manifeſt. 
8 << What 
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What I have here advanced is, I preſume, ſufficient conviction, 
if not Demonſtration, of the properties therein contained. 

The ſhorteſt way to knowledge is the beit; where perfect De. 
monſtration is neceſſary, I ſhall be as brief as is conſiſtent With 
perſpicuity, and where it is not, I ſhall briefly illuſtrate, 


Thoſe who are not ſatisfied with this Demonſtration of the ty 
laſt, ſelf evident, Propoſitions (of Euclid) may refer back, after th: 
12th (and this is not of uſe between) and, by drawing the Right 
Lines de, eC, &c. they will find, that the Side A e, or AC op. 
polite to an obtuſe Angle, Ade, or AeC, is greater than the Sic: 
Ad, or Ac, which is oppoſite to an acute Angle, A e d, or AC 


The 7th might be a Corollary to the 8th. For ſince, in two Tri. 
angles, if there be found two Sides, in one, equal reſpeCtively ty 
two Sides in the other, and containing equal Angles, the third 
Sides are equal; it certainly follows, that it all the three Sides are 
reſpectively equal, the Triangles are equal and congruous ; ſecin 
it is not poſſible for an Angle to be greater or leſs, but che Side 
oppoſite is alſo greater or lets, 


THEOREM IX, 5. Euclid, 


In Iſoſceles Triangles, the Angles at the Baſe are equi 
to one another, i. e. if a Triangle have two equal 
Sides, the Angles, oppoſite to them, are alſo equal, 


B 


Side AB equal to BC. | 
Then, the Angle A is equal to C. 


Biſe& the Angle ABC (Pr. 9.) made by 
the equal Legs, AB, BC, and draw BD; 


D it will alſo biſect the Baſe, AC. 


Dem. In the Triangles ABD, DBC, the Sides AB, BC 
are equal (Hyp.) and, BD is common to them both. 
Now, the Sides AB, BD are = CB, BD, reſpeQiively. 
And the Angle ABD is equal to DBC. — Con. 
Th. AD=DC, and the Triangle ABD =DBC. -= 8. 


But, in congruous Triangles, oppoſite equal Sides ate 
— * - — — — — -_ Th. 7 and 8. 


equal Angles. 


Th. the Ang. AC, being oppoſite the common Side BD, 
Or 


Let ABC be an Iſoſceles Triangle; the 


F Book 


the 


e by 
3D; 


BU 
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Or it may be demonſtrated thus, after Euclid.” 


A 


Let the equal Sides, AB, AC, be pro- 
© duced below the Baſe, to D and E. 
Make AD eq. AE, and join DC and BE. 


Then, in the Triangles ABE, ACD R 


there are two Sides, AB, AE, reſpectively dn 
equal to AC, AD; and the Angle A is EIS 
common; wherefore, DC=BE ; and the % 
Angle ABE is equal to ACD, - - 8. 

But, BD=CE (Ax. 7.) and BC being common; the 
Triangle, and conſequently, the Angle, DBC=BCE. - 7. 
Allo, the Angle BOD=CBE ; conf. ABC =ACB. - Ax. 3, 


Con. 1. The external Angles, made by producing equal 
Sides of a Triangle, or the Side which lies between them, 
are alſo equal, amongſt themſelves, 


For, the Ang. DBC=BCE; conf. ABF = ACG. - 2, 


P. An Equilateral Triangle, is alſo equiangular, 
For, oppoſite to equal Sides are equal Angles, 


| If a Triangle have two equal Angles, the Sides oppoſite 
them are alſo equal. And, if all the three Angles of a 
Triangle are equal, it is equilateral. 


. 4 Right Line, biſecting the Angle, and the Baſe, con- 
f Hined between equal Sides, is perpendicular to the Baſe; 
and conſequently, two Right Lines drawn from the ſame 

Point in a Perpendicular to a Right Line, to Points, 
equally diſtant from the Perpendicular, in that Line, are 
equal. 3 | 

For, the Angles ADB, BDC, being equal, are conſe- 

quently Right Angles. (See firſt Figure.) C. 2. Th. 1. 


N. B. Hence are performed the 6th, 7th and Sth Problems; 
. by conſtructing Iſoſceles Triangles, 
8 2 | THE Q« 
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THEOREM X. 22. Fuck, 


If any Side of a Triangle be produced, the external 
Angle is equal to the two remote Angles of the Tr. 
angle. And, the three Angles of every Triang|: 
are, together, equal to two Right Angles. 


In the Triangle ABC, let any Side, a, 
AC, be produced. Then, the Ang. BCO 
is equal to the two Angles, A and B. 


From C, draw CE parallel to AB. 


Becauſe CE is parallel to AB - Con, 
Ind they are both cut by the Right Line 
| BC, the Angle BCE=ABC. - Th. 4 
And, becauſe AB and CE, being parallel, are cut by the 
Right Line AD, the external Angle, ECD=BAC, th: 
internal and oppoſite; - - - - - 2. Thb. 4 
But, the Ang. BCE (eq. B) + ECD (eq. A) BCD. Ax. 
Therefore, the external Angle, BCD, AB, the two 
remote Angles of the Triangles, Q. E- G Az 


2. The three Angles, A + B + BCA, are equal to two Rig | 


Angles, 
Having Ned AC, and drawn CE, parallel to AB. 


Dru. The Angle BCE=ABC, and ECD=BAC - 6 
Wh. BCD (eq. BCE + ECD) is equal to ABC +BAC, 


But, the Angle ACB, +BCD= two Rt. Angles. - - iſ 


Therefore, the three Angles, A+B+BCA, are equal t 
two Right Angles, 


This 2nd part is alſo elegantly proved, by POT. 


Right Line, FG, through any Angle, B, parallel to the | 


oppoſite Side, AC. 


De 


Cos 


D: 


. 
Bool 
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Den. For, the Angle FRA=A, and GBC=BCA - 4. 
| conf. the Ang. A+ ABC+BCA(eq.FBA+ABC+CBG) 


lid, ; are equal to two Right Angles. - - C. 3. Th. 1. 
N Cor. 1. Hence, if one Angle of a Triangle be equal to the 
nal Angles, it is a Righ 
| other two Angles, it is a Right one. 
ri. For, if either Side, containing the Right Angle, be pro- 
ge 5 
duced; the external Angle, being equal to the two remote 
ones, is equal to the Right Angle to which it is con- 
„% tiguous, (Defin. 11.) 
os 2. There can be but one Right Angle, or one Obtuſe Angle, 
in a Triangle. 
2 * Becauſe, if there be one Right Angle, the other two 
a are, together, equal to a Right Angle. | 


Line 3. If a Triangle have one Right Angle, the other two are 


b. 4 acute, and equal to a right one; and, if the Triangle be 

7 the Iſoſceles, the two Angles, at the Hypothenuſe, are each 

* equal half a Right Angle, For, they are equal. - Th. 9. | 

14 4. If the ſum of two Angles of a Triangle be known, the 
tuo! Other is alſo known. | | 

x. For, it is the Complement of two Right Angles. 


| Alſo, if one Angle be known, the Sum of the other 
Ugh two is known, 


E 1 5. If the Sum of two Angles of a Triangle, either together 
or ſeparately, be equal to two Angles of another Tri- 
angle, the two remaining Angles are equal, 
For, the Sum of all the Angles of every Triangle is 
the ſame; i, e. they are equal to two Right Angles. - 


6. The equal Angles of every Iſoſceles Triangle are acute. 
For, however ſmall the Angle at the Vertex, the 
& Angles at the Baſe are, each, equal to half the difference 
between that Angle and two Right Angles, | 
= 7. The 


+ = 1 
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7. The Angles of in Equilateral Triangle are each 60 Degs. 
For, it is two thirds of a Right Angle, or one third 
of two Right Angles, 


8. All the Angles of every Quadrilateral are, together, 
equal to four Right Angles, 
For, by drawing a Diagonal, it is divided into tuo 
Triangles; and all the Angles, of each Triangle, are equal 
to two Right Angles; conſequently, the ſum of all the 
Angles, of both, are equal to four Right Angles ; and 
they are equal to all the Angles of the Quadrilateral, 


Note. The two following Theorems are alſo deducible from 
the laſt Propoſition; which, not being elementary, are not num. 
bered amongſt the other Theorems. 


THEo. 1. All the internal Angles, of every right lined Fi. 
gure, are equal to twice as many Right Angles, wanting 
four, as the Figure has Sides, 


Every right lined Figure, may be reſolved into as many 
T riangles, as the Figure has Sides, wanting two; by draw. 
ing Diagonals, from any Angle, to all the oppoſite Angles, 


C 4 In the irregular Hexagon ABCDEF, 
| Jet there be drawn the Diagonals AC, 
AD, and AE; which divides it into four 
ETriangles, ABC, ACD, &c. 


DEM. Becauſe, by the Theorem, the three 
Angles of every Triangle are equal to two 
Right Angles, the Sum of all the Angles 
of the four Triangles, ABC, ACD, &c. 

n are equal to eight Right Angles. 

And, they are equal to all the internal Angles of the Hexagon, 
'Therefore, all the Angles of the Hexagon are equal to eight 
Right Angles. 
But, a Hexagon has fix Sides, and twice fix is twelve; 
by taking away four, there will remain eight Right Angles; 
which are equal to all the- Angles of the Figure, 


. 
"7 


Or; 


* 


BA 
a all thi 


Fo 
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Or; by aſſuming any Point, as F, within the Figure, 
oY F ABCDE, and drawing Lines to every Angle, from that 
d point, FA, FB, &c. it will be divided into as many Tri- 

angles, as the Figure has Sides, 


: , 
A 
= — * 
1 70 
0s 


* — 
— 
4 — 


Now, the Angles of all the five Triangles 
are equal to ten Right Angles. - - Theo. 10. 
wo S But, one Angle, of each Triangle, is at 
© the point F, within the Figure; and all the 


* — - = 
—  - -. 


* TY 


ual = Angles about a Point are equal to four Right | 

the WS Angles (Cor. 2. 2.) conſequently, the remain- on. 

nd ing Angles, of the Triangles, are equal to all | I; 
BE the Angles of the Figure; which, in a Pen- | | 
pf tagon, are equal to ſix Right Angles. | 8 0 | 

A Con. Hence, the Sums of all the Angles, of every right 


lined Figure, having an equal number of Sides, are equal. | \| 


12 ; Tuo. 2. Al the external Angles, made by producing Fol 
& every Side, of any right lined Figure, are equal to four | 


„. For, ſince the internal and contiguous external Angle, BAE-- 
K. aA, &c. are equal to two Right Angles (Th. 1.) the Sum of — 
We all the internal and external Angles, together, are equal to twice wt 
14. as many Right Angles, as the Figure has Sides. 1.9 
But, all the internal Angles are equal to as many, wanting | | 
p four; conſequently, the external Angles are equal to four. 
F, | | | 
— Cox. The ſums of all the external Angles (taken together) 
ur of every Right lined Figure, are equal. 
= SCHOL, This property of right lined Figures is, at firſt, realty | 
D 8s /wprizing ; for, the external Angles of a Triangle, are equal to all "0 
F be external Angles of any Poligon, whatever, and of any number 1 
wo D of & de s, | | l 
les N * 
* be general utility of the knowledge of this property of Tri- 
n angles, in the laſt Theorem, is very extenſive. It is, perhaps, the 12 
T5 moſt perfect Demonſtration that can be given; and we may con- 4 
5 give an Idea of its extenſiveneſs, from the Corollaries and Theo- | | 
ems already deduced from it, 13 
5 8. 
THE O- 0 
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THEOREM XI. 26. Eudy 


Triangles having two Angles, and one Side, reſpec. 
tively equal to two Angles, and a correſponding 
Side; whether it be the Side, between the equi 
Angles, or either of the other, which are oppoſit 
to equal Angles; the remaining Sides and Angle 
ſhall be equal, and the Triangles are congruous, 


The firſt part of this Propoſition, viz. when the equal Sides li 
between the equal Angles, is ſo very obvious, that it might hare 
been made a Corollary to the 8th, from which it is eaſily deduced, 


Dem. For, if AB, equal DE, be applied to DE (Pot. 5. 
if the Angle A be equal D, and B equal E (the equal 
Sides, AB, DE, lying between) then will AC fall on 
DF, and BC on EF, - - - - - Def. 14. 
Conſ. the Angle C, will fall on F, and the Triangle Wi 
ABC, coincide, or agree in every reſpect, with DEF. t: 


2, Let ABC and DEF be two Triangle, WR 
; whoſe Angles A and C, of the one, Wn *' 


are, . ſeparately, equal to D and F, oi ; — 
the other; and let the Side AB, of the . ang 
| one, be equal to DE, of the other. = 9us 
Then, the Triangles, ABC, DE!, Wi 5 

W + 


are equal, and congruous. 


Dem. Firſt, if the Side AC be not equal to DF, it is either | Ki 
greater or leſs ; ſuppoſe it leſs, and take DG equal Ac, 


and draw EG. : tw. 
| | Then, if , Iy1 


nen; 


9 


6 
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Then, becauſc AB DE (Hyp.) and DG g AC, by 
Suppoſition; the Sides, AB, AC, are reſpectively equal 
to DE, DG; and the Angle BAC g EDG. - Hyp, 
Wh. EG=BC and the Triangle DEG Sg ABC - -8. 
conſequently, the remaining Angles, of the one, are equal 
to the remaining Angles of the other, which are oppoſite 
equal Sides; wherefore, the Angle DGE is equal ACB, 
And, DFE=ACB (Hyp.) wh. DGE =DFE. - Ax. 3. 

But, DGE is greater than DFE; - <- Th. 10. 
for it is an external Angle of the Triangle FEG; 
it is, therefore, both equal and greater, which is abſurd, 
Therefore, AC is not leſs than DF. 

After the ſame manner, it may be proved not greater 
conſequently, AC is equal to DF. 

Th. the Triangle ABC is equal to DEF; and congruous. 


Again; if it be affirmed, that BC may be either greater 
or leſs than EF; ſuppoſe BC greater than EF. 
'Take BH equal EF, and join AH, 


Then, the Angle BA, being equal to EDF, is greater 


than the Angle BAH; which deſtroys the Hypotheſis, 
Wherefore, BC cannot be greater or leſs than EF. 


= This Theorem concludes the genetal properties of Triangle, 
mentioned in the preamble to this Book; which I have kept a: 


near together as poſſible; by which properties, peculiar to 'I'r1- 


angles, only, we can, with 'certainty, aſfirm them to be congru- 


ous, conſequently equal. 


Firſt, when all the three Sides, of one Triangle, are equal, re- 
ſpectively, to the three Sides of another Triangle, (Th. 7.) 


2nd. When there are found onlytwo Sides reſpectively equal to 
two Sides, and containing equal Aagles between thoſe Sides. (8.) 


3dly. When two Angles, of the one, are reſpectively equal to 


two Angles of the other; and one Side of each Triangle, either 


lying between the equal Angles, or oppoſite to equal. Angles, allo 
equal; by this Theorem. 
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THEOREM XII. 18. Euclid, iſ 

85 de 
In every Triangle, the greateſt Side ſubtends the great.. 7 
- -  - eſt Angle; and the leaſt Side ſubtends the leaſt Angle. tt 
C | : 
Er 
Let ABC be a Triangle, whoſe Side WW 
AC, is greater than CB; I fay, the RD 
Angle B, is gteater than the Angle a. CE 
| | 11 
Biſect the Side AB, in E; draw ED 7” 
* ws _— perpendicular to AB, and join DB, 
© or 
Dem. In the Triangle ADB, the Side AD=DB; = C. 2. 9, Co 
wherefore, the Angle BAD is equal ABD. - Th. 9. WT Tt 
But, the Ang. ABD (eq. BAD) is leſs than ABC. Def. 14. is! 
Therefore, the Angle ABC (oppoſite to AC) is greater WR 
than BAC, which is oppolite to a leſs Side, BC. 
C Or thus, after Euclid. 
By Hypotheſis, AC is greater than CB. 
Make CD equal to CB, and join DB. f In 
Then, the Ang. CBD=CDB. - Th. 9. 
But the Ang. CD is greater than CAB. 10. WR 
And, CBD (eq. CDB) is leſs than ABC. I 
8 Th. the Angle ABC is greater than CAB. 
Es and. The leaſt Side ſubtends the leaſt Angle. \ = 
AB is leſs than BC then, the Angle C is leſs than A, ar 
Make BE equal BA, and draw AE. D 


Du. Now, the Angle AEB = BAE. - Th. 9 
But, AEB is greater than RACK g. 10 
Th. BAC, which is greater than BAE, is greater than 
ACB, which is leſs than ALB (equal EAB) QE. P. 

Con. 


cb is acute. C. 3. 10. 


I greater than AB, 
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Cor. 1. In Triangles, oppoſite the greateſt Angle is the 
greateſt Side; and the leaſt Side is oppoſite the leaſt Angle. 


Cox. 2. A Perpendicular is the ſhorteſt Line, which can 


be drawn from any Point to a Right Line. And that 
Line, which falls neareſt to the Perpendicular, is ſhorter 
than the more remote ones. 


Let CD be perpend. to AB. Draw, at pleaſure, CE & CB. 


Now, ſince CDE is a Right Angle, 


Therefore, CE, which ſubtends the Right 
Angle, is greater than CD. - Theo. 


2ndly. Becauſe the Angle CED is acute, CEB is obtuſe, 


Conſequently, CB is greater than CE. - - - Theo. 


Therefore, CE, which is neareſt to the Perpendicular, CD, 
is leſs than CB, which is more remote from it. 


THEOREM XIII. 20. Euclid. 


In every Triangle, any two Sides taken together, are 
greater than the remaining Side. 


Let AB be the greateſt Side of the 
Triangle ABC. 
I fay, the Sides AC, CB, are, aches, 


Produce AC to D; make CD equal CB, 
and join BD. 


Dem. Then, becauſe CP = CB, the Ang. CED=CDB « 9g, 
But, the Angle ABD is greater than CBD, equal CDB. 
Then, ſince in the Triangle ADB, the Angle ABD is 
greater than ADB; the Side AD is greater than AB - 12. 
But AD=AC+CB (Con.) therefore, AC CB, iz 


. 
— 
* 


; , greater than AB, E. O. 
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THEOREM XIV. 21. Euclid. 


If, from any Point within a Triangle, two Right 
Lines are drawn to the extremes of any Side; thoſe 
Lines, taken together, are leſs than the other two 
Sides of the Triangle, but they contain a greater 

Angle. | 


In the Triangle ABC, aſſume any Point, 
E, and draw EA, EB. 

I fay, that AE added to EB, is let; 
than AC added to CB. 


In 


B And, the Angle AEB is greater than ACB, |} I is 
Produce AE to D. 3 


DEM. In the Triangle ACD, the Sides, AC, CD, ar: 
greater than 99... - - - - - 11, 
Add DB to both; and AC+CD+DB, (eq, AC+CB) D 
is greater than AD+DB. = - - - - - Ax.8. | 

Again. In the Triangle EDB, the Sides, ED, DB, 
are greater than EB, A; 

Add AE to both; and DB AD is greater than EB + AE, 
But, AC+CB is greater than AD+ DB, - proved. 
Therefore, AC+CB is ſtill greater than AE + EB, 


zndly. The Angle ADB is greater than ACB, and AEB 
is greater than ADB; - «- - =- 1. Th.1% 
conſequently, AEB is ſtill greater than ACB. 
For, the Angle ADB is external, in reſpect of the Tri- 
angle ACD; and AEB, in reſpe& of BED. 


Cor. Hence; if two Triangles have one Side, in each, 
equal to one another, or have one Side common ; and, if 
the remaining Sides, of the one, be leſs, reſpectively, than 
the remaining Sides of the other, they will contain 3 


greater Angle. 
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THEOREM XV. 34. Euclid. 


In every Parallelogram, the oppoſite Sides and Angles 
are equal; and, it is cut into two equal Triangles by 
a Diagonal. 


Let ABCD be a Parallelogram. Ts x — 


The Side AB is equal to DC, and AD Dy 
is equal to BC. ö 

Alſo, the Angle D is equal to B, and 

A equal to C. 3 
Draw either Diagonal; as AC, 


Dem. By Def. 33d. AB is parallel to DC; and they are 
both cut by AC; wh. the Angle BAC=ACD. - Th. 4. 
And, becauſe AD is parallel to BC, and are both cut by 
AC; the Angle DAC=ACB; and AC is common; 
wherefore, the Triangles, ABC, ADC, are congruous-11. 
Therefore, the Side AB=DC, and AD=BC. - Def. 4.3. 
Alſo, the Angle B=D (Th. 11.) &, DAB=BCD-Ax.6. 
(For, BAC ACD, and DAC=ACB (Th. 4.) as above; 
and conſequently, BAC CAD SACD +ACB.) 


tween the extreme Points of two Right Lines, which 


are alſo equal and parallel, 


Hence, the 33d of Euclid is evident. 


, 

1 | 
: 

| | 

. 

| 

1 

i 


As AD and BC, joining the Points A & D, B & C. Lo 


U 


—— 
—_ _— - 9 
—— — —— — = _ 


Cor. Hence, it is manifeſt, if Right Lines be drawn be- 24 


are equal and parallel (fo as not to croſs each other) they | 1 
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THEOREM XVI. 


The two Diagonals of a Parallelogram biſect each 
other. And, every Diameter divides a Parallel. 
gram into two equal and congruous Figures. 


In the Parallelogram ABCD, Sri 
the Diagonals, AC and BD. 


I fay the Diagonal AC is biſected 5 
DB; and, DB is alſo biſected by AC, in 
the Point E, of their mutual InterſeRion, 


Dem. Becauſe, AB is parallel to CD, and are both cut by 
AC and BD; the Ang. BACZACD, & ABD=BDC.,, 
But, ABzDC (r5.); wh. the Triangle AEB=DEC; 
and alſo congruous, = - - Ph. 1. 
wh. DE=EB & AE=EC, being oppoſite equal Angles. Wi 
Therefore, the Diagonals, AC, & BD, are biſected, in .. Wn 


2ndly. The Diameter, FG, divides the Parallelogran Wa 
ABCD, into equal and congruous Figures, = 0 


AGFD is equal to FGBC. 1 


Du. Now, the Triangle ABC is equal to ACD. + 15. 
The Angle AEG=FEC (2.) and GAEZECF, - +4 
and AE=EC (above) wh. the Tri. AGE=EFC. - 11. 
Let them be taken away; there remains AEFD=CEGB. Wi 
and conf. AAGE+AEFD=AaEFC+CEGB. - Ax. 6. Wn LI 
Th. the Trapezium AGFD is equal to FGBC. Q. E. D. 


Cor. Every Right Line, which divides a Parallelogram, and 
paſſes through the Center, is biſected at the Center. 
As, FG is biſected in E. 


T HE O- 
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A 
THEOREM XVII. 41. Euclid. 


ach 
elo. 


lf a Triangle have the ſame Baſe as a Parallelogram 

* and lie between the ſame Parallels, 1. e. having the 
fame Altitude, the Triangle is equal to half that 
Parallelogram. 


A 


In the Parallelogram ABCD, aſſume 
any Point, E, in the Side AB, and draw 
EC and ED: 

| The Triangle DEC is equal half 5 


Parallelogram, ABCD. 
Draw EF, parallel to AD and BC. 


Dx. The Parallelograms, AEF D and EBC, are biſeQed, 
S bytheDiagsDE&EC; ADE=DEF, & FEC=EBC-15. 
Wh. the Triangle DEF +FEC=ADE +ECB. - Ax. 6. 
But, the Triangle DEC=DEF +FEC. = Ax. 2. 
Therefore, A DECZADE + ECB. Q. E. D. 


Or; produce AB, make BE equal to AE, and draw CE. 


Then, A BEC (equal AED. 8.) compleats the Par, 
DEEC (15. Cor.) which is equally divided by the Diag. EC. 
The Triangle DEC=EEC (equal AED+ECB) - - 15. 


Caſe the Second, 
When Z falls without the Par. ABCD, in AB produced, 
The Triangle DEC is equal half the Par, ABCD. 


Draw E F, as before, parallel to BC; meeting the Baſe, 
DC, produced, in F 


Dem. DE biſects the Par. AEF D] wh. AED=DEP -15. 
and, the Diag. CE, cuts the Par. CBEF, in BCE ECF. 
Wherefore, the Triangle DEF CEF (equal DEC) 
is equal half the Parallelogram A F- BF (equal ABCD.) 
i.e, the Tri, DEC is equal half the Par. ABCD. QE. D. 


144 ELEMENTS ox GEOMETRY, 
THEOREM XVIII. 92 


Containing the 35th, 36th, 37th, and 38th of Euclid, Y 


Parallelograms, or Triangles, having the ſame or equal 
Baſes, and equal Altitudes, are equal. 


The Parallelogram ABCD is equal 

to the Parallelogram AFG; ſtanding 
on the ſame Baſe AD, and between 
the ſame Parallels AH, BG; i. e. they 
have the ſame.or equal Altitudes. 

Alſo, the Par. ABCD is equal to 
EFG, having equal Baſes, AD=EH, 


th, Now, AB=CD, and AF=DG. - Th. 15. 
And, the Angle BAF CDG. „„ 
W herefore, the Triangle ABF = DCs. 3 

But, the Triangle ICF is common to both; | 
wherefore, the Trapezium ABCI=IFGD. - Ax, . 
Add, to both, the Triangle AID ; which is common ; 

the Parallelogram ABC is equal to AFGD - Ax. 6, 


Again. The Par. ABCD, is proved equal to AFGD. 
For the ſame reaſon, EFGH =AFGD, FG being common, 
Therefore, the Par. ABCD=EFGH. - - Ax. 3 
But, AD=FG and EH=FG (15); wh. AD=EH--Ax.3 
Th. the Parallelograms, AC and FH, have equal Baſes. 


- Secondly. Draw the Diagonals BD, DF and EG. 
Now, ſince every Triangle is equal to half a Parallelogran 
having the ſame Baſe and Altitude, = - - - Ih. 17 
the Tri. ABD =half the Par. ABCD; &, AFD half AFGD 
Therefore, the Triangle ABD is equal to AFD. - Ax. 4 
And, for the ſame reaſon, the Triangle ABD =EGH. 
(For, the Parallelogram ABCD is equal to EFGH.) 


And, their Baſes, AD, EH, are alſo equal. Q E. D. 
| Cos, 


u — = * * 2 — 
8 * — * „ Ade af E „ * EA 5 — - _ * 


1 
. 
4 
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cos. Equal Parallclograms or Triangles, having the ſame 
or equal Baſes, have the ſane Altitude; or, are contain— 
ed between the ſame Parallels. 


= This Corollary is the converſe of the Theorem, and contains 
ual che 39th and 40th Propoſitions of Euclid, 


N. B. From this Theorem, the 24th, 26th, and 25th Problems 
Wore deduced ; which may be found particularly uſeful to Surveyors 
of Land, &c.; ſeeing, by its means, any Plot or Survey, though 


f oO 
1ual rer ſo irregular, in Figure, may be reduced, with the greateſt 
ing WHacility, and accuracy, to a Trapezium or Triangle; and, its 1 
een Area obtained at one Operation. (See Prob. 24.) ' 


Alſo, by its means, almoſt any right-lined Figure, as well as 
hey N Trapezium, may be divided into two equal Parts, by a Right 
ine trom any detetmined Point, in any Side. 


Po An Example, of which, will be found in the Appendix. | " 
CH, EE CHOL. Hence it is evident, that two Spaces may differ great'y in | ' | 
= Circumference, yet contain the ſame Space ; and alſo, that two 1 | 
15. 8 vures or Spaces, of equal Circuit, may eoutain very different Areas. | 
6. 4 
; [ 
' | a 15 
THE OR E M XIX. 43. Euclid. 
0 7. | ; 
2 In every Parallelogram, the Complements are equal, 
c. 6. | | 
In the Parallelogram ABCD; aſſume 6 33 
; any point, as I, in the Diameter AC; | 
10: through which, draw EF and GH, pa- BE: 
i W ralle! to AB and AD. 
x.% = 
| Iſay, the Complements, DI and IB, | 2 
are equal to each other. -D II Y 
ram By | DEN. AC divides the Par. DB into two Tris. ABC ACD. 
9 And the Parallelograms AGIE and FCH, are divided into 
G equal Triangles AGI=AIE, and IFC='CH. - Th. 15. 
„Noa, if from the equal Triangles ABC, ACD, there be 


taken away the equal Triangles AGI, IFC =AIE, ICH, 


there will remain, the Par. DEIH equal to IGBE. - Ax. 
| 5 THE O- 


F<. 
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: Agai 
THEOREM AX, 47. Euch T1 
a a CA, 
In every Right-angled Triangle, the Square of tl And 
Hypothenuſe, is equal to the Squares, of the ty a 
Sides, containing the Right Angle. B. 
N , ; W (hav! 
Let ABC be a Right-angled Triang}; 
On the Hypothenuſe AC, deſcrii; ? (bei 
the Square ACDE ; and, on the Ses Wh. 
N 1 AB, CD, deſcribe the Squares AFG} & BL 
A — and BHIC. Land- 
The 
I fay, the Square AD, of the I 
AC is equal to the two Squares, 46 Or, 
| and BI, of the Sides, AB and BC. bd aft: 
E 


From the Right Angle, B, draw BN 
perpendicular to AC; which, produce to L, parallel to Ch. 
The Square AG is equal to the Rectangle AL; and, tiz 
Square BI is equal to the Rectangle KD. Draw FC & BG. 


DEM. In the Triangles FCA, ABE, AF, AC are reſpec- 
tively equal to AB, A Ez. and they contain equal Angle, 
For, FAB = EAC (Ax. q.) and, if BAC be added to both, 
the Angle FACg BAE. Ax. b 
Wh. FC=BE, and the Triangle FCA =ABE. - Th. 8. 
But, the Tri. FCA is equal to half the Square FB- 47. 
(for, they have the ſame Baſe, FA; and, they are betwect 
the ſame Parallels, GC and FA.) | 
And, the Tri. ABE (eq. FCA) half the Rect. AKLE; 
(on the ſame Baſe, AE, & between the Parallels BL & AE 
Therefore, ſince the Tri. FCA=ZABE (and they ate 
each equal to half the Square AG, or the Rectangle AL) 
the Square AFGB is equal to the Rectangle AKLE - Ax. 


Again J 


F 
4 
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Again; the Square BI is equal to the Rectangle CKLD; 

Draw Al and BD. | 
wa 3 Then, in the Triangles AIC, CBD, the Sides LY, 

| ca, are equal to BC, CD, reſpectively. 
te And, the Angle ITCA=BCD (AC; being common)-Ax.6. 
(170 wherefore, the Triangle AIC . 
But, the Triangle IAC, = half the Square CH; - 17. 
© (having the ſame Baſe, CI, and between the Pars. AH, CI) 
And the Tri. CBD (eq. IAC)= half the Red. ED -17. 
cri. AS (being on the ſame Baſe, DC, & between the Pais. LB, DC) 
Sig Wh. the Square BI is equal to the Rectangle KD-Ax. 5. 
05 But, the Square AG was proved equal to the ReQ. AL. 
and AL+KD=AD (the Square of the Hyp. AB.)-Ax. 2. 
Therefore, the Square AFGB +BHIC=ACDE. QE D. 


typ, 
AG Or, it may be, as elegantly and more briefly, demonſtra- 
C. after the following manner. 
| Fi 
Having deſcribed the Squares FB E S ey 
Bind Bl, of the two Sides AB, BC, ITY 
Det the Square of AC, the Hypothe- oy 
huſe, be inverted; as AEDC. 4 | 
Through B, draw KL parallel toCD; - 
A 1 


ein BD & BE; and produce IH to D. 


ad the Square CH is equal to the Rectangle CL. 


Nu. For, the Triangle AEB half the Square AF GB- 17. 
Waving the ſame Baſe, AB, and Altitude, BG. 


F Bring the ſame Baſe, AE, and Altitude, AK. 
. the Square AG is equal to the Rect. AL, - Ax. 5. 


1 Again; 


Then, the Square AG is equal to the ReQanele AL; 


| i The Tri. AEB is alſo equal half the Rect. AELK - ſame 


= 
— — — — — — = - = 
—— ͤ äGꝓͤ—ä ä — — * — Ä = — = = 2 — 
= 0 oo — 4-4 8 — - — —= a 
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— —. — 8 2 — — bo, — — — — ELD — = — 2 < 
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Again; the Tri. BDC=half the Square BHIC;. 17 
(on the ſame Baſe, B C, & between the Parallels Dl, BC) 
And the Tri. BDC is alſo equal half the Rect. K Le, 
(having the ſame Baſe, CD, and Altitude, LD.) 
Wh. the Square BHIC = the Ret. KL DC. - Ax. f 
But, the Rect. AL +LC= the Square AEDC. Ax. 2 
Th. the Square AEDC (of the Hyp. AC) is equal to the 
Squares, AFGB and BHIC, of the two Sides, AB & BC. 


Cor. Hence; if, in a Triangle, the Square of one Side je 
equal to the Squares of the other two Sides, the Angle 


contained by thoſe two, is a Right Angle, N 
cord 
I have been more particular in the Demonſtration of this f. Fart 
mous Theorem, than any of the preceding ones; not becauſe! Fi 
is the laſt of this Book, but, becauſe it is ſo extraordinary in itſelf b 
and of ſuch ſingular uſe throughout the Mathematics. It is adh 9 
of great uſe in the following Books of the Elements; inſomuch, 1 
that, without it, we ſhould not be able to advance much ti rt); the 
Pythagoras is ſaid to be the inventor of it; for joy of which, i F 
is ſaid, that he offered a hundred Oxen to the Deity, who in. , 
red him with ſo noble, and ſo uſeful, a Theorem. W will 
That there may not remain the leaſt doubt, in the mind of an; WE TM 
concerning the truth it contains, I have added another Figur; 
the Demonſtration of which is both ocular and mathematical. R 7 
| UO 
EX. 3. Let the Square AE DC, of the Hypothenuſe 40 nd 
be inverted, as before; and, having drawn the Squares c some 
the two Sides, AB, and BC; produce FA and FG, I Ape 
and IH, meeting in K and L; forming the Square FLiX nent 
ſnall 
The two Rectangles AB CK, and BG LH, are equa; 2 
being under equal Lines, AB BG, and BC BI. . 
And the four Triangles ACK, AFE, ELD, and DIC, the 
are equal between themſelves, and alſo to the Rectangicy ud 
BL, BK; each being equal to half a Rectangle; Bar. 
AE, equal half Ag.... . ok. 


But 


tO the 
C BC. 


Ide de 


\ngle, 


his fa 
auſe it 
| 1tielf 
is alk 
muck, 
'rthez, 
ich, it 
inſpi 


ock l. 
But, the large Square FLIK, is equal C 


& ded to the four Triangles ACK, AFE, 
Lb, and DIC. 


. WO Rectangles, BL and BK. 1 1* 
EConſequently, the Square AE DC is equal to the two 
Squares, FB and BI, of the Sides, AB and BC. 
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o the two Squares FB, and BI, added to 


Wc two Rectangles, BL and BK. - Ax. 2, a. 


It is alſo equal to the Square AE DC, A 


And, the four Triangles are equal to the! 4 


Note. If the Squares, AF GB and B HIC, are cut ac- 


cording to this Figure, by inverting the Square AED C; the 
Parts, ſo divided, will exactly cover the Square AEDC. 


For, the Perpendicular Db being drawn, and be made 


equal to b D (equal CI) draw cd parallel to bD. 


Then, the Trapezium, AE aB, is common to both; 


che Tri. AFE is congruous with ABC, & EaG with Cdc; 


alſo, the Trap. CIHe will agree with D bed; and, Ce B 


BY will coincide with Dab, which completes the Figure, 


Therefore, the Square AFGB +BHIC=AEDC, - Ax. 2. 


Having, in theſe: twenty Theorems, gone through the firſt 


= Book of the Elements of Geometry, (ſeventeen of which, con- 


tain the whole thirty- four, according to Euclid) it will not, I 


© preſume, be impertinent, before we proceed further, to ſay 
ſomething of its utility. It is reaſonable ter a perſon, who has 


gone fo far, to aſk, of what uſe are all thoſe properties of Tri- 
angles and Parallelograms, &c.? which queſtion, though perti- 
nent enough, ir may not be fo eaſy to give an anſwer to, which 
ſhall be ſatisfactory; unleſs we are acquainted with almoſt every 
branch of the Mathematics. 

If the ſtudy of Geometry was of no other uſe, than for the en- 
uring us to Demonſtration ; by which we may have conviction in 
the queſt of Truth, it would be great. Geometry is Truth itſelf ; 
the manner of reaſoning geometrically, is ſolid and convincing. 
It is neceſſary for a Perſon who would be a great Orator, at the 
Bar, &c. to ſtudy Geometry; it teaches how to range our Ideas, 
to ſtate the Premiſes fairly, and to draw Concluſions from them 
with clearneſs and ceitatnty, But, when we conſider that it is 

an 
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by an Inſtrument. And, let the Ground between two remote places 
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an Introduction to the Mathematics, a Key to let in the ß MR Spher 
Ideas, to further and more extenſive knowiedge, we {hall pur. W thc 8dr 
ſue it with avidity. ont | , = Chor 
The knowledge of the properties of Triangles and Pa-alleo-. Th 
grams is very extenſive, and of great uſe in almoſt every mathe-. wii 
matical ſcience; as Surveying, Navigation, Perſpective, Atrz. WR Suria 
nomy, and numerous others, depend on them. The Demon. diſtan 
ſtrations of the moſt ſimple general properties of Triangles, in W the Þ 
Theo. 7, 8, 9, 11, 12, 13, and 14th, are neceſſary for the Demon. Wa 
{tration of others, as well as for reference, for the proof of what De ſec 
is aſſerted in other Works. The 10th, a general property, and alone 
the 2oth, a particular one, ate more ſublime properties of Til. ert 
angles; and are, perhaps, the moſt perfect Demonſtrations that N 
can be given; which are frequently quoted and referred to here- Fut 
after. | We pill 
The affinity between Triangles and Parallelograms, in Theo. urch 
rems 15 and 17th, is the foundation of Mepſuration of Superficies, teen 
The properties of Parallelograms and Triangles in the 18th, are lie 
very extenſive; the equality of the Complements of Parallelo. wr 
grams, in the 19th, is alſo of great utility; both, which, care Wt} 
with them the ſtrongeſt conviction imaginable. : ed pe 
In reſpect of the properties of Right Lines, and Angles formed Wa 
by their Interſections, in the firſt ix Theorems, the knowledge Je; 
of which, though in a manner ſelf-evident, is abſolutely necefſary un 
for attaining the properties of Figures. I ſhall juſt give one in- BE 
ſtance, as a ſpecimen, of what great things may be effected, from bie 
the knowledge inculcated by the fourth Theorem; viz. that the ww 
alternate Angles, formed by a Right Line cuting two parallel S 25 
Lines, ate equal. - . 
It would hardly gain credit, with ſome, to aſſert, that it is poſ- wu 
ſible from the meaſure of a ſinall portion of the Earth's Circum- uy 


ference to determine the whole, by means of that ſimple proper- oer 
ty; yet nothing is more certain, and that, without much more 
previous knowledge, than, that the ſame portion or ark of every 
Circle, gives or ſubtends equal Angles at the Center; and con- 
fequently, equal Angles being formed at the Centers of Circles of 
any Radius, will cut off equal portions of the Circumference., 
(See the Theory of Plane Angles.) 

It is very praQicable to meaſure the diſtance between two places; 
on a level Plane; and, by means of an Inſtrument; contrived tor 
that purpoſe, any ſpace or diſtance between two places, very re- 
mote, may be aſcertained, let the ground, between, be ever fo 
regular, interſperſed with Hills and Vallies; in which caſe, it 
muſt be obſerved, that the meaſure, ſo obtained, is not the real 
Diftance between thoſe places, which can only be meaſured by a 
Right Line (ſee Def. z, and 4.) and which is impoſſible to be had 
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be ever ſo apparently level, it is not a Plane, but a portion of a 
Sphere; 
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Sphere; and conſequently, the meaſure, by an Inſtrument, .over 
the Sruface, is the meaſuie of an Ark of a Circle, of which the 
Chord Line is the true Diſtance. (See Def. 22.) | 

This convexity of the Earth would be obvious, to- ocular con- 
vition, if its Surface was regular. In a perfect Calm, when the 
Surface of the Sea is at reſt, it is diſcernable, that a Ship at a 
diſtance, in going from Land, will gradually appear to deſcend ; 
the Bottom or Hull of the Veſſel will ſoon be lolt to fight; and, 
by means of 'Tcleſcopes, the Sails and Rigging of the Ship may 
be ſeen, when the Hull is apparently funk in the Water; which 
alone, is ſufficient conviction, to any thinking Perſon, of the 
Earth's rotundity. 

Now, although it is poſſible to meaſure a ſmall portion of the 
Farth's Circumterence, with tolerable accuracy, it would be im- 
»2zble to meaſure the whole; becauſe it is, in no part of it, en- 
ticely circumſcribed with Land; and there is no dependence on 
the meaſures taken at Sea; therefore it is impracticable, for ſeve- 
ral reaſons, to obtain its true Circumference by actual meaſure- 
ment. 
it is eaſy to conceive, that two Right Lines or Poles erect- 
ed perpendicular to the Earth's Surface, at any tolerable diſtance 
{rom each other, are not parallel between themſelves; becauſe, 
WT the Earth, being a Globe, or globular, every Right Line or 
lane, which is perpendicular to its Surface, would, it produced, 
W pas through its Center. Conſequently any two Right Lines, 
which are perpendicular, would, it produced, form an Ange at 
n Center; which Angle, is greater or lels in proporzion to the 
W c: lance of the Perpendiculars from each other (ſee Art. 1. Theory 
o Plane Angles.) Hence .it is plain, from what has been faid, 
hat nothing more is required, than to determine the Angle 
which two Perpendiculars would form at the Earth's Center, ac- 
We cording to the Diſtance between them. 


= Suppoſe a ſmall portion of the Circumference (which may be 
Wgicprelented by the Circle FG II) bs meaſured, from B to D, 
gere the Earth is as nearly on a level as poſſible. (By a ſmal} 

portion, I would not be underitood to mean leſs than two or three 
egrees, or about 200 miles.) Is | 
Let AB repreſent a Pole, or Stile, erected perpendicular to the 
WP lorizon, at B; it will conſequently, tend to the Center, at C. 
os the Ark BD being meaſured, due North or South, and 
WE other Pole, DE, erected perpendicular to the Horizon, at D, it 
|! alſo tend to the Center, C, making an Angie, ACE, with AB, 
be whole myſtery is to determine that Angle. 


Fim the immenſe diſtance and magnitude of the Sun, in re- 
ed of the Earth, its Rays, and conſequently the Shadows of 
ect, ca the Earth, are projected in Right Lines, parallel 
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Wonyit themſelves, 
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the farther the point K is from the Perpendicular CI. 
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It muſt alſo be obſerved, that this operation can only be yy, 
formed at or between the Tropics ; becauſe, the Sun is never Ver. 


C— 


1 tical beyond they. Su ppoſe the Perpendicular AB to be ercg., 


When it is in the Meridian of that place 
ithe Shadow of AB will be projected u. 
wards C, the Center of the Earth, for », 
Shadow of it can be projected on the Sd 
face, the Sun being perpendicular over i:. 
At the ſame Time, any other perpendiculy 
Line, as ED, at a great diſtance from 4}, 
will caſt a Shadow, as DF, in proporticy 
SO: to the length of the Perpendicular DE. 


—— 


Now, becauſe ED is perpendicular to FD the Angle EDP; 
a Right one. (Def. 11.) Wheretore, the meaſure of ED being 
known, and the length of the Shadow DF taken, DF being con- 
ſidered as a Tangent, and DE the Radius, the Angle DEF is de. 
termined, by Tr:gonometry ; or, by a Scale of equal parts, mak. 
ing a right-angled Triangle of the two given Lines, ED and DE 
(Prob. 13.) which will give the Angle DEF. 

But, EF is parallel to AB; and E DC is a Right Line 
cuting them both; wherefore, the Angle ACE is equal to CEF 
(Th. 4.). Therefore, the Angle, at C 1s determined. 

Now the Angle BCD being known, which, ſuppoſe equal ty 
and a half or three Degrees; then, as ſo many Degrees is to 300 
ſo is the Ark BD in Miles, &c. to the whole Circumterence; by 
the Rule of Three, or Proportion. 

Or, having deſcribed a Circle of any Radius, and made an 
Angle BCD, equal to DEF, which a Ray of Light makes wit 
the Perpendicular DE (Prob. 4.) it will intercept a portion ot he 
Circumference, BD, which being taken in your Compaties (be. 
ginning at B or D) fee how oft it is contained in the Circuntc- 
rence FGH ; which, multiplied into the number of Miles, mei- 
red on the Ark BD, will give the mealure of the Earth's Circuu: 
ference, in Miles, | 


Hence it is alſo evident, that, if a large portion of the Ear“ 
Surface was a Plane, inſtead of being ſpherical (of which let FU 
be a Section) we ſhould,, at any diſtance from I, where a Righ 
Line, CI, from the Center, is perpendicular to FG, appear ® 
if on a declining Plane; and the farther from the point |, tle 
greater will be the inclination ; inſomuch, that in going fron | 
towards F or G, we ſhould ſeem as if climbing an aſcent ; making 
at K, the acute Angle LKG, with the Plane FG. For, a Peri 
ſtanding upright at K, would tend towards the Center C, in tit 
direction LC; and conſequently, would be more inclined to I, 
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HE ſecond Book of Elements treats cf the properties 

or powers of Right Lines, divided at pleaſure, and 
otherwiſe, It generally ſeems, at firſt, ſomewhat ſtrange 
and obſcure to beginners, who are unacquainted with Men- 
ſuration; but, if they carefully obſerve the inſtructions, I 
have given, concerning Rectangles, all difficulty will ſoon 
vaniſh, The method or manner of Demonſtration, is, in 
the firſt eight Theorems, both ocular and mathematical; it 
is alſo, in the ten firſt, numerical, and does not admit of the 
leaſt doubt to any, who are tolerably verſed in the funda- 
mental rules of Arithmetic. 

It is of eſpecial uſe in attaining a knowledge of the pro- 
perties of the Circle, as contained in the third Book. For 
which reaſon, I adviſe the young Student, not to pals it over 
ſlightly and with indifference, but to digeſt it carefully, and 
be ſure he underſtands it perfectly; the ten firſt particularly, 
before he advances further; elſe, he will frequently be obli- 
ged to turn back ta them. Therefore, I adviſe him to get 
them by Heart, fo, as to be clearly certain of the power of 
a Line, ſo and ſo divided, whenever it occurs in the courſe 
of this Treatiſe; it will greatly facilitate his purſuit of the 
remainder, and fave him ſome trouble, | 

This ſecond Book treats alſo, more fully, of the Theory 
of Triangles, in general; ſhewing, as in the right-angled, 


the proportion which the Square of any Side of a Triangle, 


of apy ſpecies, has to the Squares of the other two; by which 
X means, 


— — 
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B, 
means, the Perpendicular, and, conſequently, the Area oi 
any Triangle may be obtained by calcylation, in Number,, 
by the meaſures of the Sides only, the Ferpendiculars deing 
otherwiſe unattainable. Likewife ſome other propertics of T) 
4 riangles and Parallelograme, which are nat in Euclid. 

I have made no alterations in this Book, nor abridge. 
ments; but have added ſome very elegant Theorems. The 
Demonftrations, in general, as well in the other Books xz 
this, I have made as brief as is conſiſtent with perſpicuity, | 
and the nature of Demonſtration. di 

RECTANGLES and SQUARES : are already defined, 2 
(Sce Def. 34, & 35, in the general Introduction to Geometry.) 

A Rectangle, or tight-angled Parallelogram, is faid to be 25 
under, or contained under two Lines, which are the me- 1 
fures of its Sides: £ pa 

lf a Right Line be any how divided, 4 

| X * 5 as AB, in C, the Rectangle AC Br 

1 ol BCA is the ſame; and ſignifies a ReQ- ; D 
angle under the two Segments, AC &, 
T [ie ACXCB; as X. 
2 5 B But the Rects. ABC. and BAC, are 
* different from that, and from each other, 
3 if the Line be divided unequally. 
+ OY | ABC £7 ſignifies a Rectangle under 
— the whole line, AB, and the Segment, 
A BC, or ABXBC; as Y. 
FT X And, BAC means one under the go” 5 
| line, AB, and the other Segment, A 
9 3 or BA AC; as Z. 
The middle letter i is e twice meant, 4 


AXIOM. ReQang! es or Squares, contained under equi 
KRigh L nes, are equal. 

As V and X, under the Line a b, eq. AB, and bc, cq 50. 

And the Squares Y and Z, under cd, equal CD. 


1 
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N 


HO NM I. 
The Rectangle contained under any two Right . ine 
is equal to all the Rectangles, under cir! ter | ine 
and the ſeveral Segments of the other, divided in- 
to any number of parts, at pleature, 


Let AB and Z. be the two given Lines; and let AB be 
divided, at picaſure, in E and F. 
I fay, that ZXAE+ZXEF+ZxFB 2 = * 


AB multiplied into Z. Pritam 


On the Line AB, conſtruct the Ree. 
angle ABCD, whoſe Sides A D and BC 
are each equal to — = = Pr. 7" he ® | D ' 
Through E and F, draw EG and FH, | 
parallel to AD and BC; dividing the Rect. 4 | 
ABC intò three Ret. AG, EH & FC. 


UI 


4 


MN 
II = 
| 


Dem. Now, becauſe AD and BC are both equal to Z Con 
EG and FH are alſo equal Z.- - - Th. 15.2 . 
For, ABCD is a Rectangle, by Conſtrucion; 
wherefore, AG, EH and FC are Rectangles. 
But, the Rect. AC=all the Re&s. AG, EH &% FC- Ax.2. 
and the Sides AD, EG, FH and BC, are each equal Z. 
Therefore, ZXAE+ZxEF + Z<FB= PZ AB, 


— — - 


In Numbers thus. 


Let AB repreſent, by ſome Seale, 12 Feet, or any other 
meaſure z and, let Z be equal 8 of thoſe Parts, 
Let the Segment, AE be 3, EF 4, and FB 5. 


Then; the Rect. AG, i. e. ZN AE; or 8X4, 224. 4 
＋ the Ret. EH, i. e. ZX EF, or 8 x 43 232. 61 
+ the Re&. FC, i. e. EZ X F B, or 8x5,=40. 
= the Ret. AC; i. e. ZX AB, of $x12=96. 

X 2 Cos. 


«| 
4 
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Con. If the two Lines are divided into Parts, at pleaſure; 
the Rectangle under the two whole Lines, is equal to al} 
the Rectangles under the ſeveral ſegments of both Lines, 


THEOREM II. 


If a Right Line be divided, any how, into two parts; 
the Rectangles under the whole Line and each 
Segment, are equal to the Square of the whole Line, 


5.6 1 3.6 | 
SEL RL Let AB be divided, at pleaſure, in E. 


I ſay, that ABXAE+ABXEB=ABXAB, 
i. e. the Square of AB, 


On the given Line, AB, deſcribe the Square 
ABCD; and, through E, draw EF, paral: 


; 1 lel to AE. 


Dem. Now, ABCD is a Square; by Conſtruction; 
wherefore, AD, and BC are, each, equal to AB- Def. 35, 
And AEFD, EBCEF, are Rectangles. (Con.) 
wherefore EF is equal to AD, or BC; - - 15. 1. 
But, the Square ABCD= the ReQtangles AF, FB -Ax.3, 
Therefore, ABXAE + ABXEB=ABXAD, or AB g. 


In Numbers, let the whole Line, AB, be 9g; 
and Jet it be divided in AE 5,5, and EB 3,5. 


Now, the Rect. AF, i. e. ABXAE, or 9* 535» 4955 i pd 
+ the Rect. FB, i. e. ABXEB, or 9x 3,5, 315. Fo 
= the Square AC, i. e. ABXAB, or 9x9, = 81,0. Whow 
N. B. This Theorem is only a particular caſe of the forme! 7 by v 


viz. when the two given Lines are equal; and might have been 
a Corollary to the firſt ; but I was not willing to break the order 
of Euchd unnecetlarily, 5 

| THE O- 


— 
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THEOREM III. 


| 1 a Right Line be divided at pleaſure; a Rectangle 
under the whole Line and either of the Segments, 
is equal to a Rectangle under the two Segments, 
added to the Square of the Segment, firſt taken. 


I fay; that ABX BE AEX EBIT EB. 


Conſtruct the Rectangle AB CD, under 
W the whole Line AB and the Segment EB; 


Let AB be divided in E, 2.2 


6 and draw EF 1 to AD. D 1 


peu. The Rectangle AEF D added to the Square EBCF 
is equal to the Rectangle e =, At. 4; 
But, the Rect. AF is under the Segments AE, EB, (eq EF) 
2nd, FB is the Square of EB, the Segment firſt taken, 
Th. ABXEB (or ABE) = AEXEB (AEBr52) +EB ro 
Alſo, ABXAE=AEBC3+AED, of the leſſer Segment. 


Let the whole Line, AB be 10,5 ; let AE be 4, & EB, 6,5. 
Then, the Rect. AF, i: e. AEXEB, or 4x6,5=26 
+ the Square FB, i. e. EB EB, or 6,5*6,5=42, 42,25 
= theReR.ABCD, i.e, AB x EB, 0r10;5x6,5=68,25 


N. B. I have given this Line, in Numbers, fractional ; 


5. | ; and alſo divided the former, fractional-wiſe, in order to 
- bew, that it will hold true in Numbers (as in Lines) any 
| bow divided; which, I adviſe the young practitioner to try, 
ormer; 'r various fractional divifions, if he be converſant in Deci- 
8. "2s; it will be of ſome ſervice, and make him more per- 


| {ec in the whole Theory of this ſ:cond Book. 
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If a Right Line be divided at pleaſure; the Squares 
of the two Segments, added to two Rectangles ur. 
der the Segments, are equal to the Square of th: 


whole Line. 
— BAD 

FEE te | Let AB be the given Line; divided, 2 
/ pleaſure, in E. 
RT Then will the two Squares of AE & Eg 
GH 1 H added to two Rectangles under AE & Ez, 
be equal to the Square of AB. 

| | On AB, conſtruct the Square ABCD, 

and draw EF parallel to AD. 

Make AG equal AE, and draw GH parallel to AB, 


Den, Then, becauſe ABCD is a Square (Con.) the Sid: 
AD, DC, & BC, are each equal, to AB; and the Angle 
A, B, C, and D are all Right ones. < Def. 3; 
Wh. ſince AG was made equal to AE, GD is equal to EB, 
But, GH is parallel to AB, and EF is parallel to AD; 
wh. HC, and FI, IH, and FC, are each equal to EP. 
EI and GI are, for the ſame reaſon, each equal to Ak. 
And, the Angles AEI, IHC; AGH and IFC, are each 
equal to ABC, and ADC. - - - 2. Th. 4. 
Wherefore, AEIG and Hor: are Squares of AE and £3, 
and GF, EH are Rectangles under the Segments AE & U 
And, they are all equal to ABCD, the Square of AB-Ax.! 
Therefore AEN TEBQ +2 AEXEB = ABU. 


Let the Line AB be 8, divided at E, in 5 and 3. 
Then, the Square GE, i. e. AE Q, or 5x& 5 5 
the Square FH, i. e. EB 0; or 3* 3, 
+ two Rect. GF & EA. 2 AEBC7, 2. 5 * 3,2 
= the Square ABCD, i. e. AB , or 8x8, 80 


if 
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Con. If a Line be equally divided, the Rectangle under the 
Segments is a Square, and is equal to the Square of ei- 
ther Segment. 

Hence, the Square of a whole Line is equal to four 
times the Square of half the Line. 4X4X4=8 x 8,=64. 


THEOREM V. 


if a Right Line be biſected, and alſo cut unequally 
at pleaſure; the Rectangle, under the two unequal 
parts added to the Square of the intermediate part, 
i. e. the difference between the equal and unequal, 
is equal to the Square of half the Line. 


Let AB be cut equally in C, and unequally in D. 
Then, the Rectangle under AD and 


Sides DB, added to the Square of CD, is equal 

nele; to the Square of AC or CB, k 1 

1 On CB, half AB, deſcribe the Q CBEF. 

D Draw DG parallel to CF; make DH 7 | 

1 = equal DB, and draw K H parallel to © — 0 : 

b. Az, and AK parallel to CF. 

erh Dru. Now CFEB is a Square (Con. ) and AC=CB- Hyp. 
- 4 RS wh. BEZAC (Ax. 3.) & AK, Cl, are cach =DH-Def. 7. 
dE, But DH=DB (Con. ) wh. AK & CI are each DB-Ax. 3. 
& 5 Iz. the Rect. AKIC is equal to the Rect. DG EB. - Ax. 
Add, to both, the Rect. FD; &, AI+FD=FD+GB - 6. 


but Al ID, eq. AH, AD BO, & FG Hl is the of CD; 
for, DG is parallel to CF, and are each equal to CB-Con. 
| = alſo, KH is parallel to AB, and CI is equal to DB; 
=; RE conſequently, IF and GH are each equal to CD.- Ax. 7. 
= | Th. the Rect. AH + the Square FH=the Square CFEB.- 2. 
,- Bl j. e. ADXDB+CD AC, or CB g. K 
Let 


„ 
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Let the whole Line AB be 16; AC=CB each =>; 
let CD be 3, and DB 5; then AC+CD, =AD, =11, 
Then, the Rea. AH, i. e. ADB Q, or 11 5255 

+ the Square FH, i. e. CD Q, or 3x3= 9 

= the Square CFEB, i. e. CB N, or 88204 


THEOREM VI. 


Tf a Right Line be divided into two equal Parts, any 
then produced at pleaſure, or another Line be 
added; the Rectangle contained under the whol: 
compounded Line and the Part added, together 
with the Square of half the given Line, is equal 
to the Square of the half Line and the Part added, 

8 in one Line. 


F E 


Let the given Line AB be biſeQcd in C, 
and let BD be added to it, at pleaſure, 


1 


1 ſay, the Rectangle ADB added to Ch 
D Square is equal to the Square of CD. 


On CD, deſcribe the Square CDEF; 
and on AD the Rectangle AELD ; by drawing AK pa- 
rallel to CE, and KL to AD, making DL equal to BD. 
Draw BG parallel to DE, and join FD. 


Du. The Rea. AI=IB (Ax.) and IB=GL (19. 1.) 
therefore, Al is equal to Gl. Ax. 3. 
Conſ. the Rect. AI+IB+BL=IB+BL+GL - Ax. b 
And, if to both, be added the Square IFG H, of CB. 
The Rea. AKLDTITGHSC FED. Ax. 2 
i. e. AD BC, or ADXDB+CBo=CcDga. 0 


$4 Or it may be demonſtrated as the foregoing. 
W Produce BA, and make AZ equal to BD. 

W Then is ED biſeQed, in C, and uncqually cut, in B. 
BR herefore, the Ret. EBD, under the unequal parts, 
qual ADB) i. e. EB BD, CBA CDA. 


Let AB be 12, biſected in C, AC, 6, and CB, 6, 
and let BD, the part added, be 4. 

hen, the Rect, AK LD, i. e. ADñD * BD, or 16 4= 64 
the Square IFGH, i. e. CB, or 6x 6= = 36 
; = the Square CFED, i.e. CD, or 10x 10=100 


THEOREM VII. 


Fa Line be divided, equally or unequally, at plea- 
ſure; the Square of the whole Line, added to the 
Square of either Segment, is equal to two Rec- 
S tangles, under the whole Line and that Segment, 
together with the Square of the other Segment. 


Let AB be divided, any how, in the point E. # OF E 
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Then, the Square of AB, added to the 4 
Wuare of AE, is equal to two Rectangles un- N n 


Ag and that Segment, added to the Square 835 
EB, the other Segment. 


— — 


parallel to AD; make AG equal AE, and 3 


| Wc{cribe the Square ABCD; through E, Sag f 


aw GH, parallel to AB; and join Ac. TE F 


Fu. The Rect. DI=IB (19. 1.) add GE toboth; & DES B 

But, the Rectangle DE + GB=DI+1B +2GE; - Th. z. 

pnd, if FH, i. e. the Square of EB, be added; 

ey are equal to the Square ADCB+GE. - Ax. 2. 
n. the Rectangles DE, GB, are under the whole Line, AB, 

ad the Segment AE; for, AD=AB and AG=AE-Con. 
berefore 2 BAN AE AEB N =AB oO +AE, 

Alb, DH+FB4LGE=DB4Ft; 

rA BECQ TAE OY Q+EBDQ. 


Let 


F 
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Let the whole Line, AB, be 8; let AE be 3, and EB ;. 
Then the Square ABCD, of AB, i. e. . Tf 
＋ the Square AEIG, of AE, i. e. 3x 3= /3 


But, the two Re&.DE,GB, i.e. 2 AB AE, 8x 3=48 


+ the Square IF CH, of EB, —— 5X52; 
| is alſo =73 


THEOREM VIII. 


If a Right Line be divided, any how, in two Parts; 
four Rectangles under the whole Line and eitke 
Segment, added to the Square of the other Sc. 

ment, 1s equal to the Square of a Line, com. 
pounged of the whole Line and the Segment firſt 


taken. 


9 M Let AB be divided, at pleaſure, in C; 


and, if CB be the Segment taken, 


K make BD equal to BC. 


Then, four Rectangles under AB andC3 
added to the Square of the Segment AC, 
S will be equal to the Square of AD. 


On the whole Line, AD, conſtruct the Square AEHD, 
Draw CF and BG, parallel to AE; make Al equal AC, 
and AL equal to AB, and draw IK, LM, parallel to AD, 


Dem. Now CF & BG are parallel to AE; & IK, LM, to AD 
wherefore, FG, GH, HM, & MK, &c. are each equal Ch; 
conſequently, FP, GM, OQ, and PK are equal Squari, 


And, EO, LN, NB, and QD are equal ReQangles, 
But the Rect. EO+FP=ABCTC9, or ABx BC. 


Conſ. the four Rectangles EO, LN, &c. added to the fout 
Squares FP, GM, &c. are equal to four times ABXBC; 
and, if the Square IC (of AC) be added, they are 1 
| equal to the Square AEHD, of the Line, AD, con- 
pounded of AB and the Segment CB, equal BD, - Ax. % 
i. e. 4ABC Q or 4 times ABx BC+AC Q=ADo 
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Let AB be q, divided at C, in 6 and 3. 
and if BD be equal CB, then AD will be equal 12. 


Then, the Rect. ABC, or ABXBC, i.e. 9x 327. 
Conſ. 4 Rectangles, ABXBC is equal to 108 
＋ the Square of AC, 6x6 = 36 


= the Square of AD, — 12x12 =144 


THE 0-R-E.M. K 


W 1f a Right Line be divided, into two equal and two 
8 unequal Parts; the two Squares of the unequal 
Parts are, together, double the Square of half the 
Line, together with the Square of the intermediate 


Part, 


Let AB be biſected in C, and cut un- E 

equally in D. | 
Then, the Square of AD, added to the 

Square of DB; is equal to twice the Square 

© of AC, added to twice the Square of CD, 

W the difference between AC and AD. . 


Draw CE perpendicular to AB, and equal to AC or CB. 
Join AE and EB, and draw DG parellel to CE. | 
Through G, where DG cuts EB, draw FG parallel to AB; 
and, laſtly, draw AG, 


Dem, Now ſince ACE is a right Angle, & CE is equal AC, 
the Angles CAE and AEC are half right. - C. 3. 10. 1. 
And AEQ=ACoO+CEn; i. e. equal 2 AC CH. -20. 1. 
for, ACE is a Right Angle, and AC CE. - Con, 
And, becauſe CG is a Rectangle, FG=CD; 
and FE is alſo equal CD; for EFG is a Right angle ; 

FEG (eq. FEA) is half right; th. the Angle FEG=EGF 
conſequently, FE is equal to FG (equal CD) C. 3. 9. 1. 
and EGO =EFoO +FGon,=2CDO. - 20. 1. 

| 4 Now, 
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Now, AEN =2 AC ; and EGo=2CDo- abone 
But AEG is a right Angle, and AGO=AEDO +EG q; 
i. e. equal 2 ACN +2 CDA. 

Alſo, AG H g/ ADH DG; for ADG is a right Angł. 
And DG DB; for, GDB is a right Angle; 

and DBG =DGB, equal CEB, half a Right one. - 4. . 
Ih. AG Q, eq. AED EG N, i. e. eq. 2 AC 2 CD, 
is alſo equal to ADQ+DB, equal DG, . 
Therefore, ADOQ+DBOQ=2ACoO+2CDn.Q E.b, 


WB ook | 
WD £1. 
the 
And 


Let the whole Line AB be 14, divided equally, in C, 
and cut unequally, in D, in 9 & 5; AC 7, CD 2, & DÞs, 


Then, AD N, i. e. 9gxg9=8S1 | | 
| | 33 — 106 But 
+ DB a ZXZ—25 and 
— 22 106. | 
+ cb 2X2=4 537 K The 


THEOREM X. 


If a Right Line be biſected, and then produced at ples. 
ſure; the Square of the whole compounded Lire, 
together with the Square of the additional Par, 
will be double the Square of the half Line and the 


Part added, together with twice the Square of thx 
half Line. | 


het AB be biſected in C, and let BD be added 


I fay, that the Square of AD added to the 
Square of BD, is equal to twice the Square 


of CD, added to twice AC Square. | ut, 
6 4 5 


Make ACE a Right angle, & CE eq. AC. b T 
Compleat the Rectangle CEFD, ad 
produce the Side FD. 


Draw EB, cuting FD in G; and laftly, draw AE & AG. 
| Dev, 


P. H. ELEMENTS or GEOMETRY. 165 


ru. Then, becauſe ACE is a R. Angle, {con.) & AC=CE 
F the Angles CAE and AEC are half Right. - C. 3. 10. 1. 
And, for the ſame reaſon, CEB and EBC are half right. 
And, becauſe CEFD is a Rectangle, EF=CD ; 
and ſince EG is a Right Angle, and FEG (eq. DBG, 
eq, EBC) is half right, FGE is half right.. Ax. 3. 
wherefore, PG g FE, eq. CD; and DG=DB -C. 3. 9. 1. 
Now, ſince ACE is a right Angle, and CE g AC 
AECnOzACO+CEm,; i.e. equal 2 AC Square. - 20. 1. 
W Ani, EGO,=EFO+4FGo ; i. e. equal 2 CD. 
But, AEG is a K. Angle; for AEC, CEG are half right. 
W wi AGO,ZAEO +kG 0; i. e. equal 2 AC G ＋2 CDN 
W But, ADG is a R. Angle; conf. AGO ADT DG; 
and, fince BO=SDG, BD DGA: Ax. 
BE Therefore, ADQO +BDOQ=2ACo+2CD n. 


| ; This Propoſition may alſo be demonſtrated as the former, 


: Let the given Line AB be biſected in C and let BD be added; 
alſo make AZ equal BD in BA produced, 


| | hen, becauſe ED, is biſected in C and cut unequally in B, 
$>0+BDDO=2CDon+2CBon. 
ut EBZAD; for AE was made equal to BD. 


f Let AB be 12 ; divided, in C, equally; and let BD be + 


When, the Square of AD, i. e. 16x 16=256 


the Square of BD, 41 42 16: * 
, the Square of CD, IOxIOZIi00 
the Square of AC, 6x 6= 36 

=} 1.36 x 2==272 


T HE O- 


Fu. :Bo+BDao (eq. W 


* - - LOS 
—— —_— » 
= —— — — 
— ä——[—— — — — — 
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THEOREM X. 5 


To divide a Right Line, in ſuch wiſe, that the Reg. 
angle under the whole Line and one Segment, ſal 
be equal to the Square of the other; conſequent); 
the greater Segment, 


ii 


S 
/ 
— 


8 OY 


AB is the Line given, to be divided, 


Tt is required ſo to cut AB, in C, ti 
the Rectangle, ABC, under the whole Lin 
AB and the Segment BC, ſhall be equal u 
B the Square of AC, 


At the extreme A, draw AD perpeni 
cular to AB. 
Make AD equal AB, and biſect it in E; join EB, 
Produce DA. Make EF equal EB, and AC equal to Af. 
Then is AB ſo divided, in C, that ABXBC=ACo, 


Compleat the Squares ADHB and AFGC, and produr 
GC tol. 


DEM. Then, becauſe AD is biſected in E, and AF is add, 
the Rea. DFA, i.e. DEXAF+AEO=EFqn.- Thi 
But, EF=EB; wh. EF H EBM; i. e. eq. AB HAU 
Conf. DF x AF AEN ABNT AENA. | 
Take AE i from both, and there remains DFX AF ARC 
But, the Rect. DIG F. is under the whole Line DF, | 
the Segment AF; and AD HB is the Square of A; 
wherefore, the Rect. FI the Square AH ; and if the kW 
ADIC, which is common to both, be taken away, tl 
is left the Rect. CIHB equal to the Square ACGF, 


j. e. the Rea. ABC, or ABXBCT=ACD. 
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W This Propoſition cannot be exemplified in Numbers ; 1. e. the 
W..int C. cannot be found, nor the proof aſcertained arithmetically ; 
tor there is no Number, whatever, can be ſo divided, that the 
| product of the whole Line multiplied by one part, ſhall be equal 
Ito the Square of the other. 

Therefore, a Line ſo divided is incommenſurable. 


TOHEzezOo0NGNT AH 


which ſubtends the obtuſe angle, exceeds the ſquares 
of the other two Sides, by two Rectangles, under 
either Side containing the obtuſe Angle, and the 
part intercepted between the obtuſe Angle, and a 
Perpendicular, let fall from the adjacent Angle, to 
the ſame Side, produced, | 


Az is an obtuſe angled Triangle. 
Produce the Sides AB and CB; and to them, 
Wraw the Perpendiculars AE and CD. 

I fay, the Square of AC exceeds the 


In an obtuſe angled Triangle, the ſquare of the Side 


| quares of AB and BC, by two ReQtangles A 
\BD, or CBE. 


and ADO=ABon +BDoa+2 ABDCOI - - - - - 4+ 2. 
wherefore, ACQ=ABo +BDo+CDao +2 ABD. 
But BC A is equal to CD oa +BD N. 
Therefore, AC N = ABo + BC o + 2ABDro. 

In the ſame manner, AC may be proved equal to 
ABO+BCo+2CBE Rectangles. 
Conſequently, the Rectangles ABD and CBE are equal. 


THE O- 


Peu. Firſt, AC Q is equal to ADOQ+DCQD. - - 20. 1. 


—C 9 
— ow 
= 2 


— —— 
cn —ů 2 
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CTHEOREM. XUL 


In every Triangle, the Square of the Side ſubtendir, 
an acute Angle, is exceeded by the Squares of th: 
other two Sides, which contains the acute Ang] 
by two Rectangles under either of thoſe Sides, 1 
a part of it, intercepted between the acute Angl, 
and a Perpendicular, let fall from the oppoſite Ang]: 


— 
= a .--j- -- « - 


— — — 


— 
* — = = 2 ” 
— 2 — > — - E — 0 — 
— > — — F — — aw 
== — — — 


nt — * 


4 
1 
f 
4 
\ 
. 
mt: 
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1: 
. 
LT l 
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In the Triangle ABC, draw a Perpen. 
dicular, CD, to the Side AB. 

Then, the Square of AC, is exceeded hy 
the two Squares of AB and BC, by tuo 
Rectangles, ABD, under the whole Side, 
AB, and the Segment BD. 

And, ABOQ+ACO=BCo+2BAxAD. 


Dru. Firſt, AB = ADN TDB 2AD BQ. Th. 4 

And, BC H CDT DB. - - - 201, 
Wh.ABo+BCo=ADo+DCo+2DBoa+2ADEn 
But, ADBCo+DB Q=ABDcea. - <- - -. Thx 
conſequently, 2 AD BQ 2 DB = ABDc3. 
wherefore, ſubſtituting theſe for the other ; 
then, ABQ+BCoa=ADa+DCno+z2ABDcOI. 
But, Ac ADA ADJ... 20. 1 
Therefore AB HBC HS ACN 2 ABD, 


Secondly, thus, more briefly, when an Angle is obtuſe. 
Produce either Side, AC, and from B draw BE perpen- 
dicular to it. | | 

Now, ABO=BCo+ACo+2ACEC 
Add, on both ſides, the Square of AC. 
Then ABN AC =BC + 2AC Nr 
%% . 
8 But, 2ACEC142ACoO=2EACt ; 
- 8 . e III. 

| Therefore, AB ACH BCN 2 AEXAC. 
From which it is obvious, that the Rect. BAD EAC. 
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By the firſt method it may be demonſtrated ; that the ſquare of 
BC, is exceeded by the ſquares of AB and AC; by two Rectan- 
vies BAD; and by the ſecond, the ſquares of AB and AC, ex- 


ceeds the ſquares of BC, by two Rectangles EAC; therefore the 
Peftangle BAD is equal to EAC. 


£ SCHOL. From theſe two Theorems it is evident, that if the ſquare 
1 of one Side of a Triangle excceds the /quares of the other tauo, the 
ole Aigle Jubtended by that Side, and contained my the other bo, is ob « 
o tie; and, if the ſquare of one S:dez be exceeard by the ſquares of 
gle . the other two; it ſubtendi an acute Angle; conjeauontly, when the 


* 


Square of one Side is, equal to the ſquares of the other tio, the An- 
gle it ſubtends 33 a Right one, | 


Cox. Hence, the Perpendicular, and conſequently the A- 
rea of any Triangle, may be found or obtained, by the 
meaſure of the Sides only. 


las the Tri. ABC, Ac +BCn =ABo +2ACxCD. 
Wherefure, Ac u +BCao —ABo =2 ACX CD; by Th. 


\D, i. e. if AB uu be ſubtracted from the ſum of AC a +BCn, 
the remainder will be two Rectangles, under AC & DC. 

1. 4. Wherefore, if half that Product be divided by the Side 

. J. AC, the Quotient will be the Segment DC. pe 

Br But BC] =BDa 4DCn. Or, ABa =ADa +BDa: A 
wherefore, BC DEM BD. 20. . 

J. 3. Conſ. having ſubtracted the ſquare of DC from BC g, 


or of AD from ABO, the remainder will be the ſquare 
of the Perpendicular BD, the ſquare Root of A. 
gives the Perpendicular required. | 

By the ſame means, either of the other Perpendicy- 


. I lars, AE or CF; may be found. FR 


. * 


2ndly. When the Perpendicular falls without the Tri- 
angle, from the acute Angles of an obtuſe angled Triangle, 


tuſe, 
it is thus found. 
den⸗ 3 N oo 
In the obtuſe-angled Triangle Ag C, let fall the Perpendicular 
F BI) to the Side AC, produced, 
= 
| Then, ABa AC +CBoa+2ACxcCD. - - - Th. 12. 
0+ Wherefore AB H ACHT CBS 2 ACxCD; 
0 half of which Sum being divided by the Side AC pives CD. 
X. Us 


But, CBa=BDe +CD (20. 1.) wh. CBo —CDo =BLa, 
the ſquare Root of which gives the Perpendicular BD, 


A | THE O- 


* 
| 


| yt 
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THEOREM XIV. 


In every Parallelogram, the ſum of the Squares of the 
two Diagonals 1s equal to the Squares of all the 


. 


Sides, together. 


Let ABCD be a Parallelogram. 


Draw the Diagonals, AC and BD; pro. 
1 duce the Baſe AD, and draw the Petpen. 


* 


D F diculars BE and CF. 


Dem. In the obtuſe angled Triangle ACD; 
ACo=ADnop+DCo+s2ADFioO - h. 12. 
And, in the Tri. ABD; BD Q@=AB o +AD ©—2DAEQT 
But, EBCF is a Parallelogram, wh. EF=BC. - 15. 1, 
and, AD=BC; wherefore AD EF Ax. z. 
conſ. AE=DF, ED being common; wh. ADF = DAEQ 
Therefore, as much as AC N exceeds AD © +DCgo, viz, 
by the Rect. ADF, twice; byſo much is BD N exceeded 
by AB TAD Q, eq. BC; viz. by2DAECO=2ADF, 
Th. AC +BDQ=ABo+BCo+ADa+DCo. 


1 : 


Ea Ret i ea Ia toda 


THEOREM XV. 


In Iſoſceles Triangles, the Square of one of the equal 
Sides is equal to the Square of any Line, drawn 
from the Vertex to the Baſe, added to a Rectan- 
gle under the Segments of the Baſe made by that 

ine. 
In the Iſoſceles Triangle ABC, if BD 

be perpendicular, it biſects the Baſe, and 
is evident; for ABA g= BDNATADN; 

i. e. ADC), or ADXDC. - 20. J. 
Let BE be drawn, at pleaſure. 


D . C I fay, the Square of AB is equal to BE 
„ Square, added to the Rectangle AEC. 


3 
4 
| 
1 
| 
4 
1 


* _ & 4 
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Dem. ABD is equal to BD ADG. 20. 1. 
and ADD is equal to AECC2+DEg. - - - 5.2, 
(for AC, is cut equally in D, and unequally in E). 

wherefore, ABG =BDoO+DEo +AECE. 

But, BEQRQ=BDQ +DEn. - - - 20. 1. 
Therefore, AB N =BE Q + AEXEB, or AEC. 


THEOREM XVI. 


If a Perpendicular be drawn from any Angle of a. 
Triangle to the oppoſite Side; the Squares of the 
Sides, containing that Angle, added to the Squares 
of the alternate Segments of the Baſe, are equal; 
and the difference between the Squares of the Sides, 
is equal to the difference of the Squares of the Seg- 


ments, b 


In Iſoſceles Triangles the thing is manifeſt, 
In the Scalene Triangle ABC, draw the 
Perpendicular BD. 


* 


Then, the Square of AB added to DC Square 
is equal to BC Square added to AD Square. 

And the difference, between the Squares 
of AB and BC, is equal to the difference, be- 
tween the Squares of AN and DC. 


Dem, For, AB =ADoO +BDn. A D 
And, BC n BD added to DC Square. 20. 1. 
for the Angles, ADB and BDC, are Right ones. - Con, 
Wh. AB a +BDO+DCnE=BCon+BDo+ADo. 
that is, AB ABC N, is equal to BCO ABA. - Ax. 3. 
Let there be taken, from both, BD Q, which is common; 
there is left AB ADC q equal to BC AD Q. 


2nd, AD HABA BD q; & DCM BCN —-BD GA. 
Therefore, AD a -DC SAB BCC N. 


f 


— 


a ol 0 
— .. rp we worry” — — — — * 


— — ——._ 
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Int 
CC THEOREM Xun. con 
An 
If any Side of a Triangle is biſected, and a Rip. Bu! 
Line be drawn from the oppoſite Angle to the bi. All 
ſecting Point; the Squares of the other two Side; a 
of the Triangle, will be equal to twice the Square Tt 
of the biſecting Line, added to half the Square of 
the Side biſected. 
Iſ the Trang be Iſoſceles, the thing is clear ; for the In 
Squares of the equal Sides, are equal to twice the Square dl 
the Perpendicular, added to twice the Square of halt the 
Baſe. 
Let the Triangle ABC be Scalene; let 
the Side AC be. biſc&ed in D; 3 and let 
BD be drawn, 
Then the Squares of AB and BC, to- 
gether, are equal to twice BD Square, f 
| added to twice AD or DC Square, 
N 3 15 Draw the Perpendicular BE. 0 
Deu. ABO=AEn+BEDO; and BCO=BEO+ECn, Wi © 
Wherefore, ABOQ+BCO=AEo+ECno+ BED. S 
But AE EC H= ADT DEM. - 9.& 10, 
Wh. ABG+BCo=2 AD HT2 DEA ＋2 BEN. 11 


But, BD 1 = BEA DE ©; conſ. z BD M = 2zBENN2DEO 
Th. AB HITEC Q 2 BDo+2ADn, equal ACD, 
or half AC d. Q. E. D. 


By this Theorem, may alſo be demonſtrated the 19th; 
viz, The Squares of the two Diagonals of every Parallel- 
gram, are equal to the Squares of all the four Sides. 


In the Par. ABCD (having drawn the Diagonals) through 
the Center, E, draw FG and HI; parallel to AB and A0. 
ly 

2 


13h; 
Ilelve 


rough 
AD. 
ly 
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latheTri AED, AE O+ED=2EFo+AFo+FDaA 
conf. AEQ+EDa=AHa+AFo+rDa+Din. 
And, BE +EC oO =HBp +BGo+GCo+cin. 
But, AE TECH SAC N; &, BEHEDo=iBDa. 
Alſo, AF O+FDo= :ADn; ;&AH+HBO=iABn. 
and, the Cs of BG, GC, CI, & ID=;3BC+:CDn. 
Th. AC H +BDoO=ADo+ABn+BCn+cDna. 


THEOREM XVIII. 


In any Trapezium, if the middle Points of two op- 
poſite Sides be joined by a Right Line; the ſum 
of the Squares of the two other Sides, together 
with the Squares of the Diagonals, is equal to the 

ſum of the Squares of the biſected Sides, added 
to four times the Square of the Line 3 Joining, the 
middle Points. 


” 
— 
— — — : 


Let the Sides AB and CD of the Trapez. 
ABCD be biſected in E&F; and draw EF. 


- 0 
— . a 
OO 09% — te oem 


I fay, the Squares of the twa Sides, AB and 
CD, added to four times the Square of EF, is 
equal to the Squares of BC and AD, together 
with the Squares of AC and BD. 

Draw AF and BF. 


Dem. Now, AF HBF N= AEZ EFH. - Th. 17, > 
and, ADQ added toACO=2 AFN added to 2FDn ; 4 
alſo, BC added to BD =2 BF N added to 2 FD. 

conſ. AD N added to AC N added to BC added to BDA 
is equal to 2 AF N added to 2 BF N added to 4 FDA. 
But, AF q added to BF Q =2 AE N added to 2 EFH. 
conf. 2 AF Q added to 2 BF =4 AED added to 4 EF Square, 
But, 4 AE Square is equal to AB Square ; 
and, 4 FD Square is equal to CD Square. - Cor. to 4. 
Therefore, ADoa+ACo+Bco +BDQ =ABn+ 
CDT 4FF Square, Q. E. D. 


A 


E L. E M E Nl T 8 
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G E OM ET R V. 


B O O K III. 


HE knowledge of the properties of a Circle is the ſub. 

ject of the third Book of Elements. As a Circle i; 

the moſt perfect of Plane Figures, the properties peculiar to 

it, are moſt extraordinary: ſome of which are really ſurpti- 
Zing, and are very extenſive in their application. 

The general Definitions of a Circle, and its attributes, 
are fo well known, and, as they are given in the General 
Introduction, in Def. 19, and the four following, it would 
be impertinent to repeat them here ; ſave only what are par- 
ticularly neceffary. The moſt ſelf-evident Propoſitions [ 
have reduced into Axioms, for the more expeditiouſly at- 
taining the knowledge of other, more eſſential, Properties. 

My chief aim, throughout the whole, being to render the 
Study of Geometry eaſy, and agreeable to young Students; 
for which end, I conſider, brevity, if clear, moſt conducive 
thereto ; and am perſuaded, that if the knowledge of the 
moſt ſimple properties of Figures can be attained, by any 
other means, Demonſtration is uſeleſs. 

If a perfect knowledge of all that is contained in the 
Axioms of this third Book, be not acquired, by a bare re- 
cital, and inſpection of the Figure, I ſhall pronounce that 
perſon's capacity inſufficient, to purſue the Study of the 
more ſublime properties of the Circle; and, if they are 


clearly evident without, of what uſe is Demonſtration ! 
Ee Where 
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Where the truth or evidence of an Aſſertion cannot be per- 
ceived, otherwiſe, Demonſtration is abſolutely neceſſary 

but, where the evidence of ſight is ſufficient, the other is, 
in a great meaſure, uſeleſs, 

There are ſome critical Geometricians who will not admit 
of any thing without Demonſtration ; although they cannot 
but acknowledge many Propoſitions to be ſelf-evident truths. 

It would, perhaps, be no eaſy matter to give geometrical 
E Demonſtration, that all Right Lines drawn from the Cen- 
ter of a Circle to the Circumference are equal ; at the ſame 
time, no Perſon of common ſenſe can deny it, who knows 
any thing of the Figure, and geneſis of a Circle. If, there- 


4 fore ſomething mult be given or granted, why not others, 
ls W which are as clear and ſelf-evident ? for my part, I freely 


3 own, I can ſee no reaſon againſt it; and have, therefore, 
2 purſued. the readieſt method for attaining the end aimed at; 
W viz. to acquire a knowledge of Geometry in the moſt eaſy 


and familiar manner poſſible, by diveſting it of all that is 
eral nl: 

my W ſuperfluous and unneceſſary; I mean unneceſſary Demon- 
25 : ſtration, of what is clear without it. 

11 I think it, however, neceſſary to apologize for the liber- 
* ty | have taken in abridging it. Inſtead of 31 Theorems, 
* in this third Book, according to Euclid, I have no more 
the than 15, from Euclid ; the reſt are diſpoſed of in the man- 
11 ner following. 

ive The 2nd, the 5th and 6th, the roth and 1 3th, are made 
the Axioms, 

any The gth is a Canallare to the 5th. 


The 18th and 19th are Corollaries to the 8th; and the 
zd and 24th may be deduced from the 3rd. 
The Iich and 12th are both included in the 7th. 

The 26 and 27th are the 2nd Corollary to the gth ; the 
8th and 29th, Corollary 2nd of the 3rd ; and the 37th is 
he 3rd of the 16th. 

The fix Problems are in Practical Geometry. 
DEF I- 
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DEFINITIONS. 
For the definition and geneſis of a Circle, ſee Def. 16 


and 20, in the General Introduction. 


DEF. 1. E VAL Circus are ſuch as have equal Diane. 
ters or equal Radii, 


2. Circles are ſaid to cut one another, when their 
Circumferences croſs or interſe& each other in 
two Points. A and B, 


3. Circles are ſaid to touch, when their Circum. 
ferences meeting, cither internally or externally 
in any part, they do not cut each other. 

* As X and Z touching in the Point E. 


4. A Tarcexr. A Right Line is called a Tan. 
gent, when, being in the ſame Plane with 1 
Circle, it touches the Circumference, only, 
without cuting it. As ABinB. 

And, the Point B, in which it touches the 
Circle js called the PoixT or ConTacT, 


5. A SECANT is a Right Line, drawn from any 
Point without a Circle cuting the Circumfe: 
rence in two Points. As AD, inC and D. 


6. ASECMENT, of a Circle, is any portion of i 
Circle, cut off by a Right Line; which is call 
a CHoRD LINE, or SUBTENSE. 
As AB making two Segments. 
If the Segment be greater or leſs than a Semi- 
circle (ACD or AED) it is called a GREAT E 
or LESSER SEGMENT. 


7. The Angle of a Segment, is a the mixed Auge 
which is contained under the Chord Line and! 


portion of the Circumferenee. As ABC or ABE, 
The 
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The Angle of a greater Segment is obtuſe, of f 
a leſſer Segment it is acute. 


8. An Angle in a Segment is that which is con- 
W tained by two Right Lines, drawn from each 
extreme of its Baſe, or Subtenſe, to any Point 
in the ark of the Segment. As ACB or ADB. 


G 9. Similar Segments are ſuch as contain equal 
Angles, or whoſe Angles are equal, 


b 10. A SECTOR of a Circle, is comprehended between B 
= two Radii or Semi-diameters, and an Alk, or 
= portion of the Circumference, intercepted be · 
B tween them. As AC, CB and the Ark AB. 
BY Hf the Radii AC, CD contain a Right Angle, 
it is called a QUapRaAxT; as ADC. 


ir. An Angle in a Circle is ſaid to inſiſt or ſtand upon an 
= Ark of the Circumference, which is oppolite to the An- 
= gle; or that portion of the Circumfereace below the 
$ the S Chord Line. ; 
: The Circumference, or curved Line which bounds a 
Circle, is concaye towards the Center; and, exterually it 
js conyex. 


A:X-1 0 M$ 


= The Six Axioms, or ſelf-evident Propoſitions, which fol- 
low, contain properties of a Circle which are neceſſary to 
be known, previous to the Demonſtration of the Theorems 
W which follow after. 1 call them Axioms, becauſe they are 
ſelfevident; but fince that will not, by ſome, be altowed, 
acbitrarily, 1 have endeavoured to illuſtrate them, and to 
make the truth appear clear and manifeſt, 


A 2. Axiom 


| 
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Axiom 1ſt, All Lines drawn from the Center of a Citele to 
the Circumference are equal. As EA, EC, &c, 
For, they are all Radii or Semidiameters, 


2nd. Two or more Diameters, of a Circle, mu- 
tually biſect each other. | 
For they all paſs through the Center; conſe. 
quently, they are biſected, in the Center, 
As AB and CD, in the Point E. 


zrd. Circles, in the ſame Plane, which cut, 
touch each other, inwardly (outwardly it is ma. 
feſt) have not the ſame Center. | 
For, if they have the ſame Center, and equal 
Radii, they muſt agree in every part. And, if 
they have the ſame Center, and unequal Radii, 
they are parallel Circles, and can neither cut 
nor touch each other, in any part; for they are, 


every where, equi-diſtant. As AB, and CD, 


4th. Circumferences of Circles cut each other in 
two points only. | 

For, if it were poſſible to cut, or touch only, 

in three Points, A, B, & C, each of the points of 

Section, will be equally diſtant from the Center 

of each Circle; and conſequently they will have 

the ſame Center, which is contrary to the id. 


th. A Right Line joining two Points (A and B) 
in the Circumference of a Circle, falls entirely 
yithin the Circle. This is manifeſt. 


For if not, the Curve of the Circle, ACB, muſt coincide 
in ſome entire part, with the Line AB; which is contrary 
to the 19th Definition, in the General Introduction, and the 

Geneſis of a Circle, in N. B. Def. 20. ; from which it i 
manifeſt, that the Curve of a Circle cannot fall in with a 
Right Line, in any part, it being uniform in every part. 

SY 6th. Cit- 
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bth. Circles touch each other, or a Right Line, 
in one Point only. 


Me, © 


1. For, if the Circles, AD and BD, touched / \ 
inwardly, in more than a Point, as at D, the | Z 0 
Curve of the leſſer Circle, AD, muſt coincide in | f- $6 
ſome part, entirely, with the curve of the larger | * J 
Circle, BD, which, from the geneſis of a Circle, LA 
cannot be; ſeeing, they have unequal Radii, 

CD and ED; which produce different Curves, 


according to the Radius, which cannot, in any 
Part, fall into each other (for if they did they "ER % 
muſt coincide entirely in ſome part) therefore, A 
they touch each other but in one Point. | 


2. If the Circles, A and B, touched outwardly, in 
more than a Point, they muſt cut each other ; 
or their Circumferences will be a Right Line, 
in ſome part, as CD; which cannot be, for, 
it falls within both Circles ; by the 5th. 


3. The Circle, B, touches the Right Line, EF, 


but in one Point, at G. 

For, if it touched in more than a Point, it muſt co- 
incide, in ſome entire part, with the Right Line EF, 
which cannot be (Def. 19. and 20.) 

If any other Line, ab, be drawn between the Line EF 
and the Center, it will cut the Circle in two points of its 
Circumference, and the part, a b, of that Line falls with- 
in the Circle; by the laſt. 


As this Property of Circles can only be known ſpe- 
culatively, I preſume, that, what I have ſaid is as con- 
victive, and ſatisfactory, as any Demonſtration whatever. 


A a 2 THE O- 
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THEOREM. I. 3. Eu 


If a Right Line, drawn through the Center of | 
Circle, biſects a Chord Line, not drawn throug) 
the Center, it will cut it perpendicularly, 


- In the Circle ADB; let the Right Line 
DE paſs through C, the Center, dividing the 
Chord Line AB into two equal parts, at k. 


| 


Th 


I Gay, the Lise DE will be perpendicula 
to AB. 
From the Center, C, draw CA, CB. 


/ 
B 


F . 


Deu. The Triangles ACE, ECB are equilateral and cqui- 
angular to each other. 
For, CE is common to both; ARE g EB, Hy. 
and AC is equal to . = = Ax, 
Wh. becauſe AC=CB the Angle CAE=CBE.- Th. 9. 
Alſo, the Angle AEC=CEB. - - - = = 8.1, 
conſequently, they are Right ones, = - C. 2.1.1, 
Therefore, DCE is perpendicular to AB-Def. 10. & 11.1. 


Con. 1. A Chord (AB) being biſected by another Right 
Line, at Right Angles with it (in E) the perpendicular 
Line, (DE) will paſs through the Center of the Circle, 


Cor. 2. A Perpendicular drawn from the Center of a Circle 
to a Chord Line, biſects the Chord; and alſo the At 
of that Chord, As AFB, in F. 


Hence, a Right Line, or an Ark of a Circle, is biſeCted, 
Prob. 8th, 


T H E O- 
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THEOREM II. 4. Euclid, 


W; in a Circle, two Chord Lines cut each other, and 
are not both drawn through the Center, they can- 
not biſect each other, 


Let AB and CD be two Chord Lines 
ing each other, in E. 
W If one of them, CD (Fig. 1.) paſſeth 
Wcough the Center, it is evident, that 
cannot be biſected by the other, AB, 
Which does not paſs through the Center, 
If neither of them paſſes through the 
enter, one of them may be biſected, but both cannot. 


| hen. For, if AB (Fig. 2.) is biſected, in E, a Right Line, 


Vin be perpendicular to Ag. Th. 1. 
conſequently, AEF & FEB are Right Angles.- Def, 10. 1. 
And, if CD be alſo biſected, in E; 
Pk is, alſo, perpendicular to P). Th r. 
BS Wherefore, CEF and FED are Right Angles. - - Sup. 
But, AEF, FEB are Right Angles. = - proved. 
W conſequently, CEF, FED are not Right Angles.- Ax. 2. 1. 
bor it is evident, that one is greater and the other leſs. 
"irc: Therefore, CD is not biſected in E. Q. E. D. 


Alk 


ed, 


THE Q- 
; 0. 


E, joining the Center, F, and the point of Section, E, 
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THEOREM III. 14Iuy 


Equal Chord Lines, in a Circle, are equally dif, 
from the Center; and Chord Lines which 
equi-diſtant, are equal. | By 


Let AB and CD be equal Chord Lines; 
the Circle ADB. 
I ſay, they are equally diſtant from Mi 
Center, E. wv 
From E, the Center, draw EF and 1: 


perpendicular to AB and CD; and join A, 
EB, EC, and ED. 


Dru. Now, AB is equal to CD, by the Hypotheſis, 
and AE, EB, EC, and ED are all equal. Aa: 
wh. the Triangles AEB, CED are congruous. - Def. vi 
(for, they are cquilateral, to each other, by Con{trudiuM 
conſequently, they are equiangular, = - - 8 
And, being alſo Iſoſceles, the Angles at A and B, Ci 
D, are all equal amongſt themſelves. - - - 9: 

Now, ſince AB & CD are biſected in F& G, AF=I 
Wherefore, in the Triangles AFE, EG, the Sis 
AE, AF, are equal to ED, DG, reſpectively; F - 
and they contain equal Angles, FAE=EDG. - prow | 
Therefore, EF is equal to Es. 


2nd. AB and CD are two Chord Lines, equally di 
from the Center of the Circle ADB. I ſay, ABS Poin 


— 
© > q : 
—_— — = — — 
— 


Draw the equal Lines, EF, EG, perpendicular w 
and CD; which will biſe& them, in F and G.- Cors 
Draw AE and ED. 5 


Du. Becauſe AE ED, AEQ=ED on; &, EF 2E 
But, AE H AF NEF N; &ED oO =EG 46 
conf. AFQ+EF HS EG o+6GD o; wh. AF HEN 
Therefore, AF=GD (Ax. B. 2.) & conf, AB=CD-4::5 
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The ſecond Part of this is the converſe of the former ; 
hich, I ſhould have made a Corollary to it ; but on ac- 
unt of the different manner of Demonſtration ; by the 
ſt, of which, Euclid demonſtrates both. 


Wor, 1. Fqual Chord Lines, in the ſame or equal Circles, 
ſubtend equal Angles at the Center. 


iner For, ſince AB=CD, and AE, EB, EC, and ED are 
an equal, the Triangles AEB, CED are congruous ; 
om OW ont. the Angle AEB SC CED. - — - - 7. Is 
= And, ſince equal Circles have equal Radii, the Angles 
nd b Wwhich equal Chords ſubtend, in equal Circles, are alſo 
in AL 3 equal, 
| . 2. Equal Chords, in the ſame or equal Circles, ſub- 
= end equal Arks, and cut off equal Segments, And, 
AL! equal Arks have equal Chords, ; 
"I AB=CD ; and, fince EF=EG, if EF and EG be pro- 
ruin 


Wd uced, to H and I, FHS GJ. Ax. 7.1. 
ad, fince EF and EG are perpendicular to AB and CD, 
"Sh: Arks AHB, CID, are biſected, in A and I.-C. 2.1. 
Wherefore, the Triangle AH BSH CID; 

ie Arks, AH, HB, CI, and ID, are all equal, and the 
hole Ark AHB is equal to CID. - Ax. 5.1. 
For, if AB was applied to CD, being equal, they 
ould perfectly agree; the Point A with D, and B with 
also, the Point H would agree with the Point I, and 
WE cry other Point, in the Ark AHB, with a correſponding 
int, in the Ark CID; conſequently, the whole Ark, 
B, would coincide with the Ark CID; therefore the 
nt AHB=C.D; and, conf. DAHC=ADIB. 


The fame may be ſaid of equal C.rcles, having equal 


j by adit, 


T HE O- 
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THEOREM IV. 15. Foce 


A Diameter is the greateſt Right Line, which can E I 
drawn in a Circle; and, of all other Chord Lines 
that is the greateſt which is neareſt to the Center, 
Let AB be a Diameter, and E the Co. 
ter of the Circle CDG. 
Cd and FGare Chord Lines, at differs 7 
diſtances from the Center. 
2 ſay, that AB is the greateſt; and FG, 
the fartheſt off, is the leaſt of the three, 
Draw the Perpendiculars EH and {|, 
to CD and FG, from the Center, 
Dem. Becauſe FG is farther from the Center than CT J 
El is greater than EH. (3.) Make EK equal te Ek. 
Draw KL, perpendicular to EK, and produce LK to; c 
and, laſtly, draw EL, EM, EF, and EG. a 
Now, becauſe EH is equal to EK, and are perpend- a 


cular to CD and LM; LM is equal to CD. - Th. 
But AE+EB (eq. LEA EM) is greater than LM. - 13! 
Therefore, AB is greater than LM, i. e. than CD, eq. 8 


2nd. In the Triangles LEM, FEG, the two Sides LE, E 
are equal to the two Sides FE, EG, and the Angle LEI 
is greater than FEG. 
Therefore, FG is leſs than LM; i. e. than CD, ohi N 
is equal to LM. Cor. to 8. 


«% 
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THEOREM V. . Euclid. 


If any Point, except the Center, be taken within a 
Circle, and, from that point, divers Right Lines 
be drawn to the Circumference; the greateſt of 
thoſe Lines is that which paſſes through the Cen- 
ter; and, the leaſt is the remainder of that Line, 
produced to the Circumference. 

Of all others, drawn from that Point, that which falls 
neareſt to the Line, paſſing through the Center, 
is greater than the more remote ones; and, but 
two equal Right Lines can be drawn, from that 
Point, to the Circumference. | 


Let A be the Point aſſumed, in the Circle ; 
EFG; from which draw AB, AD, AE, &c. ® 


Firſt; AB, which paſſes through the 1g! 
Center; C, is greater than AD, or AF, or 
any other Line, which can be drawn from 
the point A, Draw DC. | 8 ' 


Du. In the Triangle ADC, the two Sides, AC, CD, 


are greater than the remaining Side, 1 13. I. | 
But, CD is equal to CB, - - „„ .. | 


whetefore, AC+CDZAC+CB, i. e. AB. - Ax. 6. 1, 


Therefore, AB is greater than AD. > | 


2nd. AE is the ſhorteſt Line, which can be draven from 
the Point A. Draw any Line, AF, and join FC. 


Then, in the Tri. AFC, AF+AC is greater than CF. 
, .. 
Wh. (taking away AC) AF is greater than AE-Ax. 8.1. 
B b | 3rd, That 


186 ELEMENTS or GEOMETRY. 
3rd. That Line is the longeſt, which falls neareſt to AB. 


In the Triangles ADC, AFC, AC, CD are equal to AC, 
CF, reſpectively; for AC is common, & CD=CF-Ax,, 
But, the Angle ACD is greater than ACF. - Ax. 2, 1. 
Therefore, the Side AD is greater than AF, - Cor. to8, 1, 


If 


4th. No more than two equal Lines can be drawn, from 
the Point A, to the Circumference. 


For, ſince AF is proved leſs than AD, and AB greater, 
every Line which can be drawn, from A, between D and 
F, will be leſs than AD, and between B and D greater; 
wherefore, no other equal Line can be drawn on that 
Side EB, | 

Make the Angle BCG=BCD; (Pr. 4.) and draw AG. 
Then, becauſe the Angle BCG=BCD, GCAZACD. 
For, BCG + GCA=BCD + DCA. - Th. 1.1. & Ax. 9, 
And, becauſe CG=CD, and AC is common z 
we have AC, CG, reſpectively equal to AC, CD; 
and the Angle ACG=ACD ; therefore AG=AD -8. J. 


| dr 
And, as no other Line, equal to AG, can be drawn on 
that Side BE; conſequently, no more than two equal | 
Lines can be drawn from the ſame Point, A, to the Cir« Bi 8 0: 
cumference, | pa 
D 


Cor. Hence it is evident, that, if from any Point in a 
Circle, more than two equal Lines can be drawn to the 
Circumference, that Point is the Center. 


THE O- 
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THEOREM VI. 8. Euclid. 


If from any Point without a Circle, Right Lines are 
drawn to the concave part of the Circumference 
that which paſſes through the Center, is the great- 
eſt; and that Line which falls neareſt to it, is 
greater than that which is more remote. 


nd WS Circumference ; that is the leaſt, which, if produ- 


Of thoſe, which fall upon the convex part of the 


er; 4 ced would paſs through the Center; and that Line, 
nat A which falls neareſt to it, is leſs than any other, fur- 
5 ther off. And, no more than two equal Lines, 
, : can be drawn from any Point, without the Circle, 
7 either to the convex or concaye part of the Cir- 
cumference, 

| = Aſſume the Point, A, at pleaſure, and 
I. draw AB, AD and AE. 
on 
ual = Firſt; AB which paſſes through the 
"irs Cebnter, C, is greater than AD or AE, not 

paſſing through the Center. Draw CD. 
| ben. Then, in the Triangle AC P, the two Sides AC, 


the cob are greater than AD. - - - Th. 13. 1. 
But, CD CB zwherefore, AC CB, i. e. AB,=AC+CD; 
conſequently, AB is greater than AD. EE 


. znd. AD is greater than AE. Draw CE. 


Then, in the Triangles AEC, ADC, the Sides AC, 

CE, are reſpectively equal to AC, CD. Ax. 1, 

and the Angle ACD is greater than ACE. - Ax. 2. 1. 
O- therefore, AD is greater than AE. Cor. to 8. 1. 
7 9 Zrd. 


| 
"2 
| 
\4 
'1 
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3rd. AG is leſs than AH or Al. Draw CH and Cl. 
Then, in the Tri. ACH; AH+EC is greater than 40, 

But, GC is equal to HC, «= + Ax. 1 

wherefore, AC=GOC, i. e. AG, is leſs than AH- Ax. 8.1 


4th. AH is leſs than Al, which falls further from AC. 


| For, in the Tri. AIC, the two Sides, AI,IC, are preater 
than AH, HC, to any Point, H, within the Triangle -24,, 
But IC=HC; wherefore, AH is leſs than AL. - Ax. 8.1, 


5th. No more than two equal Lines can be drawn from an 
point (as A) without the Circle, either to the convex & 
concave part of the Circumference. 

For, ſince all Lines drawn from A, between G and, 
are leſs than AH, and between H and I, greater; no other 
Line, drawn on that Side AB, can be equa] to AH, 

But an equal Line, AK, may be drawn on the other Side 

80 likewiſe ; all Lines, drawn from A to the conca: 
Periphery, between AB and AD, are greater than AD; 
and between AD and AE, leſs; conſequently, no oth: 
Line can be drawn, on that Side AB, equal to AD. 

But,' if BF be made equal BD, and AF be drawn, 
AF is equal to AD. Draw CF ; which is equal to CI) 

For, the Angle FC BSB CD, by Confſtrudian, 
wherefore, FCAZ=ACD << - Th.1, 1. & Ax. 7.1 
Wh. in the Triangles ADC, ACF, the Sides AC, CI 


are reſpeQively equal to AC, CF; for CF, CD are Radi, 


and, the Angle ACD ACF, therefore AF AD - 8.1 

No other Line, equal to AF (eq. AD) can be das 
on that Side of AB; wherefore, but two equal Lit 
can be drawn from any Point, A, without the Circle, tt 
ther to the convex or concave part of the Circumtferen® 


Cor, The greateſt Right Line that can be drawn, fron 
Point without a Circle, to the convexity of the Ciccus- 
ference, is equal to the leaſt drawn to the concave fat 

For they unite in a Tangent to the Circle, at L. 


F 
2 
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drann 


touching each other, inwardly, in A. 


is the Center of the leſſer Circle, AB. 


duced, paſs through D, the Center of the 
other Circle, 
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THEOREM VII. 11. 12. Euclid. 


lt two Circles touch each other, a Right Line, join- 


ing their Centers, will paſs through the Point of 
contact of the two Circles. 


Firſt; let AB and AH be two Circles, 


| G 
Draw the Right Line AC; it will, if pro- 


If not; let any other Point, as E, be the Center of AH, 


and draw EC, cuting the two Circles in F & G, and join AE. 
Dru. Then, becauſe C is the Center of the Circle AB, 


CA is equal to CF. — * 
If CE be added to both, then CECF=CE4CA- 6.1. 
But, CE+CA is greater than AE. Th. 13. 1. 
and, EA is equal EG (by the Suppoſition). Ax. I. 
wherefore, EG is leſs than EF (the greater than the leſs) 
which is abſurd, and cannotbe. 

Therefore, E is not the Center of the Circle AH; 
conſequently D is the Center; and, the Right Line DC 


| paſſes through the Point of contact, A. 


zndly. AB and BH are two Circles, akin each other, 


outwardly, at B; C is the Center of AB. 


Draw the Right Line CB; which, if produced, will 
paſs through the Centec, D, of the other Circle, 


If it be denied, let E be ſuppoſed to be the Center of 


BH, and draw CE and BE, 
2 Then 
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Then, becauſe C is the Center of the Ci. 
cle AB, CF is equal to CB; 
and, if E be the Center of BH, EG=E}, 
Wherefore, CF + GE=CB+BE. - Ax. 6, . 
And, if FG be added to the former; CE, ite 
 CF+FG+GE, is greater than CB + BE, 
But, CB+BE is greater than CE- Th, 1, 
wherefore, BC+BE is both greater and 1: 
| than CE, which is abſurd, and cannot be. 
Therefore, E is not the Center of the Circle BH; 
conſequently D is the Center: and, the Right Line, C, 
joining the two Centers, C and D, paſſes through B, the 
; Point of Contact. 1s 


Cor. Circles touch each other, either inwardly or out- 
. . wardly, in a Point only. 


— 


THEOREM VIII. 16. Euclid. 


N If a Right Line be drawn, through the extreme point 
| of a Diameter of a Circle, at right angles with 
the Diameter, it will fall wholly without the Cir- 
- cle; and no other Right Line can be drawn, from 
the Point of contact, between the Tangent and 


LJ — . 
A == the Circle. 


Let AB be a Diameter, and DG a Right 
Line drawn at right angles with AD, 
through the extreme B. 

I Draw CD cuting D in DG. 


I fay, the Point D is without the Circle, 


o 


Dem. In the Tri. CDB, the Angle DBC is a right one; 
conſ. BDC is acute; wh. DC is greater than BC, + 12.1. 
But, the Point B, is in the C:rcumference. 
wherefore, the point D is beyond the Circumferenee-Ax. I. 
conſequently BD falls wholly without the Circle. 


Book III. EI. EME NTS or GEOMETRY. 191 


H. 


Or thus after Euclid, 

ö If BD does not fall without, it will cut the Circle; 

or ſuppoſe in B and E. Draw EC. 

1 Then, in the Triangle EBC, EC=CB; < Ax. 1. 
3 wherefore, the Angle CEB=CBE. 

A But, CBE is a right angle (Hyp.) conſ. CEB is a right one. 
leis And the two angles, CEB, EBC, of the Triangle CEB, 
7 are equal to two Right Angles. 

; But all the three Angles of every Triangle two R. angles. 
CD, Therefore, BE, i. e. BD, does not cut the Circle, but 
as muſt neceſſarily fall without.Uts 

out- ad. Let BE be drawn (if poſſible) between DB and the 

W Circumference of the Circle. 
Now, ſince CBD is a Right Angle, CBE is acute, 

oy Let CF be drawn perpendicular to BE. 


We Then, CF, ſubtending an acute Angle, is leſs than CB. 
WT But, the Point B is in the Circumference. 

conſ. CF does not reach the Circumference, - Ax. I, 
8 wherefore, the Point F is within the Circle. 
Tpberefore, the Right Line BE cannot be drawn between 
the Tangent, BD, and the Circumference. 


Fox. 1. A Tangent touches a Circle in one Point only. 
bor if it touched in two Points it would cut the Circle. 


$22. 2. A Right Line perpendicular to the Tangent, at 
the Point of Contact, paſſes through the Center. 


rele, on. 3. A Right Line drawn from the center of the Circle 
= to the Point of contact, of a Right Line touching the 
12.1. Circle, is perpendicular to that e 

Ny . 4. The Angle of a Semicicels | is a right one, 


For, it is greater than any right-lined acute angle. 


N.B. 


— 
— — 


—— u— — 
—— 


* — — = 
IF IC IG - 
— -u! ˙— V ˙ tt 
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N. B. The external Angle, made by a Tangent and th, 
adjoining Ark of the Circle, is leſs than any right-lined An. 
gle whatever. | 

For it has been proved, that a Right Line cannot be 
drawn, from the Point of contact, between the Tanga 
and the Circumference ; wherefore, the Angle GBH cans 
be made leſs by a Right Line, ſeeing it will cut the Circ, 
and conſeqnently make a larger Angle, at ſome other Py: 
in the Circumference. 

Yet may the Angle GBH be leſſened infinitely, by cut 
Lines; which is, apparently, a Paradox. 

For ſince the Angle of a Semicircle is Right, and th 
Tangent BG is perpendicular to the Diameter, AB, ther 
cannot be left any remainder of the Angle as a Complimen 
to it ; becauſe, the Compliment of an Angle is its deficien 
cy of a Right Angle; or (being obtuſe) to two Right Auge, 

Now, fince it has been proved that a Right Line can: 
touch a Circle but in one Point only; it muſt hold cquily 
true, in reſpect of a large Circle as of a ſmall one. 
Wherefore, if any other Radius, greater than BC, 
taken, as BI, and an Ark, Ba, be drawn, it is eien 
that the Angle G Ba is leſs than GBH. 

If a larger Radius, BA, be taken, and, on the Center 

an Ark, Bb, be drawn, the Angle GBb is leſs than GBz 

-notwithftanding, the Angles, ABH, A Ba, and AB, 
the ſame (by the 4th Cor.) and it- is evident, that if 2 "te 
larger Radius be taken, the Angle GBb may ſtill be gel Ci 

infinitely. | ; Nor 


SCHOL. Hence it is maniftf, that any Right Line, G Ht i g EB 
nitely divifible, by enlarging the Redias BA infinitely ; Ws 1! 
the Circumference of a Circle cannot coincide with two rung Id, t 


B and G, of the Right Line BG. 


* a 


erefo 
f dnſeq 


T H £ 08. 20 


I the 

A* THEOREM IX. 20. Euclid. 
I b n Angle, at the Center of a Circle, is double of an 
"OM Angle touching the Circumference, when both 
* ſtand on the ſame Ark. B 

Point 


In the Circle ABC, let AEC be an Angle 
its Center, and ABC is an Angle touch- 
Ws the Circumference; both ſtanding on the 
Due Ark AC. 

ay, the Angle AEC is double the An- 
ABC. 


Dia the Right Line BE, and produce it to D. 


curve! 


nd the 
, there 
Lime 


A 


eficiens 
An 3005 


Cannd. 


WE 1. In the Triangle AB E, becauſe the fide AE = EB, 

b the Angle A is equal to ABE ,- - - - - - 9g. 
Wt the external Angle AED= the Angle A+ABE- 10.1 
WT herefore, the Angle ABD= half the Angle AED 
o DBC S DEC; for the Triangle EBC is Iſoſceles. 
Won. AED AT DEC (i. e. AEC) twice ABD + DBC; 
3 e. equal to twice ABC. 


eGui.y 


BC, k 


evicell 


enter I nerefore, the Angle AEC is double the Angle / 
n Gb | | | 
Bb, 2d. When the Angle CEF, at the 

if 2 GON Enter, falls without the Angle CBF, at 


e leſca Circnmference, Draw BED, as before. 


Now, the external Angle, DEC, =ECB 
Be; (10. 1.) and ECB=EBC - 9.1 
WW crcfore, DEC is equal to twice DBC. 
4 d, the Angle DEF=E#B+EBF ; 
W-rcfore. equal twice DBF. 
Wnicquently, DEF—DEC, i.e.CEF, =2DBF —2DEC, 
F. 2CBF, Therefore, the Angle CEF is double CBF. 
Cece Code 


H, 1 i 
ſeeing 2 
% Po 
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Cor. 1, The Angle at the Circumference, ſtanding on ay 

Ark, is equal to an Angle at the Center, on half that An 

For, if the Ark AC be=CF, the Angle AEC SCE, 

But, the Angle AEC is double ABC, &, CEF double 

conſequently the Angle AEC (eq. CEF ABC, 

i. e. the Angle ABF, on the Ark ACF, is equal to AL, 
(or CEF) on AC, or CF, half that Ark. 


Cor. 2. In the ſame or equal Circles, Angles ſtanding u 
equal Arks, whether they be at the Center or at the (ir 
cumference, are equal to one another. 

This is evident from the laſt; for the Ark AC bein 
equal to CF, the Angle AEC=CEF; and, the Ang 
ABC (eq. half AEC)=CBF, half CEF. 

And, becauſe the Radii of equal Circles are equal, tk 
Angles on equal Arks, in equal Circles, are alſo equil, 
And converſely, equal Angles ſtand on equal Arks, 


THEOREM X. 21.Eud 


All Angles, which ſtand on the ſame Ark, or ari 
the ſame Segment of a Circle, and touching 


Circumference, are equal to one another. , 
| NR In the Segment ADC, the Angles AI | 8 
ADC, and AEC, are all equal. 11 


To the Center, F, draw AF and G are, 
C making the Angle AFC. E 


Du: Then, the Angle AFC, at the! 
ter, is double AEC, at the Circumfec De. 
For, they ſtand on the ſame Ark, AGC, or Chord, 

But the Angle AFC is double ABC, or any other Ang 

ADC, touching the Circumference. - 1 | 

Wherefore, the Angles ABC, ADC, &c. being each ela 

balf AFC, are, therefore, equal amongſt themſe1s 


Theory of Plane Angles, Art. 4. Page 23 
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on ally | 2 
nat A . Tf the Segment be a Semicircle, or leſs than a Semi- 
Ee circle, it may be demonſtrated after this manner. 

ble Cr | 

* AG C and AHC are Angles in a leſſer Segment, AGH C. 
1 * The Angle AIC (being external, in reſpeCt of the Trian- 


ples GAIL & ICE) = the Angle G -+ GAl; and alſo, 
W tw H+ HCl; wherefore, the Angle G+GAI=H+HCT. 
ting a But, the Angle GAl, i.e. GAH=HCI, i.e. HCG; above. 


the Ui 3 Therefore, the Angle AGC=AHC. Q. E. D. 

C bein A 2R. Right Lines, BC and All, joining the extreme Points 
e A of two equal Arks, AB and CH, in the Circumference 
of a Circle, fo as not to croſs each, are parallel. 
1ual, ten For, having drawn AC) the Arks AB, CH being equal. 
equal, RS the Angle BCA is equal to the Angle CAH. - C.2.9 
rks, Thbereſore, BC 1s parallel to AH, - - - Ih. 4. 1. 

Eucli 


T H E O R E. M XI. 22. Euclid. 


r ae 
ung all In every Quadrilateral, inſcribed in a Circle, the op- 


poſite Angles are equal to two Right Angles. 


es A ABCD is a Trapezium incribed in a Circle. 


I ſay, the Angles AandC, alfo B and D, 


and care, together, equal to two Right ones. 


Draw the Diagonals AC and BD, 


the (a | 

nferens | Du. Then, in the Triang. ABD, the Angle DAB-+ AB 
Ard, , added to BDA are equal to two Right ones. = 10.1. 
r AN; But, the Angle BCA = BDA; and ACD = ABD. 10. 


J Fi Wh.BCA+ACD, i.e. BCD, BAD S twoRightAngles 
ch e 
avs. : Cor. 1. Theexternal Angle, CBF, made by producing any 


1 Side, AB, of a Quadrilateral inſcribed in a Circle, is 
aua! to the oppoſite Angle, ADC; - by Theo. & 1. 1. 
2, Every Parallelozram inſcribed ina Circle is a Rectangle. 


——ĩͤů — 


LO 
2 —— —— ¶ rm — 
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THEOREM XII. 31. Euch 


An Angle, at the Circumference, in a Semicircle,; 


a Right Angle. obti 
» In the Circle ABCD, let AC bei 1; 
Diameter, and E the Center. Bs 

To any Point, B, in the Circumferene Ane 


draw AB and CB. E But 
I ſay the Angle ABC is a Right Arge 


Draw EB; the Triangles, AEB, BEC, | ; An 
are Iſoſceles. AE, EB, and EC being equi, An 


Du. Then, becauſe AE=EB, the Angle EAB=aB: WR >" 
and, becauſe EB=EC, the Angle EBC BCE 9g. T 
wherefore, the Angle ABC=BAC+ACB - - A, Nr: 
But, if one Angle of a Triangle be equal to the othe 


two, it is a Right Angle... - C.r.10.1 
Therefore, ABC is a Right Angle Q. E. D. An 
Or, if AB be produced, the external Angle CD: BARN: 
is equal to BAC + BCA - =>..." Th:16% 1 MW 
It may be otherwiſe proved, after this manner. Bm: 


Draw ED perpendicular to AC, and join BD. 3 

Now, the Angle AED is double the Angle ABD. = - 
And the Angle DEC is double the Angle DBC. Tt.9 Wi 
But, the Angles AED, DEC, are Right ones. Con. 
wherefore ABD, DBC are each half Right - C. 1. 10. , 
Conſ. ABC, i. e. ABD DBC, is a Right Angle. Fa 

Or, the Angle ABC at the Circumference, ſtanding 
on the Ark or Semi-circumference ADC, is equal to u 
Angle at the Center, AED or DEC, (which are Right Wl 
Angles) on half that Ark, - - - - - - Th.% p 
Cor, 
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W from this Theorem is'deduced that moit elegant and expeditious 
„ e cecchod for making a Right Angle, or drawing a perpendicular 
uc t the extremity of a Right Line; Prob. 10. Method. itt. 


Cle, i; ox. An Angle in a Segment, leſs then a Semicircle, is 


obtuſe; and an Angle in a greater Segment is acute. 


» bez 


ln the Segment AD Cg ſeeing that theAngleABC is right, 
Az, in that Segment, is acute. - - - - C3. 10. 1, 


rence, And, the Angle AGB + ACB=twoRight Angles - Th. 11. 
But ACB is acute; wherefore AGB is obtuſe, - Def. 13. 
Angle, 

f Turo. The Angle in a leſſer Segment excceds, and the 
BER Angle in a greater, is deficient of a Right Angle, by the 
<qui, WE Angle made between the Chord of the Segment and a 
— pr WT Diameter, drawn from either extreme of the Chord. 
Let AC be a Diameter, and ABC is a Right Angle, 
„ Draw two Chords, DC and EC, and join DB and EB, 
Other he 
10. 1 Then, in the leſſer Segment DBC, the I 


Angle DBC is greater than the Right 7 


. 
— — — 


CDE 
] 10. . 


Angle ABC, in a Semicircle. - Ax. 1. 
Hand the difference is the Angle DBA, 


W But, the Angle DRA=DCA.-Th. 10. 
berefotre, the Angle DBC, in a lefs 
ement, exceeds a Right Angle, by the Angle ACD. 


), 

Th. 

c. In the greater Segment ED BC, the 

10. Ingle EBC is leſs than a Right Angle ABC. 
ad, the deficiency is the Angle ABE, equal ACE. 

ni herefore, the Angle, EBC, in a greater Segment, &c. 

to u 

Right Wn 


THE O- 
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3 Let ABC be a Right Line, touching 
D Z Circle BDE, in B. 


ook 
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THEOREM XIII. 32. Eu 


The Angle made between a Tangent and a Rig; 
Line, cuting the Circle, drawn from the Points 
Contact, is equal to the Angle made in the . 
poſite Segment. | 


| Fs 


Draw at pleaſure, from B, the Chord3J 


any Angle made in the Segment DBE, 


/ / The Angle ABD is equal to DEB, x q 80 
And the Angle DBC is equal to DG} 


B AIT n the other Segment, DBG. a 
| = » 
Draw BF perpendicular to AC, and join FE, _ v 


DM. Now BF is a Diameter of the Circle. - C. « 
wherefore, FEB is a Right Angle T. 
But, ABF is a R. Angle (Con,) conſ. FEB=ABF, Ax, 

But, the Angle FED=FBD (10) Th. DEB=DBA,a 


| 'E e 
2nd. Let BG be the Chord of the Segment Gfl. 4 
Draw GE, making an Angle, GEB. f. 
Then, the Angle GDB (eq. GEB)=GBA ; as ahi \ 
And, the AnzleG+GDB-+DBG=two R. Angles. 88 
But, the Angle ABD+DBC= two Right Angles. - il 


and the Angle GDB (eq. GBA) +DBG =DBA, - 4x88 
Therefore the remaining Angle, DGB =DBO. =» Ax 


Or, in the Quadrilateral DEBG, the oppoſite Al 
DGB, DEB, are equal to two Right Angles. - Ti" 
And the Angle ABD +DBC=two Right Angles. - Wl 
But, the Angle DEB=DBA, (as above) Th. DGAF 


* 8 d 3 
T 1 
1 dy * 
1 
| = 4 
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THEOREM XIV. 33. Euclid, 


Eucly 

* 
a Rigk | : : 
Pointe Circles, if two Chord Lines cut each other; 


| the Rectangle, contained under the Segments of 
one Line, will be equal to the Rectangle under 


the Segments of the other. 


3 _ » u _— 
** $a Es ee eee es a 
nenn EN TR SIE 


F ſt. When both paſs through the Center, it is evident. 


For, the Rectangle under the Segments of each, is the 
Square of the Radius; conſequently they are equal. 


DBE. 
0 D288 EY, C 
Ind. In the Circle ACBD; if AB, 
$ paſſing through the Center, biſects CD, 
which does not paſs through the Center, 
in E; then, the Rectangle AEB, is 
Fj 2 equal to the Square of CE, or ED. 
p, I Let F be the Center. Dcaw CF. J 


eu. Then, becauſe AB is biſected, in F, and cut un- 
caqually, in E; AE Xx EB +EFO=FBAao —- 5. 2. 
Le CFG. CEUTEF C.. 20. 1. 
for, CEF, is a R. Angle (C. 2. 1.) and CF FB. - Ax. 1. 
Wherefore, AE X EB +EFq = ENA EF q. 


; - Take away from both, EF, which is common; 

- | 7 here remains AEXEB=CE 0. i.e. CTAEB=CICED. 
Ax. 

Ax, ji 


3rd. When 


= — — 


—— — 


ns — — "7 = - 
rr... 


” — * 


——— 


— —— 
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zrd. When, neither, of them paſſes through the Center, 
and, when neither is biſected, by the other. 


From the Center, F, draw FG xn 
FH perpendicular to AB and CD; an 
join AF, FD, and EF. 


Now AB"s Biſected in G, and cut unequally in E; 
wherefore, AE XEB+EGO =AGDOD 5. 
Add, on both ſides, FG; | 
then, AEXEB+EG o4+FG n,=AG o+FGrhns- As: 
BuEFoO=EGo+FGn;&AFo=AGo+ptGn-1 
Therefore, AE x EB EFH = AF u. 


After the ſame manner, it may be proved, that the 
Rectangle CED + EF © is equal to AF Q. 


For, CD is alſo biſected, in H, and unequally cut, in E. 
Wherefore, CEXED+HE O=HDo. Add HF o to both, 
Then, CEXED+HEn+HFao (equal EFA) 20. 
is equal to BDO+AFR ; i. e. equal FD. 
But FD=AF; wherefore, FDOG=AFn <= Ax. . 
conſequently, CE ED EFA AFN; (equal FDS) 
But, it was proved, that, AEXEB+EFeE=AF 0. 
Wherefore, taking away EF N, from both, 

there remains AEXEB=CEXED. - - Ax. 7.1. 
Or, the Rectangle AEB, equal CED. QE. D. 


4 


THE O- 
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enter, 


THEOREM XV. 


if two Chord Lines, interſe& at right angles; the 
four Squares, of the Segments of thoſe Chords, 
will be equal to the Square of the Diameter. 


And, the Squares of the two oppoſite Sides of a 
Quadrilateral, formed by Right Lines, joining the 
extreme Points of the Chords, are alſo equal to the 


Square of the Diameter, Sn 
2. 
f Let the Chords AB and CD cut 
x.6.1: . each other perpendicularly, in E. 
201 Then, the Squares of AE, EB, EC, Wy, 
* and ED, are equal to the Square of Al, | 
; the Diameter of the Circle. = 
t the From the Center, F, draw FG and FII 
parallel to the Chords CD and AB; and | 
1 join AF, and FD. 8 
in E. | | 
oth, Dem, Now, ſince AB & CD cut each other perpend, - Hyp, 


and, FG, FH, are reſpectively parallel to CD&AB - Con, 
FG and FH are penpendicular to AB & . 0:3 4.1. 
Then, AB is biſeQed, in G. (1. 3.) and cut unequally, in E. 
wherefore, AEQO + EBA = 2AGO+2GEnQ; = 9. 2. 
allo CEOn+EDoG=2FHmp:HDo - - - . fame 
Wh.AE+EB+CE+ED qo =2AG+2GE+2EH+2HD © 
But GFHE is a Parallelogram, by Conſtruction. 
wherefore, FH=GE, and FG=EH <- - = = 15.1. 
Conſ. the Squares of the four Segments, AE,EB,CE,&ED 
are eq. to the Squares of AG, GF,FH & HD, twice taken. 
ButAFO=AGH +GFn; 'FDO=FHO +HDo-20.1 
conf. 2AF 42 FD H= 2AG+ 2GF+ 2FH+ 2HDn 
Wherefore, AE+ EB+ CE+ EDGE =2AFa + 2FDo; 
ie. =4AFqo; for, AF is equal to FD, 

Dd But 
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But four times At 0 =AIn; i. e. of the Diameter. 4.1 
Th. the Squares of the four Segments, AE, EB, CE, & EU, 
are equal to the Square of the Diameter, 


2nd. Having joined the extremes AD, DB, AC, and CB. 
Then, the Squares of AD and CB, together, are equal to 
the Squares of AC and DB together. 
For, ADOG=AE O+4EDoq; and,CBoO=CEn .iEBr 
But, ACO=AEa+tCcCa; and DBo =DE o+EBg 
therefore, ADG+CBO=ACon+DBn 


conſequently, each is equal to the Square of the Diameter, 


This extraordinary property of the Circle is otherwiſe demon. 
ſtrated by Mr. Stone; which, notwithitanding it is indiſputably 
true, does not carry with it that poſitive conviction ; in ſo much, 
that, a young Geometrician would be ſomewhat at a loſs to 
perceive it, It is as follows; 


; Becauſe, the Angle AED, is a Right one, the Angles EAD, AD, 
are equal to a Right Angle (32.1.) wherefore the Arks, AC, DP, 
on which they Rand, are, together, equal to half the circumference 
of a Circle (26.3.) 

Therefore, becauſe the Angle in a Semicircle is a Right Angle, 
the Squares of AC and DB are equal to the Square of the 
Diameter (47.1.) And, becauſe the Angles at E are Right Angles, 
the Squares of AE and EC are equal to the Square of AC, and 
che Squares of DE, EB, equal to the Square of DB, Theretere, 
the Squares of AE, EC, DE, & EB, are equal to the Squares of AC 
& DB; which, were proved equal to the Square of the Diameter, 


Therefore thoſe four Squares, are equal to the Square oi tut 
Diameter. 1 ; 


The References are, in this Demonſtration, according to Euclid. 


SHOL: 7 is worthy of obſervation, that, as, in a Semicircl:, the 
Sides contain ng the Right Angle are two Chords perpendicular t0 
each other, and are equal to the Square of the Diameter; fe te 
Squares of the Segments of all Chords which cut each other at 
right angles, are equal to the Square of the Diameter. 
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THEOREM XVI. 3. Euclid. 


If, from any Point without a Circle, two Right 
Lines be drawn, the one a Tangent, the other a 
Secant (i. e. one touching the Circumference, the 
other cuting it twice) the Rectangle, under the 
whole Secant and the external Segment (between 
the Point, aſſumed, and the Circle) will be equal 
to the Square of the Tangent. 


A is the aſſumed Point. 

Let AB, touch the Circle, CBD, in the 
Point Bz AD is a Secant, cuting the 
Circumference in two Points, C and D. 

Then, the ReQangle DAG is equal to 
the Square of AB, | 

Firſt, when AD paſſes through E, the Center of the Circle, 


Draw EB, from the Center to the Point of contact. 


Deu. Now, becauſe CD is biſected, in E, and CA is 
added to it; ADxAC+CEO=AEgG <- - 6.2 
and, AEQ =ABQ+BED. - - - - - 20.1 
For, ABE is a Right Angle C. 3.8 
wherefore, AD Xx AC ACE N = AB T BEN. 

But, BE=CE; conſequently BE =CE N. - Ax. B. 2 
wherefore, AD x AC TCE =ABo +CEn. 
Take CE © from both, there remains DAC ABN. 


EY Dd 2 2nd. When 


— — — 2 - — 
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and. When 8 Sant falls on either fide of the IE 


Ai * ws Ka From the Center, E, draw EF perpen. 


dicular to the Secant, AD, or AD, and join 
the Points CE and EB. 


Then, becauſe EF is perpendicular to 
"72. CD, CDis biſecteg inF. - . 
And, becauſe CD is biſected, in F, and AC is added; 
ADXAC+CFn=AFqn (6. 2.) Add EF & to both; 
Then, ADXAC+Cr o+EFo=Alo+EFo-Ax+. 
But, CF H A EF H CE; „ 
and AFO+EFO=SAED. - - Th. 20. 1 
whereſore, AD x AC + CEN =AE 0; 
i. e. equal to AB HT BED, . 20. 
But, BE = CE; wh. AD ACT BEN =AB on +BEn, 
And, if BE N be taken from both, 
there is left AD x AC= ABN. Q. E. D. 


Cor. Hence, it is evident, that the Rectangles under every 


Right Line, cuting a Circle, from the ſame Point without 
the Circle, and the external Segment, are equal, 


The Rectangle DAC DAC; for, they are each equal 
the Square of the Tangent, AB, 


2nd. If from the ſame Point A, without a Circle, two Right 


Lines AB, AB, are drawn, to the Circle, one on each 
ſide, touching the enen thoſe two Tangente 
are equal, 

For, AB HY AB, being each equal to the Rect. D AC 


But, equal Squares have equal Sides ; 


conſequently, AB is equal to AB, = « Ax. B. 2 


2rd, it 
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4, If from any Point, without a Circle, two Right Lines 
are drawn to the Circle; one of which Lines cuts the 
Circle, and the other meets the Circumference, in ſome . 
Point only; and, if the Rectangle under the whole Secant 
and the external Segment, be equal to the Square of the 
other Line, that other Line is a Tangent to the Circle, 
and touches the Circumference in that Point. 


J 


THEOREM XVII. 


from any Point, in the Diameter of a Circle, there 
be drawn two Right Lines to the Circumference; 
one perpendicular to the Diameter, the other to 
the middle point of the Ark of the Semicircle 
the Squares of thoſe two Lines, together, will be 
equal to half the Square of the Diameter. 


Let AB be a Diameter, C the Center, and D the Ry 
Point of the Semicircle, ADB. 

From the Point E, draw EF, per- 
pendicular to AB, and join ED. 


I fay, the Squares of EF and ED, toge- 
ther, are equal to AC Square twice taken; 
i. e. to half the Square of the Diameter, AB, 

Join CD and CF. 


Dru. CFo=EFO+ EC F "208 
wherefore, EF N ＋ EC H = AC ; for AC = CF. 
But EDO =CDna +ECn; and DC SCF AC. 
Conſ. EDO—ECoO=EFo+ECn; i. e. = ACD, 

wherefore EFG +ED o = =CFo+CcDo. 

Therefore, EF n ED =2ACn;i.e. = AB x AC. 
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THEOREM XVIII. 


If from the Vertex of an equilateral Triangle, con. 
ſtructed on the Diameter of a Circle, a Right Line 
be drawn cuting the Diameter; and, from that 
Point, another Line be drawn, perpendicular to the 
Diameter, cuting the Circumference ; the Square; 
of thoſe two Lines, together, will be equal to the 
Square of the Diameter, 


From C, the Vertex of the equilateral Triangle ACP, 
on the Diameter AB, draw CD, at pleaſure, cuting the 
Diameter in D; from which, draw DE perpendiculat 


to AR. 


J ſay, that the Squares of CD, DE, to- 
gether, are equal to the Square of AB, 

If CD be drawn perpendicular to AB, 
as CF, it is manifeſt, 

For, CFA FG (equal AF) g AC 
(equal AB) q. 20.1 

Let CF be drawn, ee to AB, 
and join EF. 


Du. Becauſe CF is perpendicular to AB, and AB i: 
equal to CB, AB is biſected in If) C. 3.91 
wherefore, F is the Center of the Circle. - Def. 20 & 21 
Now, AC = AB (Con) and AC H g CFNTAF N- 201 
But, AF EF, and EF Q=ED Q-+DF , eq. AF N- ſame, 
wWuherefore, AC A CF 0 +DFa DEN. 
But, CD HCF TDU on. -- 0, 
conſequently, AC i =CD o + DEA. 


But AB=AC (Con.) Therefore, AB Q=zCD ©+DE0. 


THE O- 
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THEOREM XIX. 


If a Chord Line be parallel to a Diameter of a Circle, 
and, from each extreme of the Chord, Right Lines 
are drawn to any Point in the Diameterz the 
Squares of thoſe Lines, together, are equal to the 
Squares of the Segments of the Diameter, made 
by that Point, 8 
C 


5 I 
* 
* 4 
_ g 
ip 


Let the Chord CD be parallel to the N 
* 


— —— 


— 
— 


Diameter, AB; 
and, to any Point, G, in the Diameter, 
draw CG and DG. 


I fay, the Squares of CG, GD, together, are equal to 
the Squares of AG and GB. Let E be the Center, 


Biſet CD, in F; and join FG, FE and ED. 


Dem. Then, becauſe CD is biſected, in F, 

CG +GDog =2FGoh +2FDo - <- - 17.2 
And, becauſe CD is biſected, EF is perpend. to CD, - 1. 
But, CD is parallel to AB; conſ.EF is perpend. toAB - 4.1 
wherefore, FG Q EF N +EGn; 

and, EDU SE EFATFD U. 20. 1 
conſ. CG GDA =2GE T2 EF 2 FD Squares; 
i. e. equal to 26 E ＋2ED N. But AE = ED; 
wherefore, CG GDA =2GE on +2AE,equalED, o 
But, AGO +GBo =2AEqQ +2GEO - -- 9. 2 
therefore, CG d +GD 0 = AGo + GBA. - Ax. 3.1 


THEO- 
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THEOREM. XX. 

If two Right Lines are drawn, from any two Point 
in the Circumference of a Circle, to the {any 
Point in a Tangent to that Circle; thoſe Int ; 
will make the greateſt Angle, when they meet i: .., 
the Point of contact. 


4. 
Dra 
Fin 


equal 


Segme. 
The 
Lines, 
than to 


Dem. F 
Square 
throug! 


Let A and B be the Points aſſumed, in the Circumſerence 
of the Circle ABC. | 
Draw AC and BC to the Point C, in which a Tanger; 
DC, touches the Circle; and alſo, to any other Point, U, 
draw AD and BD. 


| I ſay, the Angle ACB is greater than AD.. 
Join AE 
Dru. The Angle AEB=ACB. - Tb. 1 
ſtanding on the ſame Ark, AB. 
But, the Angle AEB is greater than AD} 
for it is equal to ADB + DAE + 1. 


'Therefore, ACB is greater than ADB. we 

Cor. Hence it is evident, that an Angle, AFB, which fall made b 
within the Circle, is greater, and an Angle ADB without and B, 
the Circle, is leſs, than any Angle, AEB, touching tle Ir th 
Cirtumference, and ftanding on the ſame, or an equz, 3 
Ark, AB. | iſected 
From hence may be deduced the following Problem. the Po; 

the Poi 


Any Right Line being given, and two Points given, i 
aſſumed, without the Line; to determine the Pan 
| in that Line, to which, if two Right Lines be arch 
from the given Points, they ſhall contain a greatt 
Angle than any other Right Lines drawn, jral 
thoſe Points, 10 any other Point in that oy | 

; a 


for, a 1 
zen Line, 
pendicu 
LIEN the 
nt and 
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/\ A and B are the aſſumed Points; and, 
let CD be a given Right Line. 

It is required to find the Point D, fo, 
that, if two Right Lines AD and BD be 
drawn, to that Point, the Angle ADB, 
ſhall be greater than any other Angle, made 

by Right Lines drawn, from the ſame 
Points A and B, to any other Point in C. 
\When the given Points, A and B, are 
/ 7, not equi-diſtant from CD. 
Draw AB, and produce it till it cuts DC, in C. 


Find the Point D, ſo, that the Square of CD fſhall be 
equal to a Rectangle under the whole Line AC and the 
degment BC. (by Prob. 25, or 30.) 

Then is D the Point ſought; in which, two Right 
Lines, AD and BD, meeting, ſhall contain a greater Angle, 
than to any other point in CD, | 


Deu. For, becauſe the Rectangle AC B is equal to the 
Square of CD. (Con.) if a Circle, ABD, be deſcribed, 
through the Points A, B, & D. (by Pr. 40.) CD will be a 
Tangent to that Circle, and D the Point of contact-C. 3. 16. 
Therefore, ADB is larger than any other Angle, AEB, 
made by Right Lines, drawn from the ſame Points, A 
and B, to any other Point, E, in the given Right Line CD. 


If the given Points, A and B, are equidiſtant from 
the given Line; a Right Line joining thoſe Points, being 
biſected, and a Perpendicular, to that Line, drawn, from 
the Point of biſection, cuting the given Line, will give 
the Point required. : 


un Tor, a Right Line joining the Points will be parallel to the 
U, ver Line, (Def. 7.) wherefore, a Line perpendicular to it is alſo 
al 'pendicular to the given Line (3. 1.) and will, conſequently, 


(itn the Point of contact of a Circle deſcribed through that 
it and the two given Points (C. 1. 1. and 2. 8. 3.) 


Ee E L E- 
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1 IV. 


HE fourth Book of Euclid's Elements is not properly 

elementary, but pradical or mechanical ; it treat 
of the inſcription and cizcumſc; iption of right-lined Figures 
in and about Circles. It is of uſe in Trigonometm, 
Aſtronomy, . &c. and alſo, in Fortiſication or milita 
Architecture, which ſeems to depend entirely on it. 

As I do not think it proper to deviate from the order d 
Euclid, in bis Books, I have therefore made it the fourth; 
otherwiſe, I ſhould have given it a place amongſt the ot): 
Problems, in practical Geometry, it being entirely pro. 
blematical. I have given Demonſtration of each Propoſition, 
as brief as it will poſſibly admit of; becauſe, I would nt 
have the Work deficient in any part; which would de 
fufficient reaſon, with ſome Perfons, to condem the who!, 
Neverthelcſs I am of Opinion, that great part of it does nt 
require Demonſtration ; being ſufficiently evident from: 
ConſtruQion ; eſpecially, as no other part of the Elementi 
is dependant on it. | | 

There are, in ſome Books extant, ſundry other Propoſition 
relative to the inſcription. and circumſcription of right · ine 
Figures, in and about other right-lined Figures; particula 
in Stone's Euclid; and in a curious Tract of pre-i 
Geometry by. Le Clerc. But, as there is nothing of f 
utility in them, nor any thing extraordinary to recomnn 
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them to the Curious, I ſhall not, by uſeleſs additions, to 
this, detain the Reader from matter of greater Importance 
1 the fifth and ſixth Hooks. Indeed this may be paſſed over 
enticely, for the preſent, and proceed immediately to the 
ifth; there being nothing, in the fourth, necellary to be 
known previous thereto, 
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DEFINITIONS. 9 


have already, in the General Introduction, defined the | 
Terms, to deſcribe, to inſcribe, and to circumſcribe ; a re- [4 
petition of which would be unneceflary. i 


i. ARight-lined Figure is ſaid to be inſcribed, in a Circle, | | * 
or to have a Cycle circumſcribing it, when every Angle be 
of the Figure, touches the Circumference of the cir— 
cumſcribing Circle, 


2. A Right-lined Figure is, then, ſaid to circum- 
ſcribe a Circle, or to have a Circle inſcribed, when 
every Side of the Figure touches the Circumference of $1 
the Circle. 


3. A Right-lincd Figure is ſaid to be inſcribed, or to 
circumſcribe a Right-lined Figure; when every Angle 
of the inſcribed one, touches every Side of the cir= 
cumſcribing Figure. | 


4- Solikewiſe, A Circle is ſaid to be inſcribed, in a | 
Right-lined Figure, when it touches every Side of the | 
Figure; or to circumſcribe a Right-lined Figure, when 
the Circumference touches every Angle. 


„% 


— 
— 
mY 
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as 
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N. B. By inſcribing any Figure within a Circle, or any 17 
Right. lined Figure within another, is underituod, the de- | 10 
ſcribing a Figure, like or ſimilar to the given one, the largeſt 4 
poilible, to be comained in the other. | | ö 
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5. A Right Line js ſaid to be applied to a Cich, 
when each extreme is in the Circumference. Dr: 


cumfe 
N. B. To inſcribe a Right Line in a Circle, 38 1, {ak 
firit Problem of Euchd's Fourth Book, which 1 think entire! Make 
unneceſſary, as a Problem, nothing more being required, jy Make 
the Operation, than to take the given Line, in the C ompaſſe. The 
| and placing one point in the Circumference, at pleaſure, ty i 
cut the Circumterence, with the other. Triar 
A Right Line, greater than a Diameter, cannot be inſcri!, 


in a Circle, For, t 
. - A \ | 
| All the Propoſitions of this Book, follow in the 1: on 
| of Euclid, omitting the Firſt, 
There 


W— . as. SIS 065 &- i 4s Bt i. Wy WS» 5 


: To inſcribe a Triangle in a given Circle, equianoular 


| To cir 
to a given Triangle. Tris 
2 Let ABC be the given Triangle, to be ever) 
= inſcribed in the Circle DEF. 

. Draw at pleaſure the right line GH, Le 
1 touching the Circle in any point of it DFG 


Circumference; as D. Pre 


Make the Angle GDF equal to A. oy 


— 3 —— —ů— 
- 


e i. e. to any Angle of the Triangle; and N. 
HDE equal to another, B, and join EF, extert 
| 'Thro 


Dru. The Angle GDF (equal A) is equal to DEF; Tang 
and HDE (equal B) = DFE <- - < = - 13-3 other 
W herefore, the Angle DEF, being eq. A, and DFE eq. 5, 
the remaining Angle, EDF, muſt neceſſarily be equal to C. 
Ih. the Triangle DEF is equiangular to ABC. 
N. B. By taking the Angles i in this order, the Triangle in. 


ſcribed ill be poſited as the given one; but any two being 
taken, the Triangle, infcribcd, will be che very ſame. 


Other wie, 
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> — 
Otherwiſc : . 


Draw at pleaſure a d, cuting the Cir/ 
cumference in a and d. 
Make the Angle, ad e, equal tog, & join ac. 
Make, ca b, equal to the Angle A, & join be. 
The Triangle abe is equiangular to the & 


Triangle ABC. — 


For, the Angle a beg ad e (10. 3.) equal B, by Con. 
And, the Angle cab was made equal to A; 0 
Conf. ac b is equal to the remaining Angle C. - 10. 1 

Therefore, the Triangle, a be, is equiangular to ABC, 


FROPDOSET LO Hl. 1 


To circumſcribe, that is, to deſcribe or draw, a 
Triangle, about a given Circle (touching it on 
every Side) equiangular to a given one, 


— —— ũꝗ —Lͤsẽ — —— 


3 2 ? 
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Let ABC be the given Triangle, and 1% 
DFG the Circle given, i A 

Produce any Side of the Triangle, as — 1 
20, both ways; and draw a Radius, DE. | 

Make the Angle DEF, equal to the | Mw 
external Angle A; and EFGC equal C. 'D bY, 
Through the Points D, F, and G; draw a 
Tangents to the Circle, cuting cach ! 
other in H, I and K. 1 | 

Thenis HIK the Triangle required. F * 


N. B. Two Angles, DEF, DEG, or FEG, being made 515 
equal to any two external Angles of the Triangle, will 0 
ave the ſame Triangle, HI K, but differently poſited. | 45 

| Dera. | Rt 
| 
i 
| 


— 


RESET — r 
3-4 . rey — 
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Dem. Becauſe the Right Lines, HI, IEK, and IIK, touche; 
the Circle, in the Points D, F, and G; and, from thy. 
Points, the Lines DE, FE, and GE are drawn tg jj, 
Center, the Angles, EDI, L FE, &c. are right ones. 8.3 

And, becauſe the Angles, D, E, F, and I, of every 
Quadrilateral, are equal to four Right Angles, - 11.3 
the Angle Il + DEF = two Right ones. 
But, the Angle DEF is equal to A, by Conſtruction, 
conſequently, DIF is equal to BAC. - 1. I. & Ax, 7 

After the ſame Manner, the Angle K may be proved 
equal to ACB; and the Angle H, equal ABC. 
Therefore, the Triangle HIKE is equiangular to ABC, 


The Reaſon of this appears obvious, from the two'Theorem 
Is deduced from the roth Propoſition, Book I. For, ſince (by th: 
f firſt) all the Angles of every Right-lined Figure are, together, 
equal to twice as many Right Angles as it has Sides, wanting 
| four; and by the 2nd, all the external Angles are equal t 
| * four Right Angles. Alſo, by the 1oth, the three Angles cf 
I every Triangle are equal to two Right Angles ; and all the 
Angles, about a Point, are equal to four; (2.1.) conſequent!;, 
ſince the three Angles DEF, DEG, and FEG, are reſpetire!y 
equal to the external Angles, A, B, and C, of the Triangle 
ABC; the Angles H, I, and K are, alſo, reſpectively equi 
to the internal Angles, a, b, and c, of the Triangle. 
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To inſcribe a Circle in a given Triangle, (ABC) 


touching every Side of the Triangle. 


Biſect any two Angles of the Triangle, B 
ABC, and CAB, by the Right Lines 

BD, and AD, cuting each other in D; 

from which Point, draw a Perpendicular 5 
(DE) to any Side (AB) of the Triangle. 5585 LY: 
With the radius DE, on the Center D, 


touch every Side of the Triangle, ABC. AC 
Draw DF & DG, perpendicular to the Sides, AC& BC, 


Deu. Now, AF is equal to AE - = C. 2. 16. 3. 
and, the Angle EAD is equal to DAF. — Con. 
Wherefore, in the Triangles AED, AFD, the two 
Sides AE, AD, are reſpectively equal to the two Sides 
AF, AD; and they contain equal Angles. 

Therefore DE is equal to DBP. 8.1 
Aſter the ſame manner, DG may he proved equal to 
DE, and alſo to DF. 

Wherefore, the three Lines DE, DF, and DG, being 
perpendicular to the three Sides of the Triangle, and 
being proved equal among themſelves, the Circle, EFG, 
will paſs through the three point E, F, and G; and, 


P R O- 


deſcribe the Circle EFG, which wilt /- 1 


conſequently, will touch every Side of the Triangle ABC. 
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PROPOSITION V. 


To circumſcribe a given Triangle with a Circle, 
or, to deſcribe a Circle about a given Triangl, 


ABC is the Triangle given. 


Bife&t any two Sides of the Triangle 
AB and BC, in E and F. 


Draw ED and FD, perpendicular tg 
AB and BC, cuting each other in D, 
the Center of the circumſcribing Circle. 


If the Triangle has a Rigbt Angle, the 
Hypothenuſe biſected gives the Center, 

if an Angle be obtuſe, the Center of 
a circumſcribing Circle falls without the 
'© Triangle; the Operation is the ſame in 
both, (ſee Fig. 2.) 


Join the Points AD, BD and CD, 


{ 


Du. Becauſe the Side AB is beſected in E, and DE i; 
perpend. to AB, the Sides AE, ED, of the Triangle AED, 
are equal, reſpectively, to BE, ED. of the Triangle BED; 
and the Angle AED is equal to BED. Def. 10. 
wherefore, AD is equal to BO < - < = 9.1. 
for they ſubtend equal Angles, in the Triangle ABD. 


In the ſame manner may be proved, CD==AD, or BD, 
Conſequently, D is the Center of the circumſcribing 
Circle, ABC. 
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PROPOSITION VI. 
To inſcribe a Square in a given Circle; and to deſcribe 
a Square about a Circle. ABCD and EFGH. 


Draw two Diameters, AC and BD, at Right Angles, 
Join the Extremes, A, B, C, D, and a 


. . . of : 3 4 
Square is inſcribed. ng RR F 
| f "x . 


20d, Draw Tangents through the extreme 


Points of the Diameters, meeting in 
* 


— 


inſcribed Square, and EF GH is a Square #4 


circumſcribing the Circle, ; eg 
n 'I 8 


Dem. The Diameters AC & BD biſect each other, - 16.1 
| therefore, Al, IC, IB, and ID, are equal; 

and they contain equal Angels, AIB=BIC &. - Con. 
Wh. AB, BC, CD & AD, are all equal amongſt themſelves, 
And, the Angles ABC, BCD, &c being in a Semicircle, 
are Right Angles. Therefore ABCD is a Square, 


| 2ndly. Becauſe EF touches the Circle, in the Point B, it is 
perpendicular to the Diameter 5). 8. 3 
And, becauſe HG is perpend. to BD, HG is parallel to EF; „ 
For the ſame reaſon, EH is parallel to EG ; | 
Therefore, EFGH is a Parallelogram. - - Def. 33. 
But, AC is perpendicular to BD. (Con.) wherefore, EH 
is perpendicular to HG, and ſo is EF to FG and to EH; 
_ conſequently, EFGH is a ReQtangle, - - - Def. 34 
ButEF,FG, EH, and HG, are each equal to AC,equal BD. 
Th, EFGH is equilateral; conl. it is a Square - Def 35 


N. B. The Square, EFGH, circumſcribing a Circle, is double the 
Square, AB Cb, inſcribed in the ſame Circle. 

For the Triangle ABC = half the Rectangle AEFB - - 17. 1 
And ADC is equal to half the Rectangle AG ; 

conſequently, the Square EFGH is double ABCD. 
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E, F, G, and H; or draw Lines, touching +---- 
the Circle, parallel to each Side of the | 6 
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To inſcribe a Circle in a Square; and to circumſcribe 


PROPOSITION VII. 


i. e. to deſcribe a Circle about a l 


Let ABCD be a given Square 


Draw the Diameters AC & BD cuting 
each other in E 
From the Center E, draw EF perp. to AB: 


With the Radius EF, on the Center E, 22 


deſcribe a Circle, which will touch every 
Side of the Square ABCD. 


Draw EG perper:d to BC; produce GE to], and FE tog. 


Der. Now, becauſe ABC is a Parallelogram, the Diago. 


nals AC & BD biſe& each other, in E- -< 16.; 
And becauſe AB, BC, are reſpectively equal to AB, AN), 
and contain equal Angles; ACZ=BD - = < = 8: 
conſequently their halves are equal. Ax. 1. 1 

Then, fince AE, EB, and EC are equal, the Triangle 
AEB, BEC are Iſoſceles; wh. AB and BC are biſected by 
the Perpendiculars EF & EG, conſ. FB=BG. - C. 4.9.1 

But, ABC is a Right Angle, and ABS gBC. - Def. 3; 
and ſince AC is biſected in E, EB is perpendicular to AC 
Wh. AEB being a Right Angle ABE, EAB, are half Right; 
conſequently, BE biſects the Right Angle ABC. 

Now fince in the "Triangles EFB, BGE, the Sides, 
FB, BE, are reſpectively equal to GB, BE; and the Angle 
FBE=EBG, the remaining Side EF=EG. 

After the ſame manner EH and El may be proved equi 
to EF and FG; conſ. the Circle FGH touches every vide 
of the Square. 


2ndly. 


th. 
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2ndly. Having drawn the Diameters of the Square AC& BD; 11 
with the Radius EA or EB, deſcribe the Circle, ABCD. 10 


This needs no further Demonſtration. 

For, ſince the Diagonals of a Square are equal, and 
mutually biſect each other, (16. 1.) the halves EA, EB,, 
EC, and ED are alſo equal; wherefore, aCircte, ABC, will 
paſs through every Angle of the Square, 


N. B. A Circle (FGHI) inſcribed in a Square, is equal to half a | Wo 
Circle (ABCD) circumſcribing that Square. 


For, the Square of AC ABGA TBC; conſequently, AC 
is double BC, equal FH, ©. | 

But the Areas of Circles are, to each other, as the Squares 
of their Diameters, - - - = - C. 1. 14. 6. 
theretore, the Circle ABCD is double FGHD, 


PRPOSITION VIII. 


To make an Iſoſceles Triangle, having its Angles, 
at the Baſe, each double the Angle at the Vertex, 


Let AB be any given Right Line for 
one of the equal Sides, 

Divide AB in extreme and mean Pro— 
portion, in C. (Prob. 35˙) 

With the Radius AB, on B, deſcribe an 
Ark, AD. 

Make AD equal to CB, and draw BD. 


D 
| 1 lay; in the Triangle ABD, the Angles A and D, at 
the Baſe, are each double the Angle B, at the Vertex, 


Join C D, and ceſcribe a Circle through B, C, | 5 
and P, (Prob. 40.) or, by the 5th of this. 


E143. + Dem, | i 


| 
| 
| 
| 


— = — — = 
- * — — 
* 
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* 
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Deu. Becauſe the Rectangle BAC= BCo - - - 1.2, 


And AD=BC (Con.) the Rectangle BAC= =ADgq; 
IVORY AD touches the Circle BDE, at D 16 
: (For A is a Point without, that Circle, 
from which, two Right Lines are draun; 
one (AB) cuting, the other, (AD) touches 
the Circle; ) 
Therefore, the Angle ABD=ADC.- 13.2 
(For, CD cuts the Circle BDE, in the 
Point of contact, D.) 


"Met, | the Angle ACD = ABD+CDB, i.e. =ADC1CD3, 


And, the Angle BAD=ADB (9.1) for ABS SBD. - Con, 
conſequently, BAD=ACD ; wh. CD=AD - C. 3.9.1 
But, AD=CB (Con.) wherefore, CD=CB; - Ax. z. 
conſequently, the Angle COB=CBD - < Thy. 
But, the Angle ADC=CBD; (proved, above) 
wherefore, ADC is equal to DB. — Ax. 3.1 
and therefore, ADB, BAD are each double ABD. 


The Conſtruction of this particular ſpecies of Triangle: 
in reſpect of itſelf, is of little or no uſe; or, I ſhould har 
given it a place, amongſt the other Problems, in Practici! 
Geometry. But, the inſcribing a regular Pentagon un a 
Circle, according to Euclid, in the next Propoſition, depencs 
on it entirely; but, which may, for real uſe, in practice, be 
more readily conſtructed. Nevertheleſs, for the manner and 
elegance of its Demonſtration, I did not think proper t 
omit it, 


PR O- 


Book 


PROPOSITION 


ABC is the given Circle. 


Inſcribe an Iſoſceles Triangle, ABC, 
whoſe Angles BAC, ACB are, each, 
double the Angle ABC - - Prop. 1 
Biſect each of the Angles BAC, ach 
by the Right Lines AD and CE, euting | 
the Circumference in D and E. 

Join the Points, A & E &c. by the Right 
Lines AE, EB, BD, and DC. | 
AEBDC is a regular Pentagon, 


one another, 


I ay, it is alſo equiangular. 


Angles ACE, ECB, &c. are equal. 


(for each is triple the Ark, AC.) 
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To inſcribe a regular Pentagon in a Circle. 


P R Q- 


2 


Therefore, the Pentagon AE BDC is equiangular. 


— 


Dem, Now, becauſe each Angle, BAC, ACP, is double 
the Angle ABC; (Con.) and thoſe Angles are biſected, the 
Angles, ABC, ACE, ECB, BAD, and DAC, are equal to 


But equal Angles ſtand on equal Arks, - C. 2. 9.3 
and, equal Arks have equal Chords or Subtenſes, - 2. 3. 3 
wherefore, the Right Lines AC, AE, EB, &c. are all equal; 
and conſequently, the Pentagon, AE BDC, is equilateral. 


For, becauſe the Arks AE, EB, &c. are all Sqn, the 


wh.theAngleEBA+ABC4+CBD=EAB-+BAD--DAC. 
conſequentlythe Angle EBD g EAC; and ſo, of all the reſt. 
Or, becauſe each Angle of the Pentagon, AEB, 
EBD, &c. ſtands on equal Arks, ACDB, FACD, &c; 
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UO 
To deſcribe a regular Pentagon about a Circle. 


Let AB CDE be the angular Points gt 
a Pentagon, inſcribed in a Circle, throug 
which draw the Tangents FG, GH, Hl, &c. 
cuting each other, in F, G, H, I, and K. 
i. e. having, made the Arks AB, BC, Cc. 
equal, (viz. each equal 72 Degrees) thro 
the Points A,B, C, &c. draw the Tangents, 
as before. | 

The Pentagon FGHIK is equilateral and equiangular, 

Let L be the Center of the Circle; draw AL, BL, &c. 
alſo draw FL, GL, &c. 


Dem. AL, BL, &c. are perpendicular to FG, GH, &c.-83 
and they are all equal between themſelves - - - Ax. I. 
The Angle ALB is equal to BLC, by Conſtruction. 
AG is equal to GB, and BH equal to HC - - C. 2.16.3 
wh. the Triangles ALG, GLB, BLH, &c. are equilateral 
and equiangular to each other; for GB=BH, &c. 11. 
AF=AG, and CI=CH, (fame) conſ. FG=GH, - Ax. 1 
After the ſame manner, FK and IK, may be proved equal 
between themſelves, and alſo to FG, &c; 

therefore, FGHIE is equilatera}, 
And, ſince the Triangles ALG, GLB, &c. are equi- 
angular, the Pentagon is alſo equiangular. 
For, the Angles AGL,LGB, alſo BHL and LHC are equal 
amoneſt themſelves ; conſequently, FGH=GHI. 
After the ſame manner, the Angles, I and K, may allo 
be proved equal betwen themſelves, and alſo to F, G, & H. 
Th. FGHIK is a regular Pentagon, circumſcribing aCicle, 


Note. If the Circumference of a Circle be divided in five equal Part, 
and the Points joined by Right Lines; then if Tangents to tie 


Circle be drawn, parallel to every Chord, a regular Pentagon 
will be circumſcribed, 
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PROPOSITION KI. 


To inſcribe a Circle in a regular Pentagon; and, 
to —_— a Circle about a Pentagon, 


Biſect any two Sides, AB, and BC, of 5 | 
the Pentagon ABCD, by the Perpen- þ ” 
diculars EF and FG, interſecting in F; -Þ 
on which, with the Radius EF or FG, 
deſcribe a Circle; which, will touch 
every Side of the Pentagon, 


2nd, With the Radius AF or FB (the Point F being found 14 

as before, or by biſecting two Angles, ABC and BCD) 1 
deſcribe a Circle, which will paſs through every Angle 2 
of the Pentagon, | 


Deu. Becauſe AB=BC, EB=BG. Draw AF, FB, &c. 
Then, in theTriangles EBF, FBG; FBa=FEo+EBo, 
and, FBA E= FG TB  -- - - -::-: 20. 1. 
conſequently, FEO + EBO=FGo+BGo. Ax. 3.1 
But, EB=BG (Ax. 1.1.) wherefore, EBA = BG; 
conſequently, EF A= FG; and, therefore EF=FB. 
In the ſame manner, FH may be proved equal to FG; wr 
F is, therefore, the Center of a Circle inſcribed. 


and. Becauſe AB is biſected, inE, AE=EB, & AEN EB G | 
Add EF ©, to both; and AE H EFH EBU EPA. 15 
But, EF is perpendicular to AB, by Conſtruction; [2 
conſequently, AEF, FEB are Right Angles. - Def. 10 
wh. AFOa=FBa; and FBoO= EBoO+EFo. 


Conſequently, AF Mg FBA; and therefore, AF= FB. li | 
In the ſame manner, FC, FD, &c. may be proved equal | 
to AF and EB. | 


conſequently, F is the Center of a circumſcribing Circle. : 


P R O- 


an et 
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PROPOSITION XII. 


To inſcribe a regular Hexagon in a given Circlz, 


In the given Circle, AGF, draw a Diameter, AB. 


With the Radius of the Circle, AC, on 
the Centers A and B, deſcribe two Ark, 
DCE, FCG, cuting the Circumference in 
z the Points D and E, F and G. 
Or, having drawn the Ark DCE, only, 
cuting the Circle in D and E, draw DC 
EC. and produce them to F and G. 


Join the Points A and D, AE, EF, &c. by Right Line:, 
which compleats the Hexagon, ADGBFE. Q. E. F. 


I ſay, it is both equilateral and equiangular. 


Du. Becauſe C is the Center of the Circle AGF, the Lines 
DC, AC, and CE are equal; and, becauſe A is the Cente: 
of the Circle DCE, AD, AC and AE, are equal; 
wherefore, ADC & ACE, are equal & equilateral Triangle, 

But, the Angles of an equilateral triangle are, cach, 
equal to one third Part of two Right Angles. - C. 10.1 
(becauſe, the Angles which are oppoſite to equal Sides a: 
equal; and the three Angles of every Triangle are, 9. 
gether, equal to two Right Angles. - - 9 and 10.1) 
conſequently, DCA+ACE= two thirds of two R. Angle: 

Now, becauſe the Right Line EC falls on the R. Line 
DF, the Angle ECF+ECD= two Right Angles - 1! 
and, becauſe DCA+ACE (eq. DCE) two thirds ofts0 
Right Angles; ECF is equal one third part of two Rig" 
Angles; i. e. equal to ACE, equal ACD. 


Agzit 


U 
1 
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Again; becauſe the Right Lines AB, DF, & EG cut 
one another, in the Point C, the Angles DCG, GCB, & 
BCF are, reſpectively, equal to ECF, ACE, and ACD-2.1 
W. thoſe ſix Angles are all equal amongſt themſelves; 
conſ. they ſtand on equal Arks; and conf, on equal Chords. 
Therefore, the Sides, AD, DG, GB, &c. of the Hexagon, 
are equal to one another, 


2nd, Becauſe the Triangles, ADC, CDG, &c. areequilateral, 


and conſequently equiangular, - = - = = . 9. 1. 
the Angle ADC + CDG=DGC + CGB, - Ax. 3. 
i. e. the Angle ADG = DGB; and ſo of all the reſt, 

Therefore, the Hexagon ADGBFE, inſcribed in a 


Circle, is equiangularz and alſo equilateral. 


Con. The Side of a regular Hexagon, inſcribed in a Circle, 


is equal to the Radius, or Semidiameter of the Circle, 


For, the Triangles, ADC, &c. are proved to be equilateral. 


Hence, a Duodecagon may be inſcribed in a Circle, by 
biſecting each Ark on the Side of a Hexagon inſcribed. 


i. e. The Radius of the Circle being applied fix times in 


the Circumference, each Ark biſected gives the Sides of 
a Decagon, 


N. B. Any Poligon may be circumſcribed about a Circle, 
having firſt inſcribed one (of the Species required) by drawing 
Tangents, through every Angle, or parallel to every Side, 
of the inſcribed Figure. 


In Prob. 52, Practical Geometry, is given a general 
method for inſcribing Poligons of every Denomination in 
Circles; of which Method, there is no Demonſtration 
extant, having conſulted ſome able Mathematicians con- 
cerning it, | 


Ge I ſhall 


| 
| 
| 
| 
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I ſhall, here, give another general method, which admit. 
of Demonſtration (granting an Ark of a Circle to |, Aﬀe 


divided into any number of equal Parts) which is as follgy; any P 


Let DFC be a given Circle, in which it is require; conſtr| 
to deſcribe a regular Pentagon. Dra 
Draw AB, at pleaſure, touching the Circle 
Circle DFC in any Point, C; on which a Sen 


Center, draw a Semicircle AHB, with any 4 ai 
Radius at diſcretion. 


Dem. Becauſe the Angs DCE, ECF,&TCG are equal - Con, 


Divide the Semi-circumference into five Div 
equal Parts, i. e. make the Arks A 1, 1 2, Parts, 
"2 3, &c. each equal 36 Degrees. Hepta; 

Draw C 1, C 2, and prod uce them till they cuting 

cut the Circumference, in D, E, E, and 6. divide 

Join DE, EF and FG; and it is done. — 


Hepta; 
The 


ſition, 
Angles 


the Arks, and conf. the Chords DE, EF, & FG, are equal, 
Alſo, the Angle ACD (eq. DCE by Con.) DEC. 11.3 
wh. the Triangle CDE is Ifolceles ; and CD DE. -. 


| Circle 

After the ſame manner CG may be proved equal to“. and, b 
conſequently DC, DE, EF, FG, and GC are all equal, js equi 
Thereſore, the Pentagon DEF GC is equilateral; Ark (C 


and, being inſcribed in a Circle, it is neceſſarily equiangular, the wh 
each Angle, CDE, DEF, &c. ſtanding on equal Paits d numbe 
the Circumference, CG “HES DCGF. | If A 


This method of inſcribing Poligons is not in Euclid, no How 


in any Author I am acquainted with, It is neither fo operoic 
in the Conſtruction, and is more briefly demonſtrated. eaſily | 

Euclids method (for aPentagon) of inſcribing a Triangle ſimitr — 
to another, (which muſt firſt be formed) whoſe Angles at the Bat 
are double of the Vertex, is very ingenious and perſectly Ges. 
metrical ; but it is liable to 9 error in the Conſtructicn; in n. 
inſomuch, that it is extremely diſfienlt to do it, with accutac), On: 
and tedious in the Operation; whereas, this is both m0: 
expeditious and more to be depended on. 


It m 
VDemor 


een it 
Ae. ere. 


c 


dS. 


— 


After the ſame manner, a Heptagon, or 
any Poligon whatever, may be readily 
conſtructed, as follows. U. 
Draw AB, at pleaſure, touching a 
Circle in C; on which Center deſcribe RA 


a Semicircle, cuting the Tangent in 


A and B. 


Divide the Ark of the Semicircle into as many equal 
Parts, as the Poligon, required, has Sides, viz. Seven (for a 
Heptagon) and, through every Diviſion, draw C1, C2, &c. 
cuting the given Circle in D, E, F, &c; which will 
divide the Circumference into ſeven equal Parts, in thoſe 
points; and, being joined by Right Lines, compleats the 
Heptagon CDEFGHI. 


The Demonſtration is the ſame as in the preceding Propo- 
ſition, But, it may be further obſerved, that, becauſe the equal 
Angles ACD, DCE, ECF, &c. are at the Center of the 
Circle AKB, and at the Circumference of the Circle EHC; 
and, becauſe the Angle at the Center of a Circle, on any Ark, 
is equal to an Angle at the Circumference, on twice that 
Ark (C. 1. 9. 3.) therefore, the Semi-circumference, of one and 
the whole Circumference, of the other, are divided into the ſame 
number of equal Parts, by the Right Lines, CD, CE, &c. 

[f AC be taken equal to the Radius of the given Circle, it 
is maniſeſt, 

t may be alledged, that the whole Circumference may as 
Wally be divided into any number of equal Parts, as a Semi- 
J rcumference, Tis true it may, but that admits of no other 
| pcmonſtration, the Sides being all equal by Conſtruction; ; and 
in no wiſe geometrical, 

On account of the ſingularity of this method, having never 
E ten it in any other work, and becauſe I find it uſeful in 
peddire, in ſome Caſes, I thought proper to inſert it. 


Gg 2 The 
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The Side of any Poligon inſcribed in a Circle of 28, 
Radius is readily obtained, by making an Angle at gte 
Center, of the number of Degrees, which is the Produg, 
ariſing from the Diviſion of 360 by the Denomination 
the Poligon. e. g. 350 divided by 5 (lor a Pentyycy) 
gives 72; for a Hexagon, 60; for an Octagon, 353 fh 
a Nonagon, 40; for a Decagon, 36. A Heptagon dees 
not divide the Number of Degrees exactly; but i Is nearly, 
517, or more nearly, 51, 43. 

W herefore, having (by means of a Protractor, or Line 
of Chords) made an Angle, ACB, at the Center of ; 
Circle, equal 40 Degrees; the Chord AB, of the Arki 
ſtands on, is the Side of a Nonagon inſcribed in the 


Circle FEG ; i. e. AB is one ninth Part of th: 


5 whole Circumference. 


For, let the Angle ACB be conftructel 
or meaſured. on any Ark whatever, as ab, 
either of a greater or leſs Radius, the portion 
AB, of the Circle AKB, will be the ſame; 
for AB and ab are each one ninth part af 
their reſpective Circumferences. 


Hence may be deduced, an univerſal method for Con. 
ſtructing Poligons of any number of Sides, on a give 
Right Line, viz. by finding, what Angle the Side of the 
Poligon, ſubtends at the Center, as above; which in: 
Nonagon is 40 Deg. Subtra& 40, from 180, two Rigit 
Angles; the remainder is 140, half of which is 70. 


Conſtruct an Iſoſceles Triangle, ACB, on the gie 
Line AB, whoſe Angles, at the Baſe, A and B, are ea 
of 70 Degrees; the Angle at the Vertex, C, will be 40. 

C is the Center of a Circle which will circumſcribe 


Nonagon, the meaſure of whoſe Sides is AB, ad 
it 
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With the Radius CA or CB deſcribe a Circle, AKB, 7 


* it will contain AB nine times, applied to the Circum- 1 i 
ud, ference. For, if the Angle A CB, of 40 Degrees, be 1 
| of repeated 9 times, as in the Figure; it will include all U F 
on) the ſpace of the Circle, equal four Right Angles; and | | 


each Angle will be ſubtended by a Side of the Poligon; 
which is evident from the Figure. 


The three Angles of every Triangle are, together, equal to 
two Right Angles, 1. e. equal to 180 Degrees. (10. 1.) And, 
ſince the Angle C, at the Center of the Triangle ACB, is 


a equal to 40 Degrees, conſequently, the two remaining Angles, 
i CAB, CBA, at the Baſe, being equal (9. 1.) they are, each, 
the equal to half the difference between the Angle ACB, and two 


Right Angles ; i. e. of 70 Degrees, each, as by Conſtruction. . 


Otherwiſe, The external Angle of every regular Polygon 
is equal to an Angle at the Center, ſubtended by a Side. 


For, all the external Angles of every Right-lined Figure are 
equal to four Right Angles (Th. 2. 10. 1.) and fo are all the 
Angles about the Center of a Circle, - - - C. 2. 2.1 

Wherefore, an ordinate or regular Poligon, having all its 
internal Angles equal, will, likewiſe, have all its external Angles 
equal; and, being equal in number to the Angles at the Center, 
ſubtended by the Sides, each external Angle is, conſequently, 
equal toan Angle at the. Center, ſubtended by a Side, e. y. 

If the Poligon has eight Sides (an Octagon) the external 
Angle is the 8th part of 360, i.e. 45 Degrees; if a Nonagon, 
it is 40 Degrees; if a Decagon 36; cach being equal to the 
Angle at the Center, ſubtended by a Side. IIence. 


Let, AB be a Side given for a Nonagon; let it be pro- 

duced both ways, towards D and E. 
At the extremes, A and B, make the Angles DAF, EBG, 
cach equal 40 Deg. and make AF and BG each equal AB. 
Bifect 


230 ELEMENTS or GEOMETRy, 


_ Biſet AF and BG, in H and I], and draw HC and IC per. 
pendicular to AF and BG, interſecting in C ; which 
the Center of a circumſcribing Circle, as before, 
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It is evident, that the external Angle DAF (equal EBG) i, 
equal to the Angle ACB at the Center. 

For, ACB, BCG, and ACF, are congruous Iſoſceles Triangles, 
whoſe Angles at the Baſe, AB and BG, are 50 Degrees each; 
two, of which, form an internal Angle of the Nonagon; 
as ABC + CBG = ABG; and, the external Angle, EBG, ;, 
the Compliment of two Right Angles; conſequently, it is equal 
to the remaining Angle ACB, of the Triangle ACB, or BCG, 


Hence it is alſo evident; that, if any Right Line, as DF, 
cuts a Circle, and if from either Point, A or B, of the part Al, 
within the Circle, another Chord, AF or BG, be draus, 
equal AB; the external Angle, DAF or EBG, made by tha; 


Chord and the Line DE, is equal to the Angle at the Center of 15 
the Circle, ſubtended by the Chord, AF or BG (equal AB). * 
For 

From what J have advanced, is deduced the Table, aſtet equal 
Prob. 47, Practical Geometry, for conſtruQing Poligons; of a þ 
by dividing the Ark of a Quadrant, or Right Angle, into a fifth p 
many equal parts as the Poligon has Sides. Figur 
For, the Ark of a Right Angle being divided into five equa! 35 
parts, each will be 18 Deg. wherefore, the Angle of a Pentagon Bag 
being ſix of thoſe parts, or one added to a Right Ange, day 

i. e. 18 +go=108; which being ſubtracted from two Righ: pes 
Angles, or 180 Degrees, the Difference is 72, equal fou: A, 
times 18; which is the Compliment of two Right Angles; Angl 
conſequently, the external Angle of a Pentagon 1s equal to 2: High 
Angle at the Center, ſubtended by a Side. | 1 
For a Nonagon, the Ark of a Right Angle is divided into 9 Al 
equal parts, each equal 10 Degrees. Angl 
Now, the external Angle being 40 Degrees, equal to the Ang! 
ihre 


Angle at the Center, the Angle of the Nonagon is 50-+99 0 
| Bre 
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ge ninth parts added to a Right Angle; for, an internal and 
external Angle are, together, equal to two Right Angles - 1. 1 
Therefore a Right Angle is to the Angle of a Nonagon as 
g to 14, difference 5, as in the Table, 


The reaſon of all this is ſo very obvious, it is almoſt needleſs; 
to ſay more about it; ſeeing it is maniſeſt, that all the external 
Angles of any Right-lined Figure, whatever, are, together, 
equal to all the Angles about a Point, ſubtended by the Sides. 
i. e. equal to four Right Angles. And, all the internal Angles 
of any Right-lined Figure are equal to twice as many Right 
Angles as the Figure has Sides, wanting four, (Th. 1. 10. 1.) 
conſequently, the external Angles being equal to thoſe four 
(Th. 2. of the ſame) are equal to all the Angles at the Center ; 
aud, being equal, in number, they are equal in quantity, 


Hence, the Angle of any regular Poligon, whatever, 
may be readily obtained. 


For, in a Pentagon, all the internal Angles, together, are 
equal to ix Right Angles ; conſequently, each Angle is 6 fitths 
of a Right Angle, i. e. it is equal to one Right Angle and one 
fifth part of a Right Angle; ſeeing, there are live Augles in the 
Figure, and they are, altogether, equal to fix Right Angles, 


The Angles of a Hexagon are, altogether, equa! to eight Right 
Angles; conſequently, each Angle is equal to eight ſixths of 
a Right Angle, or four thirds; i.e. equal to one Right Angle 
and one third part of a Right Angle, 


F- A Heptagon has all its Angles, together, equal to ten Right 
We Angles; wherefore, each Angle is equal to ten ſevenths of a 
Y Right Angle, i. e. equal to a Right Angle and three ſeventh 
bas of a Right Angle. 

= All the Angles of an Octagon being equal to twelve Right 


| Angle and a half; i. e. to 12 eights, i. e. to ſix fourths, or 
lee ſeconds, i. e. one and a half. 5 | 
3 | | To 


ngles, it is evident that each Angle is equal to one Right 
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To e pb more would be unneceflary ; as it is ea, 


uri 


of any Poligon . by the Proportion it bears to 19 
Angle, or to two Right Angles; which muſt ever be * 
than the Angle of any Polygon whatever. 


For Poligons which have an even number of Sides, it »., 
be obſerved, that the diviſion of a Right Angle, may be k. 
duced to a lower Denomination ; as for a Duodecagon, 5, 
inſtance; all its Angles, together, being equal to 20 tuch the 
1, e. 10 ſixths, or 5 third parts, i. e. to one Right Angle and 
two thirds; the Right Angle need be divided into three eg 
Parts, only, inſtead of twelve. | 

Whereas, thoſe which have an odd number of Sides, Cannot 
be reduced lower; but, in forming them, a Right Angle my 
neceſſarily be divided into as many parts as the Figure has $i 


The method of inſcribing a Quindecagon in a Circle, :c. 
cording to Euclid, is a matter of mere curioſity ; firſt, t 
inſcribe an equilateral Triangle, and afterward a Pentagon, 
in the ſame Circle, in order to get a fifteenth part of th: 
Circumference ; which, notwithſtanding it admits of perfed 
Demonſtration, is liable to great error in Practice. 


PROPOSITION XIII 
To find the Side of aQuindecagon inſcribed in act 


Let ABC be a given Circle, in which it is require t 
inſcribe a Quindecagon. 
Draw, DG, at pleaſure, touching the Circle ABC ina. 
Wich any Radius, AD, on A, the Point of contact, deſcrive 

a Seme-circle, DEFG. 
Inſcribe the equilateral Triangle ABC; by making the 
Arks DE, EF and FG, each equal to the Radius AD, ant 
drawing AE, AF to B and C, and joining the Points BandC, 
Deu. 
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Deu. For, the Arks, DE, EF, & FG, are 


equal by Conſtruction ; wherefore, the 


Angies DAE, EAF, and FAG, are equal. 
But, the Angle BCA is equal to BAD, 
ie EAD; and, CBA is eq. toCAG -1 3.3. 
conſ. BCA, CBA, BAC, being equal, 
reſpectively, to DAE, EAF, and FAG; 
the Triangle ABC is equiangular ; and 


therefore it is equilateral - - C. 3. 9. 1. 


Now, if the Ark of the Semicircle, DEFG, be divided 
into five equal parts, for inſcribing a Pentagon, as, before 
into three (in E and F) and, if Ar, A2 be drawn, cuting 
the Circumference, at H and I ; AH and H I are Sides of 
a Pentagon, inſcribed. 

In reſpe&t of the Operation, I leave it to the di- 
{cretion of the Practitioner, to take what method he 
moſt approves. 

Granting AB to be the Side of an equilateral Triangle, 
and AH, HI, to be the Sides of a Pentagon inſcribed; 
BI is the Side of a Quindecagon, or Poligon of 15 Sides. 


For, becauſe AB is the Side of an equilateral Triangle, 
the Ark AHB is one third part of the whole Circumference. 
Alſo, AH and HI being Sides of a Pentagon, the 
Arks AH and HBI, are each equal to one fifth part of 
the Circumference, i. e. the Ark AHI is equal to two 


fifths, equal ſix fifteenth parts; for HI, one fifth, isequal 
to three fifteenths. 


Now, ſince All B is one third part of the Circumference, 


it contains five fifteenths ; for three times five is fifteen. 
Wherefore, BI is equal to one fifteenth part, and is, 


therefore, the Side of a Quindecagon, inſcribed in the 
Circle ABC, 
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30 OK V. 
O F PRUEOR T-Q-.N, 


HE fifth Book of the Elements of Euclid contains the 

ſublime Doctrine of Proportion; which is, perhaps, 
the moſt ſubtle manner of reaſoning, the moſt brief, (oli! 
and convincing, that the Art of Man could deviſe. lt i; 
eſlentially neceſſary in demonſtrating all the Propoſitions ot 
the ſixth Book, which alone is ſufficient to recommend it, 
But, where we conſider its general and extenſive ufc, 
throughout the Mathematics, it is impoſſible to be diſpenſed 
with. The Doctrine it contains is not only uſeful in, but, 
it is the Criterion of almoſt every mathematical Science; 
infomuch, that, without the knowledge it teaches, we ſhould 
not be able to advance one ſtep further, 

I muſt ever be of opinion that the readieft and eaſieſt way 
of acquiring knowledge, is the beſt. The Doctrine i 
Proportion is, in ſome meaſure, born with us; it is a portion 
of Reaſon, implanted in us by Nature; which does no! 
require a formal Demonſtration, ſo much as barely to be 
illuſtrated, by ſome familiar Examples; and which, indeed, 


may paſs for Axioms, for moſt of them are really ſuch. 
In 


4 
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In expreſſing and comparing Quantities, of any Species, 
it has been found neceſſary to make uſe of certain Symbols 
or Figures Which Symbols, Marks or CharaQters, are 
entirely arbitrary, and might as well have been applied to 
ſignify the Qualities of Things, as Quantity. But, having 
been accuſtomed, from our infancy, to expreſs our Ideas of 
Proportion by Numbers ; we no ſooner become acquainted 
with Numbers and the Characters applied to them, but 
we find it almoſt inypoſſible, in our Ideas of Magnitude, 
or Quantity of any kind, to compare or eſtimate their Ratio, 
abſtracted from Numbers. In reſpect of Magnitude, as to 
ſolid Extenſion, or Body; we ſay, when compared, it is 
twice, thrice, or four times as big as another ; ſo likewiſe 
of Extenſion, as to length, ſimply, we expreſs it by one, two, 
or three Yards, Chains, or Miles, &c; and ſo of any other 
Quantity whatever, | 


Hence, the mode of expreſſing Quantity, by Numbers, 
is the moſt natural, ſimple, and caſy; and therefore, it is no 
wonder, when we find it expreſſed by other CharaQers, or 
by Lines, as it is done by Euclid and all his Commentators, 
in the fifth Book, that it appears, at firſt, to thoſe who have 
not conſidered it, quite foreign to the purpoſe ; but, in reality, 


Quantity, conſiſts, only, in being more familiarized to one 
than the other. | 


Therefore, ſince Lines, Characters, and Numbers, are 
only different modes of expreſſing Quantity, I muſt needs 
think that the beſt, which is the moſt natural and 
caly to conceive; beſides it is much more convincing ; 
lor, unleſs Lines are divided into the ſame. equal Parts, 
whereby we may form a judgment by how much one 
Magnitude, or Quantity of any kind, exceeds another, 
we have no Idea of their Proportion; otherwiſe, than 
Hh 2 that 


the difference between Lines and Numbers, in expreſſing 
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Book 


that one does exceed or is more than the other; where, gu 
. - = 2 } 
Numbers aſcertains the Ratio, whether it be equa} 9 


repre 
unequal, 


tw, 

If Characters (as A, B, C, &c.) are made uſe of, they only port 
denote Quantity, imply, but in what Ratio, or Proportion, is whic 
beſt expreſſed by Numbers; algebraic Characters are not h. as A 


expreſſive to thoſe who are not well verſed in them; the, two 


do not convey an Idea adequate to that given by Numbers T 
* 1 5 
* p , * » * 1 Ty , bibs Oh 20 08 . 
neither do they aſcertain the Ratio: and, if Lines are divide vario 
into equal Parts, to expreſs the Ratio, it is the ſame z mem 


Numbers ; becauſe, we only know the Proportion by num— (till 1 


bering the Parts, parte 


It is eaſily known that there is Analogy, or ſumilatity of anale 
Proportion, when, in four Quantitics, the firſt (1. e. any one) exptr 
contains the ſecond (any other) or is contained, the {ame 14 t( 
number of times, as a third contains the fourth, or is con- twie 


tained by it ; whether it can be expreſled in whole number, T 


as once, twice, thrice, &c; or once, twice and a half, a third, Divi 
a fourth, or any other fraétional number whatever, each 

E. g. 6 has the ſame Proportion to 24 as 4 has to 16, or = bc; 
3to 12, cach being contained four times in the other; then Nor 
Ratio is, therefore, as to 4. 9 has the ſame Proportion Wo | 
to 24 as 6 to 16; for cach is contained in the other, twice 
and two thirds; the Ratio is as 3 to 8, So likewiſe, 27 is 
to ꝙ as 21 to 7, or 12 fog; for, cach contains the other 
thrice; therefore, the Ratio is as 3 10 1, 18 is t0124 
12 is to 8, for they are, cach, as 3 to 2. "I'hus may the 
Ratios of any commenſurable Quantities, whatever, be ex- 


* 


prefled by Numbers; and, indeed, ſuch as arc incommen— 
tlurable, by approximation, are continually approaching neater 
to the truth, till the deficiency is leſs than any aſſignable 
Quantity whatever, 


* 


1Y! Die 
duppe. 
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Suppoſe any four Terms or Characters, A, B, C, D, to 
repreſent four Quantities, that are analogous in their Ratio, 
two, and two; i. e. when A (any one) has the ſame Pro- 
portion to B (any other) as C, a third, has to D, the fourth ; 
which is thus written, A:B::C:D and is read thus; 
xz: AistoB, fois C to D. The four Points, dividing the 
wo Pairs, denotes an equal Ratio between them, 

The whole bufinel(s, of this fifth Book, is to ſhew, what 
various ways they may be changed, and fo ordered among 
themſelves, that the Proportion ariſing, on both fides, may 
{ill be equal or analogous; which, will admit of preat 
variety; ſeing, the Ratios of ſeveral Quantities, that arc 
analogous, may be expretled by the fame Numbers; as, 2 to 5 
expreſſes, equally, the Ratio of 6 to 15, of B to 20, and of 
14 to 35; each being contained in the other, reſpechvely, 
twice and one half, 


Therefore, either by Alternation, Inverſion, Compoſition, 


Diviſion, converting, or mixing the Terms, the Ratio of 


exch, may, in each change, be exprefled by the fume Num— 
bers; & conſequently, there is always equality of Proportion, 
Nor indeed, is it poſſible it ſhould be otherwile, it the terms, 


on both ſides, be ordered & changech after the lame manner. 


Wherefore, I am and ever was of opinion, norwithiland- 
ing what the learned Dr. Barrow, in his mathematical 
Lectures, and Dr, Keil, in his Preface, ſays to the contrary, 
and the high encomiums which Cunn, in his Preface, be- 
ſtous on Euclid's Demonſtrations of the fitth Book; that, 
It is involving a thing, in itſelf not very intricate, if not in 
darknels and obſcurity, at Jealt in perplexity ; ſeeing that, 
half, or more than half, of the Propotitions may be diſpenſed 
with, or paſs for Axioms; the remainder being ſufficient, 
towards ataining a full Demon{tration of the whole. 


DEF. 
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DEFINITIONS, 
Def. I, QUANTITY is whatever may be mea{,;,; 


or numbered, eſtimated or compared, in reſpect of More 
or leſs. 


As Magnitude or Body; Extenſion, or length ſimply; 
Weight, or Gravity, Meaſure, Time, Motion, &c, 


N. B. One Surface may be equal, in area, to twice, thrice ;, 
four times the area of another Surface ; or a Line may hay 
twice or thrice, &c. the length of another Line. Alſo, if ca- 
Body moves, uniformly, through twice, thrice, or four tins; 
the Space, through which another Body moves, in equal Time, 
it will move with twice, thrice, or four times the velocity, 
All which, come under the Denomination of Quantity, and may 
be expreſſed or repreſented by various Symbols or Characten: 
or by Right Lines, of twice, thrice or four times the length, 
one of another; or by Numbers; as 6 contains 3, 2, or 1}, 
twice, thrice, or four times, 


Quantities, being compared together, are of two kind, 
diz. commenſurable, and incommenſurable. 


Commenſurable Quantities are ſuch as have a common 
meaſure; that is, ſuch Quantities as may be divided into 
the ſame equal Parts, or into Parts of the ſame magnitude, 


Two Quantities are commenſurable, when ſome deter- 
minate Quantity may be found, which, being taken, or 
multiplied, certain numbers of times, is equal to either, 
without deficiency or excels, 


Incommenſurable Quantities are ſuch as no other Quantity 
can meaſure; i, e. there cannot be found any determinate 
Quantity, how ſmall ſoever, which, being multiplied, vill 
be equal to each of the other; but that there will be a de. 
ficiency or exceſs, in one or the other. 

| N. B. 


red 
Ore 
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N. B. Any two Quantities, whoſe Proportion, to each other, 
can be expreſſed byNumbers, are commenſurable ; two Quan- 
tities, whoſe Ratio is ſuch as cannot be expreſſed in Numbers, 
ire ſaid to be incommenſurable to each other. 


Def. II. An ALiQuoT, or equal Part, is that, when 
a leſs Quantity is contained any number of times, preciſely, 
in a greater; i. e. when a leſs Quantity, being taken or 
multiplied any number of times, is equal to a greater, 

Thus; an Inch, or a Foot, is an Aliquot part of a Yard 
or Fathom 3 or an Ounce of a Pound, &c; 3 is an Aliquot 
part of 9, 12, or 15, &e., 


Def. III. MuLTIPLE. That Quantity is called a Mul- 
tiple, in reſpect of another Quantity, when it contains, 
exactly, or is equal to the other, being taken any number 
of times; then, the leſs is ſaid to meaſure the greater, 

Thus; a Foot is a Multiple of an Inch, of two, three, 
four or ſix Inches, but it is an Aliquot part of a Yard, &c. 

A Yard is a Multiple of a Foot or of an Inch, &c. but 
it is an Aliquot of a Fathom or Furlong, &c. 


i Def. IV. RATIO, or PRoPoRTION,* is a mutual 


habitude or relation of Quantities, of the ſame kind, in 
reſpect to more or leſs. 

Quantities are ſaid to have Ratio to one another, which, 
being multiplied, can exceed each other. 


I 


tt. A 


* This Definition is rejected, by ſome, as ungeometrical. 


Foofeſſor Simſon ſays, after a long quotation from Dr. Barrow's 
ch Lecture, “that he fully believes, the 3rd and 8th Definitions 
Wo! the 5th Book (the 4th and 6th of this) are not Euclids, but are 
added by ſome unſkilful Editor,” I muſt freely own, that I am at 
'E loſs to conceive why it is they cavil at them; which, to me, ſeem 


both proper and neceſſary. 
Dr. Barrow ſays, that, © Euclid had, perhaps, no other deſign 


in giving this Definition (which he calls metaphyſical) than to 
sea general, though a groſs and confuſed, notion or idea of Ratio 


to 


1 
5 
"1 
«+11 
7 


— 
— : p —«§Üð⁵ üœß g; — = — 


— — 2—ö—Uc— — 


— — — 
— — 


— — — 


— — 


—— 


—— - - 


— 


— DB 
* — == 


- — 


240 ELEMENTS or GEOMETRY, 


In order to which, it is neceſſary that they be of the (,,,, 
ſpecies or kind, e.g. A Line (having no breath) can, 
by multiplying, be compared with, or be equal to the ſmallen 
ſurface. Alſo a Surface, (having no thickneſs) cannot, hy 
multiplying, be equal to, or compared with a Solid. , 
neither can Weight be compared with Time, or Motion, &. 
Wherefore, ſuch Quantities as are not of the fame kind, 4 
heterogeneous, and can have no Ratio to one another, 


N. B. The Ratio of two Quantities is not expreſſed by the d. 
ficiency or exceſs of the Antecedent to the Conſcqueg; 
although they may be compared by them, it is not their Rt 

RaT1o, is the Value of the Antecedent Term in reſpec; q 
the Conſequent. (See the next Definition). 


Thus, It A is to B as 3 to 5; the Ratio is 2 or z fifii; g 
the Conſequent. But, if B be taken for the Antecedent, e 
Ratio is greater, viz. as 5 to 3; i. e. J or 5 thirds, which i 
one, and two thirds of the Conſequent; whereas, in the forme; 


Ratio, the Antecedent, is two fifths deficient of its Conſequen, 


to beginners” grant it; was it not neceſſary, then, to give ſuc! 
a general Idea? which, if it be metaphyſical, cannot, I pretums, 
with propriety, be called groſs, though it may be contuled ; 2s, 
my Opinion, is every thing relative to Metaphyſics, for, we ca 
only reaſon, on ſuch abſtracted ſubjeQs, from Analogy, of in 
ginary Beings with coporeal ; which do not, properly, ac 
of Analogy. | 

He ſays, further, that nothing in Mathematics depends on , 
{the 6th) and that, both might well be ſpared, without any do 
Geometry.” [I am aſtoniſhed at ſuch an Aſſertion; does notlung 
depend on Proportion, or Ratio, and Analogy of Ratios? a 
we (as he ſays we ſhould principally) attend to thoſe which fol, 
before we know what is meant by Ratio? can we have any nu 
of any one, from Alternate Ratio to equality of Ratios, bee 
we know what is meant by Ratio, ſimply ? which, in ittelt 1» . 
doubtedly metaphyſical ; yet, we cannot have any notion of e 
in abſtract; as the Doctor takes great pains (in his 20th Lecture 


to convince us, that Ratios are not Quantities; who ever ſuppoi 
it? at the ſame time, I find it impoſſible to form an idea © 


Ratio, abſtracted from Quantity, which is the Eſlenee of Ratios 


A Rat 


erweet 
El heretd 
WW 11105, 
2 zwen U 
Wi: perfe 
om. 
nion 
eit 
aui 
Note, 
Wd! it 
analog 
rd Pr 
militu 
Nou 
ice, tl 
ence, 
e. wl 
h De 
NC an 
Nauio 
5 lagni 
oO like 
at ha 
h 
Tan 
uo 


* 
* 


f io ab. 3 3 5 : 
ama Net, V. ANTECEDENT and CONnNSFQUENT are the 
Terms of a Ratio. 


Not 
* [n every P atio there muſt necelJarily be two Terme, 
U denoting two Quantities, The Anteceldent is that which 
| K is fiſt named, and being referred to, or compared with 
90 0 
de another Quantity, the latter is called the Conſcquent. 
it Thus, A: B, or B: A ſignifying that A has ſome Ratio 
als 
| to B, or B to A, (which it neceſſarily muſt if they be 
| ſuppoſed to repreſent two Quantities of the fame kind) 
de. A or B is the Antecedent, B or A is the Conſcquent, 
by according, as they are taken, firſt or laſt, 
Cb r 5 
A Ratio has ho exiſtence, either phyſically or metaphyſically, 
itbout Quantity z the Term, Ratio, implies Quantity; where 15 
5 e Kauo to eril, if not in Quantity ? can we conceive a Ratio 
, the een non-exiftences ? the ſuppotition is abſurd, and cannot he. 
$5 W'erctore, 1 look on the Definitions of Ratio, and Analogy ©: 
& latios, to be abſolutely neccliary in Geometry, that they weis 
er en by Euclid, and that his Elements of Proportion would be 
ont, perfect without them. 
2 W Some Geometers make a diſlinction between Ratio and Pro 
1 dortion; for, Dr. Barrow, in his 4th, and Myr. Stone, in his 301 
ſach WI clinition, ſay, * Proportion 15 a fniltude of Ratios,” Which, 
Tc, 1 Ratio and Proportion be the Jaume, (as the Doctor aſhims, in 
5 in Note, annexed) is an abſurd Definition ; viz. Ratio is a mllitude 
oy =D! Ratios, Dr. Keil, in his 8th Definition, calls Proportion 
Ps WP nlogy, and ſays, © Analogy is a finilitude oi Proportions z*? 
d rofeſſor Simſon ſays, ** Analogy, or Proportioti, is the 
militude of Ratios,” | 
$1 Now, in my opinion, the diſtinticn betweem them is ſo very 
* ce, that it requires very acute diſcerument to diſcover the diffe- 
i ence, What is by them called Proportion is, properly Analogy, 
0a e. when the Ratios are equal or ſimilar; for, Dr. Keil, in hi; 
or, b Definition, ſays, Magnitudes are laid to have Proportion to 
ico e another.“ Mr. Stone ſays, „Magnitudes are ſaid to have a 


atio to one another.“ Dr. Barrow, in his fifth, changes 
Lagnitudes tor Numbers, but makes uſe of the Term Ratio. 
o likewiſe, in the ſixth Definition; Keil ſays, © Magnitudes 
at have the ſame Proportion ;” Simſon and Stone ſay, in the 
th © Magnitudes which have the ſame Ratio, are called Pro- 
ortionals;“ conſequently, they all mean the ſame thing, by 


ao and Proportion, 
li ae 
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Def. VI. ANALOGY,*®* of RarTros, is a Gn: 


„ 
liltuce 
or equality of Ratios, i. e. When the Antece len g 
one Ratio contains its Conſcquent, equally, as the 4. 


tecedent of another Ratio contains its Conſequent, 
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* Tt was not the Deſign, of thoſe Geometers who made u 
this Term, to define Analogy, in abſtract, but only, 1, «;, 
what is meant by analogy of Ratios (between two and tw ( 
tities) which is a very proper and expreſſive Term, for e 
of Ratios; it was neceſſary, that ſome one or other ſhou!{ ben 
uſe of. Analogy, applied to Ratios, is, at leaſt to me, 10. 
expreſſive of the thing meant by it; much more ſo, in my Opinia 
than Proportion; which is only another Term for Ratio, or i; 
for Proportion; which, Terms, are ſynonimous, and cds 
expreſſive. To what purpoſe are all the various changes! 
alternation, inverſion, &c. it we take away Analogy ? all the g 
that is or can be made of them is, only, to ſhew, that the n. 
of theſe changes is Analogy ; the chief, if not the only wy, 
reaſoning from Proportion, in general; conſequently it is na x 
unneceſſary Ferm. 

If we muſt needs be caviling, there are other Definitior; wii 
are much more exceptionable; as the fourth of Kuchid, . 
« Magnitudes are ſaid to have a Ratio to one another” dez! 
reality, it is not a Definition of any thing, but is only meant? 
acquaint us, What Quantities can have Ratio to each other; whic 
common ſenſe has amply provided for: who would ever think d 
comparing 'I''me with Gravity, Meafure, &c; or with any cat 
poreal ſubſtance, Superficies or Solids ? 

The fifth is not, properly, a Detinition, but intended, only, » 
a fign of Analogy (fee the Remark on it, at the end of this 5% 
Bock). The gth is leſs ſo than either of the former, viz. Ir. 
portion (or Analogous Ratio) confilts of three Terms, at ka. 
Nhat does this define? nothing; can any Perſon be at a loſs 
know, that there muſt needs be three Terms, who has had Anilog 
of Ratios defined, where he always finds four? but, one eb tix 
four, is ſometimes taken twice. I therefore, look on it as ſuper 
fluous and unneceſſary, ſeing it is a neceſſary conſequenre 1 
Analogy ; yet, it is not improper, by way of Nota bene or Remat; 
but there could be no impediment, to the attaining of the rel, 
it was never mentioned. Therefore, it may, very fafely, k 
bloted out of the Vocabulary of Definitions; for, to tf 
Dr. Barrow's own words, Proportion would ſuſtain no loſs by! 
and I do verily believe, that this was never given by Luc 


as a Definition, * 
4 05 each 
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Or, when the Antecedents, of both Ratios, are contained 
equally in their ref pective Conſequents. 


Thus; 9 has the ſame Ratio to 3, as 6 to 2; for each 
is aͤ 3 to 1, i, e. each Antecedent contains its Conſcquent 
thricez therefore, there is the ſame Ratio or Proportion 
between them, and they are ſaid to be Analogous. 

Alſo, 6 is to 9 as 2 to 3, for each Antecedent is con- 
tained once and a half in its Conſequent. 


When the ſecond Term has not the ſame Proportion to 
e third, as the firſt has to the ſecond, or the third to the 
urth, they are ſaid to be directly or diſcretely proportional. 
Thus, 4:6: :8: 12, directly or diſcretely; but, 4.6: :9: 13! 
is both directly and continual, (See Def. 7.) 

When one Antecedent contains its Conſequent, or is 
contained in it, more than the other Antecedent contains 
or is contained in its Conſequent, though by ever ſo ſmall 
a part, the Ratio is unequal ; and they are called, ſimply, 
UxgQUAL RATIOs. | 


Analogy of Ratios is thus expreſſed; A: B:: C: D. 
be firſt and third Terms, A and C, are the Antece- 
eo, and may be taken for any Quantities whatever; 
Mt D, the third and fourth, are the Conſequents. 


Whereſore, if A be ſuppoſed, in Numbers, to repreſent q, 
| d C,3; and, if B be equal 6, it will be thus, 9.6::3:2; 
oſequenthy, D will repreſent 2. But, if B alſo repreſents 3, 
Nen will D expreſs or ſignify but 1, viz. 9:3::3:1. 

Again; if B repreſent a greater Quantity than A, D will 
a o be greater than C; thus, 9:12: : 3:43 or 9:15: : 3:5. 
be three firſt Terms being fixed or known Quantities, 
Wd in a certain order, the fourth is a neceſſary conſequence, 


= cms, ſeing that there is ſimilitude or equality of Ratios, (and 
each Ratio conſiſts of two Terms, the Antecedent and Con- 
11 ſequent; 


B. In Analogy of Ratios, there muſt neceſſarily be three 


2 & >. & * 4 3 — * 
— — + —— 2 — _ W *, 8 
- - — = _ = 


IE w hs at — — — 8 4 - 
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Def. VII. Cox TI UAL. RAT Io is when, in ther 


N. B. Each Term being twice taken, except the firſt and lat, au, 


ſame ſpecies or kind. i. e. The Quantities muſt be homogened. 


the Ratio being as 2 to 1, or double. 


ſ-quent; Def. V.) But, ſince the Conſequent of the fir NaN 
may, alſo, be the Antecedent of the ſecond (as A: B:: f. 
three Terms are ſulficient to conſtitute Analogy; in which e 
it is neceſlary that they are all of the fame ſpecies or kind.“ 
But, when there are four Terms (A: B: C: D) tha 5, 
Ratio (.\:B) may be of a different ſpecies from the other Ci) 
for, there is the fame Ratio between a Foot ant an Iuch, te 
three, or four Inches, &c. as betwcen a Pound, and One, * 
three, or four Ounces, (Troy Weight) conſequently, thee mer 
te Analogy of Ratio, between heterogeneous Quantities, 


. 


s 
. 


or more Qnantities, the firſt is to the fecond, as the ſecon 
to the third, as the third to the fourth, &c.; Or, moss 
properly, the third is to the fourth, as the ſecond to th; 
third, and that, as the fitſt is to the ſecond, 


Thus. In four or more Quantities, A B, C, D, if( 
has the ſame Proportion to D, as B has to C; and, if 3 
has alſo the ſame Proportion to C, as A has to B, they xr 
then in continual Proportion, or geometrical Progreſſion 
and are thus writ, or ſymbolized; A: B: C: D. 


therefore, both Antecedent and Conſequent, i. c. the ſecond 
Term is a Conſequent in reſpect of the firſt, and the third or 
the ſecond ; but they are, alto, Antecedents in reſpect ot tis 
tiurd and fourth Terms, 


In continual Ratio, all the Terms are, neceſſarily, of th: 


It A and C, the two firſt Terms, or D and C, the two laſt, ar 
any fixed or determinate Quantitics, all the reſt are dete. 
minable ; which, in Numbers, is obvious. 

Let A be 4, andB6; it will then be thus, 4:6:9: 131. 
each conſequent Term containing its Antecedent once and 


2 half. But if A be to z, and B 6, it will be 3:6:12:24* 


Or, if A repreſents 2, and B 6, then 2:6: 18: 544 &c. d. 
Ratio being triple, or as to 3 to 1. So that, whatever Rate 
there is between the firſt and ſecond, that Ratio is continues. 


Therctote, 
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Therefore, when the Ratio 1s increaſing (or rather when the 
Quantity 1s increaſing, for the Ratio 18 the ſame, throughout) 
the Quantity of C, P, &c. is determined either by Addition or 
Multiplication; as in a decreaſing Ratio, (i. e. when the An- 
tecedent is the greater Quantity) by Diviſion or Subtraction. 


Hef. VIII. PROPORTIONALS are ſuch Quantities as 


are in the ſame Ratio; diſcretely or continual. 


Proportionals conſiſt, at leaſt, of three Terms, or 
Quantities; which are uſually ſymbolized by Right Lines; 
or by Characters, as A: B:: C: D, the Ratio being de- 
termined by Numbers. 


Def. IX. Mean PRoPORTIONAL, and THiRD 
PROPORTIONA L. 


When there are three Terms, only, or, if three Terms 
are Proportionals, as A, B, C, they are in continual 
Proportion; thus, if A is to B, as B to C, in equal 
Latioz then, the middle Term, B, is a Mean, between 
the other two; and is, therefore, called a MEAN 
PROPORTIONAL. 


The firſt and laſt Terms are the Extremes of the Pro- 
portionals; either of which, A or C, when there are 
but three, is called, a THIRD PROPORTIONAL, 
in reſpect of the other two. 


Hence it is evident, that, in continual Proportion, of four 
or more Quantities, each Term, except the firſt and the 
laſt, is a Mean, between its Antecedent and Conſequent. 


N. B. If two Terms or Quantities are given, and a third be re- 
quired, in the ſame Ratio to either of the given Terms as that 
has to the other, the Quantity found is a third Proportional. 


Def. X. EXTREME and MEAN PROPORTION is, 
when any Quantity is ſo divided, into two Parts, that, 


the leſſer, the greater, and the whole, are in continual 
Ratio, | 


A Right 


* 
— 243 — rr 
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A Right Line is ſaid to be divided in extreme and me, 

Proportion; when, being cut into two unequal Parts, 

the Ratio of the whole Line, to the greater Segment, is (þ, 

ſame as of the greater Segment to the leſs. 

If the Line AB be cut in Co. AC 8 

* L —_ — 

Then, if the whole Line, AB, is to AC as AC is to CB; 
AB is divided in extreme and mean Proportion, 


Def. XI. A FouRTH PROPORTIONAL, 


If four Terms, A, B, C, and D, are Proportional; 


whether they are analogous, only, or in continual Pro- 
portion, either of the Extremes, A or D, is a fourth 
Proportional, in reſpect of the other three. 


N. B. If three Terms or Quantities are given, and a fourth i; 
required, in the ſame Ratio, to any one of the given Quantities, 
as the remaining two have, the one to the other ; the Quantity, 
ſo found, is a Earth Proportional, | 


Def. XII. Dur lic ArE and TRIPLICATE R ary, 


If four, or more Terms, A, B, C, D, are in continu; 
Proportion ; the firſt, A, is ſaid to have, to the third, C, 
a duplicate Ratio of A to B, the firſt to the ſecond, 

And the Proportion of A to D, the firſt to the fourth, 
is triplicate of A to B; and fo on. 


Def. XIII. ALTERNATE RATIO is the mutation of 
the two middle Terms, of four proportional Quantities ;* 
1. e. when Antecedent is compared with Antecedent, and 
Conſequent with Conſequent ; and they are called homo- 
logus, corational, or correſponding Quantities, 


Thus, A: B:: C: D, directly. — If 27:18: :6:4. 
Then, A: C:: B: D, alternately — So, 27:6: : 18:4. 


— — 


Alternate Ratio cannot exiſt or take place, unleſs both Ratio: 


are of the ſame ſpecies; ſeeing, there is no Ratio or compariſon 
| between 


Def 
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N. B. When the Product, ariſing from the multiplication of the 
neo middle Terms, is equal to that of the two Extremes, it is 
a certain proof of Analogy, conſequently, it will be the ſame, 
whether they are taken directly or alternately, 


Def. XIV. IN VERSE RATIO is when the Conſequent 
is taken for the Antecedent, and compared with the An- 
tecedent as a Conſequent. 

In this Caſe, the middle Terms become the extremes, 
If A: B:: C: D directly. — 27718:26:4. 
Then, B: A:: D: C inverſely. — So, 18:27: :4:6. 


Def. XV. ComPpounDED RAT fo is when the Ante- 
cedent and Conſequent, being taken or added together, 
as one Quantity, are compared either with the Antecedent 
or with the Conſequent. | 

IfA:B::C:D; then, AB: A, or B,: : CD: C, or D. 
6:9 :: 2: 3; then, 15:6, org, :: 5: 2, or 3. 


Def. XVI. DrvyI DED RAr 10 is when the difference, 


between the Antecedent and the Conſequent, is compared 


either with the Antecedent or the Conſequent. 

If A: B:: C: D. Then, whether A be greater than B, or 
B than A; the difference, being taken, is compared either 
with A or B; as alſo, the difference between C and D, 
is compared with Cor D. 
Thus, A- B, orB — A,: A, or B,: : C D, or D - C:, Cor D, 
15:6: : 5:2; then, the difference, 9,: 6, or 15, :: 3:2, or 5. 


15 


between Quantities that are heterogeneous. (ſee Def. IV.). For, 
WE |! four Quantities are in analogous Ratio, (A:B::C:D,) it 1s not 
naeceſſary that the firſt pair (A, B,) ſhould be of the ſame kind as 
WE the laſt (C and D.) But, in Alternate Ratio, the Antecedent of 
one Ratio is compared with the Antecedent of the other, and 
Conſequent with Conſequent; wherefore, it is abſolutely neceſſary 
chat both Ratios are of the ſame kind. 

N. B. In the ſeven following Definitions, it is the ſame whe- 
ther they are of the ſame kind or not; i. e. each pair may be of 
different kind and heterogeneous to the other. 

Def. XVII. 


"4 
1 * 1 — 
. „ Mi — 3 
*— —— — ——— —— — wet 
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30 
Def. XVII. Converse RAT is when the Ag. 
tecedent is compared with the difference between 1, 25 
Antecedent and the Conſequent. | 
If A: B:: C: D. Then, whether A exceeds B, or B exceeds A, wi 
it will be thus; A: AB, or B- A, :: C: C- D, or DC R. 
12:27: : 4:9; and, 12 or 27, : 15 (the difterence)::4,org.. ar 
Def. XVIII. Mix ED RAT10 is when the Antecets,, 
added to the Conſequent, as one Quantity, is compare) N 
with the exceſs, by which the one exceeds the other; wile, 
And, vice verſa, when the difference, between them, 1 
compared with the ſum of both. 1 
If A: B:: C: D; then, A+B:A—B, or BA,: C h o. 
:C—D, or D-C. 7.3::21:9; then, 10:4:: 30:11, 4 
the Antecedent being the greater Quantity. 4 
Def. XIX. OR DIN ATE RATIO of Equaliry, 4 5 
If there be three or more Quantities in one Rank 6 x 
Order, in any Ratio whatever, and as many in anothc Def 
Rank, in the ſame Ratio, comparing two and tuc; I 
i.e. as the firſt is to the ſecond, in one Rank, ſo is th: 0 
I firſt to the ſecond, in the other; and, as the ſecond is ts A 
| the third, ſo is the ſecond to the third, &c.; it will ther 
| be as the firſt is to the laſt, in one Rank, fo is the firſt to >< 
| the laſt in the other; or (comparing, the Extremes) a 0 
the firſt is to the firſt, ſo is the laſt to the laſt. 
In the two Ranks A, B, C, D, and E, F, G, H; 
If, A: B:: E: F, and B: C:: F: G; alſo, as C: D:: G: H. 
Then, as A: C, or D, :: E: GorH; alſo, as A: E:: C: G, D. H f 
Let the firſt Rank be as 3:7: 5: 8; and let E be q 1 — 
Then, F will be 21, G will be 15, and H 24. | 
For, as 3:7: :9:21; andas7:i5::21:15; allo, as 5:8::15:24 RE 7 
: in 


Then 3:5, or 8, as 9: 15, or 243 and as 3:9: :5: 15, 019:24 
Ratio 
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Ratio of equality“ is of two kinds, ordinate and inordinate. 
the | 


Ordinate Proportion is what is already defined; or, 
when there are, at firſt, but four Quantities, in analogous 
Ratio, either diſcretely or continual ; and other Quantities 
are aded, after the ſame manner, and in equal Ratio, 


For example; let the Ratio of C: D be as A: B. 


Now, if other Quantities be added, on both ſides, in ſuch 
wiſe, that the Ratio is the ſame, ordinately, there is ſtill equality. 


Firſt, let the Quantities added be Antecedents; 
If A:B;:C:D; then, let be to A as F to C; 
or, let them both be Conſequents, viz. as B: G:: D: H. 
It is manifeſt, that, in either Caſe, the Ratio is ſtill 
the ſame; being taken progreſſively. | 


For, as E:B, or A;G,::F:D, or C toH; 
alſo, as A:B, or C:D,::E:F, or G to H; in either. 


P * * : 5 
* 


E Def, XX. IN ORDIN ATE RATIO of EqQuaLity 


0; is, when in equal Ratios of two Quantities each; as the 
cConſequent of one Order is to ſome other Quantity, ſo is 
another Quantity to the Antecedent of the other Order. 
» Then, as the Antecedent, of the firſt, is to that other 


Quantity, ſo is the other Quantity to the Conſequent 
of the other Order, 
If A:B::C:D; and, if B:E::F:C; then, A:E::F:D, 
3:4::21:28; and, 4:14::6:21; then, 3:14: :6:28. 
Again, if E:G::H:F; then, A:G::H:D. 
For, 14:7::12:6; then, 3:7: 12:28. 


ec. 
”— * 
2 — —_— 


By Ratio of equality is not meant equality of Ratios ſimply; 
ut, in two Ranks of Quantities, whoſe Ratios are ordinate or inor- 
dinate, the Ratios are equal, at equal Diſtances from the Extremes. 


K k Def, XXI. 
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Def. XXI. CompostTtion of Rartros, * 


In any Number of Quantities, and in any ();1.. 

. "5 

whatever; the Ratio of the firlt to the laſt is equa] tg 
which is compounded of all the intermediate Ratios, 


that 


If A, B, C, and D, repreſent as many Quantities, 
whatever is the Ratio of A to B, of B to C, and of Cie 
the Ratio of A to D, is cqual to the Ratio compounde! 

of chem all. 


N 
4, 


 Thus,iiAistoB as 3to5, B to Cas 3; tog, andC to Dash. 


25 | ? A „ 
Then, A: D: : 3:6; compounded of 2 of 6 2 & of x 


* 
i. e. Multiply all che Antecedents into one another; 3 x 5 N 
and divide theSum, by that of all the Conſequents; 5 ** 
then is A to D, us 120 to 240, or as 3 to 6; 1. c. as 1 to 2, ur |, 


— ——— — — — 


This laſt Definition is generally given in the fixth Look, 1. 
which I cannot conceive a realon. The Doctrine of Proportion » 
a diſtinèt ſubzect, and therefore, all which relates to it ſiould . 
together, in one Book; which, according to Euclid, is the fich, 
to which (in the uſe and application of it, in the nach and oh 
Books,) we may reter on all Occaitons, 


Dr. Barrow, indeed. gives nearly the ſame thing, in bot), 
In Det. 20. B. 5. he ſays, * any number of Mapnitudes being put 
the proportion, of the firlt to the laſt, is compounded out 0 tle 
proportion of the firſt to the ſecoud, the ſecond to the third, an 
the third to the fourth, &c. till the proportion ariſe.” 


\ 


The proportion, which is between the firſt and the laſt, will. 
mult neceſſarily, ariſe, by the compoſition of all the mtermvin 
Ratios, which is evident from the manner of compounding then; 
nor is it poſſible to be otherwiſe ; ſceing that, each of the. mis 
mediate Quantities is both Antecedent and Conſequent. Ther. 
fore, the Ratio emerging at-laſt, ſeeing, it depends entirely 0! 
the firſt and laſt, muſt ever be equal to the Ratio: of the g= 

the laſt; let the intermediate Quantities be ever ſo many, ad" 
what Proportion ſocver, | 


v - 

N 
4 

\ 

n 
U 
4 
4 
b 


According 


— — 
- — 
* 


wan 
them; 
intei⸗ 
There. 
aly 01 
ſirtt u 
and it 


erding 
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According to Euclid, there are ſix various ways of reaſon- 
ing, from Proportion, including ordinate and inordinate 
Ratio in that of Equality; which, in effect, is all one. 
Inordinate Ratio differs from ordinate, in nothing but the 
diſpoſal of the laſt Quantity; for, whether it be confidered 
and compared as an Antecedent or as a Conſequent, by 
placing it firſt or laſt; the Ratio, in either caſe, being the 
ſame, it will ſtill be as the firſt to the laſt, ſo is the fit to 
the laſt; but not, one Quantity, (added) to the cther, as in 
the former caſe, where the (Quantities, added, are both An- 
tecedents, or both Conſequents. 


But there is another way of reaſoning by Proportion, 
diſtinct from the reſt, which is not in Euclid ;, viz. mixed 
Retio, (Def. XVIII.) that is, comparing the — of the An- 


tecedent and Conſequent with their difference. In reſpect 


of Conyerſe Ratio, it differs in nothing from inverſe, which 
includes all Converſe Ratios whatever; fince, al! Ratios, 
that are analogous, are inverſcly ſo, or converſely, which is 
the ſame thing. Nor do I ſee any Reaſon, why the 15th 
Hefinition, of Compounded Ratio, has not a converſe, as well 
as the 16th of Divided Ratio; ſeeing that, one holds good 
as well as the other; and is as neceſſary to be known, it 
being as frequently made uſe of as the other, 


That'the manner, and the order, of the ſeveral changes may 
be ſeen at one view, I have given them over again; with the 
converſe of each, in the following abſtract; keeping the 
ſame Ratio throughout the whole. In which five Caſes, 
viz, alternating, inverting, compounding, dividing and 
mixing, with their converſe, together with equality, ordinate 
and inordinate, is contained all the variety in which the 
Terms, -of analogous, Ratios, may be changed and ſti!} be 


analogous; and which, anſwers almoſt every purpoſe, ot 
reaſoning from Proportion, 


K k 2 It 
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If A: B:: C: D, directly, as 3 to 2; thus, 21: 14:: 9:6, 
Then, A: C:: B: D, alternately, = - = 21: 921456. 
Alfo, B: A:: D: C, inverſely, - - 142212 6:9. 
And, AB: A, or B,::C+D:C, or D. . 

35: 21, or 14, :: 15 :9,0r6. 5 by Compoſition, 

Alſo; A,orB,:A-+B : :C,orD,:; CD. 

21, Of 14, i 35 :: 9, r ©,: I5 

And, A—-B: A,orB,::C—D :C,orD. I 

7:21, ox 14,:: 3:9, or 6, [ oy Diviſion, 

Alſo; A, or B,: A—B::C,orD:C-D 
410 6 7 197 06:3 

Again, AB: AB:: CY D: CD, mixing; 35· 71215. 3. 

or, A- B: AB:: CD: C, converſely, 7:35:: 3:15, 

Ordinate Ratio of equality. 
If A: B:: C: D; and, if B: E:: D: F; then, A: E:: C: F. 
21:14: 9: 6; and, 14:42: : 6:18; then, 21:42:: 9:18, 


converſely. 


converſely. 


Inordinate Ratio of equality. 
If A: B: C: D; and, if B: E;: F: C; then, A: E::F:D, 
21:14: : 9: 6; and, 14:42:: 3:9; then, 21:42:: 3: 6, 


Thus, having ſhewn all the variety of changes, and, that 
the Ratios emerging from each, in numbers, are equal or 
analogous; there remains, one might reaſonable ſuppoſe, 
nothing more to be done. For, after this knowledge once 
obtained, of what uſe can it be to perplex the Student, with 
a tedious Demonſtration of what, in Numbers, is clear and 
manifeſt; and which, I am perſuaded, needs no further 
Demonſtration. Nor do I ſee, excepting Alternate Ratio, 
(which is, alſo, ſufficiently evident, in Numbers) that any 
of the reſt require Demonſtration ; or are made more mani- 
feſt by it. For, the Ratios of all commenſurable Quantities 
may be expreſſed by Numbers; and it is ſufficiently maniſeſt, 
that, by Analagy, it muſt alſo hold true in reſpect of Quat- 
tities, which are incommenſurable. 1 


Ratio, 
at any 
mani- 
intities 
anifeſt, 
Quan- 


It 
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It is evident, that, ſince A:B::C:D, whether the Ratio 
of A to B be commenſurable or incommenſurable, the Ratio 
of C to D being the ſame, as A to B, they will till be 
analogous in every change, | 


E. g. Suppoſe the Ratio of A to B and of C to D be as the Side 
ot a Square to the Diagonal; or, as the Diameter of a Circl 
is to its Circumference, &c. | 


Now, it is manifeſt, that the Side of one Square is to its 
Diagonal, as the Side of any other Squire is to its Dia- 
gonal; conſequently, theic Ratios are equal, notwithſtanding 


i. e. 3:5::3:5; conſequently, 3:3::5:5, &c. erefore, 


any other Square to its Diagonal; conſequently, as Side is to 
Side, ſo is Diagonal to Diagonal; alſo, as the Side added to the 
Diagonal, is to either Side or Diagonal; ſo is any other Side 
added to its Diagonal, to either; likewiſe as one Diagonal is to 
the Side, ſo is the other Diagonal to the Side; or, as the Dia- 
gonal, leſs the Side, to either, ſo is the Diagonal, leſs the Side, 


Changes that can be, if they are ordered and changed after the 
ſame manner, on both Sides. 


In what I have advanced, on the Subject of Proportion, is 
contained the eſſence of the whole fifth Book of Euclid ; 
and if it be clearly underſtood, the Doctrine of Proportion is 
of it, by way of Demonſtration, is, in a great meaſure, 
Proportion without a Foundation, leaſt it ſhould be cenſured 


by the ſcrupulous, I have demonſtrated or more fully 


being ſelf evident they require no Demonſtration, 


AXIOMS, 


they cannot be expreſſed in Numbers; for 3 8 9:15. 


ſince the Side of one Square, is to its Diagonal, as the Side of 


to either; and thus it muſt ever be through all the variety of 


already acquired; and conſequently, all that can be ſaid more 


ſuperfluous. However, not to leave the whole Doctrine of 


illuſtrated, ſome of the moſt eſſential, on which the whole 
depends; ſome of the others I have made Axioms, for 


« - 

—S—— Ca . 2 es * 
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AXIO Ms, or ſelf-evident PROPOSITIONS : 
Ax, J. One Quantity is to any other Quantity, as all the U 

Parts of one, is to all the Parts of the other. 
Loet A and D be two Quantities, and, let A. A 
divided, any how, into Parts, a, b, c; alſo le: B to 

be divided any how, in d, e, and f. 

Then, A: B:: abe: def. 3 
II. Equimultiples,“ or equal Parts, of equal Quantitie; 
are equal. 50 | th 
Let A and B be equal (Quantities 3. then, i 87 
and D be equal twice or thrice, &c. of A and), 0 
reſpectively; 2A=2B, or 3A=3B,, i. e. C=]), 8 
Alſo, if A and B be divided into two or mor: : 
equal Parts, aa, bb,&c; a=bor iA=!B, &c, L 
Any Multiple of the whole is equal to the ne D 


Multiple of all its Parts, taken together. j 

Let B be taken any Multiple of A; then, what. b BL 
ever Multiple B is of A, it is manifeſt, that ii i 
contains the ſame Multiple of a and b, the Part 


= m1 
of A and B; a, 4, a, and b, 5, b. 
The ſeventh Petpakition of Euclid. E wi 
N of 
| Equal Quantities have the fame Ratio to any 
4.4170 6 F ens he ; P 4 v6 nu 
third Quantity, or to equal Quantities, | . 
Ws REE Laa are 
For, if A and B be equal Quantities, they he Wl 
the ſame Ratio to a third Quantity, C, or to equal ( 4 
Quantities, D and E; ſeeing that, either may be Bn ©: 
taken for the other. . | NA Al 
* By Equimultiples is meant, that the Quantities arc take, ; ot! 
or multiplied, an equal number of times. pa 


V. The 


ny 
ave 


al 
be 


cen, 


[he 


rere equimultiples of thoſe Parts, 
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V. The ninth Propoſition of Euclid. 
Quantities that have an equal Ratio to the ſame 


Quantity, or to equal Quantities, are equal. 


if A and B have the ſame Ratio to C, or D; 
A and B are equal. Alſo, if A has the ſame Ratio C 
tC, as B to D; if CSD, AgB. | 


VI. The tenth Propoſition of Euclid, 


That Quantity which has the greater Ratio to a 
third Quantity, or to equal Quantities, is the 


greater Quantity. And, of two Quantities, that, 
to which a third Quantity has a greater Ratio, is 
the leſſer Quantity, 


If C has a greater Ratio to B, than A has to B, a | | 
C is greater than A, 


Alſo, if A has a greater Ratio to D than to C, 
D is leſs than C. 


VII. The fifteenth Propoſition of Euclid. 


Quantities have an equal Ratio to their Equi- 


multiples; or to their equal Parts. 8 
Let A and B be two Quantities, in any Ratio F | 2 5 


whatever; and let them he taken an equal number 
of times.” Or, let them be divided into the lame ; 


B 
number of equal Parts; The wholes of A and B ö 1 — 2 | 3 


A:2AorgA,::B:2BorzB.i.e.1:20r3::1: 2 or 3. F . THIENE = — 
Or, as ZA, or 7A, : 1 1 — 


Alſo, A: Aa (1 A) or Au, ::B:Bb (2B) or BI. 


VIII. Quantities are in the ſame Ratio, to each 


other, as their Equimultiples; Or,. as their equal 
Parts, 


Let 


«a wu 4 1 


; = Pe — 2 
A bod S 
— 1 hy - - _ 


. 28 


i | 
9 
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Book 
'B 7 10 Let A and B be any Quantities, divided in, Ax 
: equal Parts, as before, at @ and 5, or 12,31 i e. \ 
b . alſo, let C and D be any equimultiples of A and}, to the 
5 | Then, A:B::2A:2B, or as 3A: 3B; i.e, as Cb. to, gr 
3 For C and D are any equimultiples of A and B, alſo ec 
A 4 wherefore, as often as A contains B, or is con. 
tained in B; ſo often 2 A contains 2B,  j; Te 
l contained in 2B; i. e. as C contains D, or is ow: Hh 
tained in D; conſequently, A:B::C:D, _ 
Aldo, as A: B: Aa (JA): B (4B) 45 
p or, as Al to Bi. (3A to 1B.) And 
Ratio 
A. D IX. If two Quantities be divided into Parts of equi 
Wh FS magnitude (conſequently equal amongſt themſclye;) XII. 
BS 2 then, one Quantity is in the ſame Ratio to the If fe 
3 2 other, as the number of Parts, in one, to the 1 
. | number of Parts, in the other. bedder 
we 9 Let A and D be two Quantities, divided into lo gr 
| equal Parts, a, b, and c; d, e, f, and g; De furt 
Fl Then, A:D::3:4; or, as 6 to 8, &c, less, 
i. e. as a te is to d eg. For, 
7 Fern Quantities are proportional; the firſt to the ſeconl, Wi * 
| as a third is to a fourth, &c ; then, if the firſt be | Wh 
; | any multiple or equal part of the ſecond, the third . quent 
is an equimultiple or equal part of the fourth, &.. Meg. 
| wy For Quantities are to each other, as the numbet Wi 
of Parts in one, to the number of Parts in III. 
| the other. - - - - by thegi Wl Rat 
| Therefore, if A:B::C:D; A contains, or WE.. | 
contained in B, as often as C contains, or is con- ? This 
tained in D. - - - - Def.6. Wl ſubſ 


otherwiſe, the Ratios are not equal, or analogous 
2 OS 


Axiom XI. In four proportional Quantities, 


> 
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: e. when any one is to another, as a third is 


to the fourth, (Def. 6.) whether the firſt be equal 


B 
to, greater, or Jeſs than the ſecond, the third is © 
alſo equal to, greater, or leſs than the fourth. D 


If A: B:: C: D; then, if A be equal to B, C=D; 


greater, or leſs than D. 


Ratio to a leſs, as a leſs to a greater. Def. 6. 


and, if A be greater, or leſs than B; G& 18, iſo, * 287 — 
For, A has the ſame Ratio to B, as C to D; 
And, a greater Quantity cannot have the ſame 3G 


ual : 
es) XII. The fourteenth Propoſition of Euclid. 

7 If four Quantities are proportional; then, if the [ 2 
8 U 


ntecedent of one Ratio be greater than the An- 


nto 
Wie firſt are equal, the other are alſo equal; and, 


ecedent of the other, the Conſequent of the firſt is 
lo greater than the Conſequent of the other; if 


leſs; leſs | 
For, A: B:: C: D; and, if A be equal to, J C | 


Water, or leſs, than B, C is alſo equal to, greater, 
nd, | 


k be 
hird 


Ke. C ceflarily, greater or leſs than D. 

nber g 

5 in II. The eleventh Propolition, of Euclid. „ 
10 8 Ratios that are equal to the ſame Ratio, or to 

1 . Dual Ratios, are equal between themſelves. 

4 his follows from the third Axiom of Book iſt, 


Wh lubſtituting Ratios for Quantities, 
O 1 4 
| 


. la LI | XIV. 


less than D). 1 — Fa 1 * 
Wherefore, if AC, B=D (Ax. 5.) and con- TY 
auently, if A be greater or leſs than B, C a 


— — — * — . x, * . —_— 5 . - 
— . 
* _ * a a : 


o 
44% 4 
* 
x 
| 
* * 
1 
, = 
| iT 
L4 
: 


253 ELEMENTS or GEOMETRY, 
XIV. The thirteenth Propoſition of Euclid, 


If four Quantities are proportional, the firſt to the ſecond, 
as the third to the fourth; and if the Ratio of the third 90 
the fourth, be greater or leſs than a fifth Quantity has t, 3 
ſixth ; the Ratio of the firſt to the ſecond, is alſo greater 
or leſs than the fifth to the ſixth. 


If A: B:: C: D; and, if the Ratio of C to D be ether 
greater or leſs than E to F; the Ratio of A to B i; 4% 
greater or leſs, than E to F. 

For, the Ratio of A to B is equal to the Ratio of C t5 D; 
therefore, their Ratios are the ſame, in reſpect to any other, 


Note. By miſtake, the 7th and 8th Axioms are miſplaced, By; 
as either is the other, alternately, it is of no conſequence; (re 
only, that the firſt part of the 8th is, properly, Euclid's fitteent 
Propoſition, | 


OT UL ATSS 


1. Grant, that equal Ratios may be taken, one for the other, 


2. Grant, that any Quantity may be divided into ani 
number of Parts, equal to one another; or as any other 
Quantity is divided, | 


3. Grant, that a Quantity may be taken or aſſumed, in ay 
Ratio to any given Quantity, 


The aſſumption of this laſt Axiom is not allowed by ſome Gt 
meters; notwithitanding, to me, it appears full as poſlible, 5 
that equimultiples, or equal parts of Quantities may be tak; 
4 by one or other of which Suppoſitions, they demonlirate i 
i * Whole fifth Book. 
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THEOREM I. I Euclad. 


of other Quantities, be added into one Sum, or 
Quantity z the ſame multiple or part, which one 
Quantity is of the other, reſpectively, the whole 


is of the whole, 


Let A, B, and C be equimultiples, or 
equal parts, of D, E, and F, reſpectively; 
i. e. whatever multiple, or part, A is of D, 
let B be the ſame multiple, or part, of E, 
and C of F. Es 

E Then, A, B, and C, added together, 
into one Sum, is the ſame multiple or part 
8 of D, E, and F, added together, as A is 


4 


f D, B of E, or C of F. 


Deu. For, let A be equal to 2D, or 3D; then, BE, orz E, &c. 
conſ. A+B+C=D+E+F, taken twice, or thrice, &c. 
But, Quantities are to each other, as the number of Parts, 
in one, is to the number of equal Parts, in the other ;-Ax.9, 
wh. as A: D, B: E, and C: F, :: A+B+C:D+E+F. 
Conſequently, as often as A contains D, or is contained 
in D, &c. ſo often the whole of ABC contains, or is 
contained in, DEF. Therefore, &c. QE. D. 


For, if either be multiples of the other; the latter is, 
conſequently, equal parts of the former. 


113 TH E- 


If Quantities, which are equimultiples or equal parts 


1 


F 


1 = —— 


2 11 - 
a> oof „ ˙ en AG © bo 


| 
\ 


— 


1s 
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THEOREM H. 12Euii, i, 0: 
If any number of Quantities, are Proportional, "Bat 
(i. e. being taken two and two, their Ratios are *. 
analogous) then, as any one of the Anteceden; g. i 
is to its Conſcquent, ſo is the ſum of all the Ame. r 
cedents to the ſum of all the Conſequents. nd {A 
C he Ci 
By Let A, B, C, D, E, and F be pg. . 
| tional Quantities ; of which, let A be WA 
| B, asC is to D, and as E to E. | 70 
| I ay, as A is to B, or CtoÞ; | 22 
ſo is A, C, and E, added together, _ 
to B, D, and J, together. 

Dem. Now, A: B:: C: D, and, as E: F, therefore, thei 
Ratios are equal, - - - 5-104 —* 
W herefore, if AB, C=D, and EF - Ax. i. 5 


conſequently, A+C+E=B+D+F. - - Ax.6.1, 
therefore, as A: B, or as C: D, :: A+C4+E: Ba Dt. 

Again, if A be any multiple, or equal part, of Þ; then, 
C is anequimultiple, orequal part, of D, & E of -A 
wherefore, A+C+E is the ſame multiple, or equal par, 
of BDE, as A is of B, as Cof D, and as E oft + [nl 


But, Quantities have the ſame Ratio, to each other, 4 * 
their Equimultiples, or as their equal Parts, - - Au.. | * 
| 3 8 
Th. as A: B, as C: D, or as E: FT, :: A+ C+4+E:B+0+i-8 MG 
7 ] la 
Now, becauſe there are ſuch Quantities, which cannot be eq l 
multiples or equal Parts, one of the other, this Demonftratior 5 et 
not politive, in reſpect of ſuch Quantities; and, notwith landing kW 
they may be divided into the ſume number of equal Paits, 36" b 
will be tound no eaſy matter, to give perfect Demonltratio!, {et ut 
ing that, equal parts are in the ſame Ratio to each other 5h whe 
wholes. Ax. 8th. | 3 BY 
Suppoſe A to B, and C to D, &c. are incommenſurabl?, xt 
in the ſame Ratio; ſtill, A4C+E:B+D+F, &c. :: Alg, ke, Ane 
becnuſe, A might either be equal to C, or E, or it might be font But 
Multiple or equal Part of C, and C of E, &c. 0 "7B 
| 4 


3 
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Or, ſuppoſe A be incommenſurable to C, and C to E, &c. 
provided A und B, C and D, &c. be commenſurable, the Tame 
thing may be done; as in the Theorem. 

But, being incommenſurable both ways, there cannot poſlibly 
be equality in either; and the Demonſtration given (or rather pre— 
Wſumed) from a greater or leſs Ratio, is by no means poſitive; Kc— 
ing, it is not aſcertained in what Degree they are fo. 

For, A may have to B, and © to D, &c. the Ratio of the Side 
{ a Square to its Diagonal, or as the Diagonal to the Side, &c. 
and A to C may be the ſame ; or, as the Diameter of a Circle to 
the Circumference ; and C to E, in extreme and mean Proportion, 

Yet it is eaſy to conceive, from what has been proved, that (let 
he Ratio of A to B be what it may) ſince the Ratio of C to , 
nd of E to F, &c. is the ſame, conſequently, A-|-C:B+D, os 
BCE: BTD F:: A: B, or C to D, &c. and although it is 
Net poſſible to give direct proof, in ſuch Caſe, yet we may ſafely 
Wonclude that it is ſo; and, on that preſumption, all which tol- 
Wow will be found poſitive, let the Ratio be what it may. 


THEOREM III. 19 huclid. 


tro Quantities, if a Part taken from one, be in the 


. lame Katio to a Part taken from the other, as one 

-& 5 Quantity is to the other; the remainders of rhole 

47, W Quantities are. alſo in the ſame Ratio, as one 
Quantity is to the other. 1 

1 , 6 _— 

1a; Let Aand B be two Quantities, in any N 6 
Co whatever, and, ſuppoſe any part of A — 


taken (as a) from A. BE 7 
Let “ be taken, from B, in the ſame pro- 
aon to a, as A to B. 


1). N 
4 lay, the remaining Part c, is to d, as A5. | 4 | 

e equi | | 

arion 5 RS Let any other Quantity (/ be ſo taken, ab: :e:f. Poſt. 3. 


bu. Now, a: b:: and a:b::A:B; conſ. c: A: B.-Ax. 13 


„ But, A:B::a+co:b+d(Ax.1.) and, asa:b:c:; f. - Poſt. 
i HR  Þerefore,, 4 c. b+f::a:b; i. e. as A: B. Th. 2 
Me, bit conf. a+c:b + f:; :a+c:b+d; wh. b+f=b+d.- Ax.4 
B, &. 


| And by taking away 5, which is common, / d.-Ax. 7. 1 
| But, c:f::a:b (Poſt.) conſequently, c:d: :a:b. - Ax. 4 
And, a:b:;: A: B (Hyp.) Therefore, c: d:: A: B. Ax. 13 
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Cor. If one Quantity be to another as a third is to a fourth, 
and, if a fifth be to the ſixth, as the third to the fourth; 
then, the firſt and fifth, added together, has the ſame a. 
tio to the ſecond and ſixth, together, as the third hz; to 
the fourth, 


THEOREM IV. 16 Euclid. 


If four Quantities, of the ſame kind, are Proportional; 
i. e. taken two and two, in a certain order, thev ar 
directly proportional, or analogous in their Ratio, 
they are allo analogous when taken alternately, 


If A is to B, as C is to D; then, A is to ( 
as B to D. 


DEM. Now, ſince A: B:: C: D; whether A be equal to 
greater or leſs than B; C is alſo equal to, greater or le 
than D. - - — " - - Ax. I. 
And, if A be equal to, greater, or leſs than C; 
B is alſo equal to, greater, or leſs than D). = 1 
But, A has the ſame Ratio to B as C to D; - Hy 
it follows, then, that A has the ſame to C, as B to D. 
For, whether A and B be equimultiples, or equal pat 
of C and D; A is in the une Ratio to C, as B to D-/\x.; 
ſeeing that A is to B as Ct D). 


* 82 Suppoſe the Ratio of A to B be as 20) 
a „ and, imagine them divided into equal Patty 

in a and 5; c, a, and e. 

b Alſo, ſuppoſe C and D divided into the 

BY ſame number of equal Parts, reſpedliit 

in a and b; c, d, and e. 


Thet 
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Then, ſince A: B:: 2: 3, & A: B:: C: D; C:D::2:3-Ax.13 
wherefore, the Parts, a and b, (of C) and c, d, e, (of D) 
are all equal amongſt themſelves. - - AX. 9. 
Conſequently, as a: a, or b: b, ::c:c, d: d, or e: e. Ax. 4. 
But, a and b are equal parts of A; and, a and b, of C. 

Alſo, c, d, & e. are equal parts of B; and, e, d, and e, of D. 
But, Quantities are, to each other, in the ſame Ratio as 
their equimultiples, or equal parts. = - — Ax. 8, 


Therefore, as A is to C, ſo is B to D. Q. E. D. 


urth 
th 3 


Ras 
as tg 


cd. 


nal; 
\ are 


Again. Suppoſe the Ratio of A to B, 


+ Ak —— —¼ 


o * = 2 A 4 — IS... © = * 7 - 
_ — — — - : — — "2 2 
2 \Xz — ——[—„[— — © bh rr — 13 
— = ©.» = — bo 2 - — . - — oY - 


and of C to D, be incommenſurable ; A. 2 
and conſequently, cannot be divided into F 


tio ; 


Parts, which are all equal amongſt B 
themſelves ; 


Then, let A and B be divided into the C 
ſame number of equal Parts, ſuppoſe they | 


are biſected, in a and b, = Poſt. 2 


Now, A: B:: C: D, and A: B: ::)... Ax. 8. 
conſequently, C: D: :. Ax. 13. 
But, A:a::B:b (Ax. 7) and, as a:b::C;D. as above. 
Wherefore, by ſubſtituting one for the other, - Poſt. x. 
conſequently, as A is to C, fois B to D. Q E. D. | 


1 to, 


THEOREM v. 


WWantities, which are analogous when taken directly, 
are alſo analogous, taken inverſely, 


If A is to B, as C is to D; then, B is to A, as D to C. 


0 DEM, For, if A: B:: C: D; then, A:C::B:D, - - by 4. 
Le B:D;:A:C; then, B: A:: D: C. < ſame, 
| KE. 


Z— woe wo — a * P 


Foe, — — — 2 


Irm. For, fince A:B::C:D ; then, A:C::B:D Thy, 
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THEOREM VI. is buch 


Quantities which are analogous, taken direcly, 4 
allo analogous, when compoundet, 


IfAizto Bai C is to D, 
Then A added to B, i to A orB ; as C added to , is too I) 


. ATR CAD. (2) con Ar ARC ih. 
and conſequently, aa AR A CDC. . 
But, BD. A C therefore, AEB Ca DD Ax 


Con, By inverſion, A, or, An C, or I), C41); 


. Con 
THEOREM VII. 15 Kuche | 
1 | > © IId 
Quantities which are analogous, directly, are al! 1 
pes | 1 
analogous when divided, 
a 
If, in four Quantities, A,B, C, and D; AistoB, asCtol); ql 


hen, according as A or B is the greater Quantity, 


a 

Ale B (or Bleſs A) is to A, or g, * 

as C lets D (or I) leſs C) is to C, or |). F 
Dru. Now, A:B: C (Hyp.) wherefore, A:C::B:1)-4 If 
But, as \ . (or B toD)::A—B (or B-A): C-; EN 
conſ. A (or BY AB (or D): CD - - -+ A 
and, conf, AB A (or B) CD: C (or D) - - x N 
Or; «- « B-A:A, or B, D: C, or . co 
Con, The Converſe of this is firſt proved, in the third fe 1 


THE 
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T'OEOKEN VIII. 


1d, _ | f ; | 
if four Quantities are Proportionals, in a certain 


order, they are alſo proportional when mixed; 
i.e, their Sums and Differences ate analogous. 


are 


I A is to B as C to D. 
*I. 
eu. Now, A:B::C:D (Hyp.) then A:C::B:D - "Th. 4. 


1 Wherefore, as A: C: A een - 3 
1, b alſo, enen 3. 
x13 conſequently, A4B:C4+D::A-B:C-D- - Ax. 13. 


| therefore, A+B:A-B::C+D:C-D. - Th. 4 
: Cox. A-B:A+B::C-D:C+D, by inverſion, @ 5. 


THEOREM IX. 22 Luclid. 


Is there be three or more Quantities, and others equal 
to them in number; which, taken two and two in 
a certain order (ordinately, or progreflively) are in 
the fame Ratio; then will the lirſt be to the laſt, 
as the firſt to the laſt, in each Order of Quantities. 


| | Uſo, as the firſt is to the firll, ſo is the laſt to the laſt. 


| If A:B::C:D; and, if B:E::D:F; A is to E as Cto F. 


ob 
= Em. Now, A: B:: C: D; wherefore, A: C: :B: 1) Th 
4 And — BK:: D:; wherefore, B: DD:: E: I c 85 


Now, ſince A: C:: B: BD; and, as B: D: E: E. 
conſ. A: C:: E: F (Ax. 13.) Therefore, A: E:: C: F. 4. 
B. The laſt Part is proved firſt, 


II . VI I Co. 1. 


| Then, A+B:A+B(or B-A)::C+D:C-D (or DC). 


= 4 — 


— 
. 4a 
- - 


| 
| 
| 
| 
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Again. If other Quantities, G and H, be added, in g, 
ſame Ratio to the laſt Conſequents, reſpectively; as E. 
to G, ſo is F toH; it is manifeſt, that A is to G, as Ctoll. 
the firſt, ſtill, in the ſame Ratio to the laſt. | 

For, as A: E:: C: F; and, as E: G:: F: H; by Theorem. 
wherefore, A: C:: E: F; and, as E: F:: G: H; by the 4th. 
Conſ. as A: C:: G: H (Ax. 13) th. A: G:: C: H fame 

And thus it will ever be, if Quantities be added (i. 

equal Ratio) after the ſame Order, ad infinitum. 


Cor. Hence, if the Quantities, added are in equal Ratio 


to the Antecedents, reſpectively 
thus, if A: B:: C: D, and, if E be to A as F to C; 
it is manifeſt, that as E is to B, ſo is F to D, &c. 


THEOREM X. 23Eucli, 


In two Ranks or order of Quantities, if there be three 
or more in each; which, taken two and two, inor- 
dinately, are in the ſame Ratio; then, as the fir" 
is to the laſt, in one Order, ſo is the firſt to the lat 
in the other; as by equality. 


RA CD B:F. C Let A, B, C, and D, E, F, be Quaniitiz 
in ſuch Order, ſo that, as A is to B, to 
E to F; and, as B is to C, fois D to E. 


I ſay, that, as A is to C, ſo is D to?. 


Let any other Quantity, G, be takes be 
that, as D is to E, ſo is F to G; - Po.; 
conſ. as D is to F, fois E to 6. 


% 

1 1 
* 
33 


Fo 


Book V. ELEMENTS or GEOMETRY. 267 


Dem. Then, as before, A: B:: E: F, wh. A: E:: B: F. 4. 
Alſo, as B: C:: D: E, i. e. as F: G, wh B: F:: C: G- ſame. 
Now, A: E:: B: F; and B: F:: C: Gʒwh. A: E: C: G- Ax. 13. 
and conſequently, as A:C::E:G. - - - Th. 4. 
But, D: F:: E: G, (above) Th. as A: C:: D: F- Ax.13. 


If other Quantities be added, inordinately, in equal 
Ratio, it will ſtill be as the firſt is to the laſt, in one Rank, 
ſo is the firſt to the laſt, in the other. e. g. 


Let the Quantities, G and H, be ſo taken, that, as 
Cisto G, ſo is H to D; then, as A is G, ſo is He to F. 


For, as A: C:: D: F (above) and, as C: G:: H: D- Hyp. 
conſequently, as A is to G, ſo is H to F; - as before. 


tio 


Inordinate equality may be proved, (after ordinate) by 
means of the 21ſt Definition, viz. by compoſition of Ratios 
but, as that Definition is ſomewhat obſcure, the Demon- 
ſtration ariſing, therefrom, would be fo too. 


clid, 


three 
nor- | 

hrt For, ſince A: B:: E: F; and, as B: C:: D: E; alſo as D: G:: H: D; 

10 itt is maniſeſt, ſeeing that there is equal Ratios between the two 

voy extremes, A and G, H and F; let the intermediate Ratios be 

ever ſo many, and in what order ſoever, provided there be an 

equal number in each Rank; and the extreme Ratios are equal, 

| ordinately or inordinately; alſo, that there be found equal Ratios | 
o between the Extremes, in each Rank; two and two, any how | 
0 E. & fituated; the Ratio, compounded of them all, is, as the firſt to the | 
ES laſt, in each Rank, or order of Quantities ; by the Definition, 

, But, the extreme Ratios are equal (ordinately or inordinately) 

aud conſequently, the extreme Quantities, of both Ranks, are 

ES in equal Ratio. 


M m 2 T H E- 
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If 


B 


THEOREM XI. 25 Euclid, 


four Quantities are Proportionals, in a certain 
order; the greateſt and the leaſt are, together, 
greater than the other two. 


£0 Let A, B, C, and D, be four Quantities, 

of which, let A be the greateſt ; ant let 

them be, as A to B, ſo is C to D; conſe- 
quently, D, is the leaſt Quantity, 

For, if the firſt be greater than the ſecond, 

the third is greater than the fourth - Ax. II. 

and, if the firſt be greater than the third, 

the ſecond is greater than the fourth, - 12, 


Dem. Becauſe A and C are greater Quantities than B &; 


let E and F be taken from A and B, reſpectively, equil 
to B and D, reſpectively. | 

Now, A: B:: C: D. But E=B, and F=D  - Con. 
wherefore, as A: E;: C: F. - = At 4 
conſ. A—E (i.e. G): A:: CF (i. e. H) :C - Th. 7. 
i. e. G: A:: H: C; wherefore, G: H:: A: C Th. 4. 
But, A is greater than C; wh. G is greater than H- Ax.11, 
conſ. G E (i.e. A) +D, is greater than HF (i.e.C)+B, 
Th. A+D is greater than CB, the two middle Terms, 


In the laſt ten Theorems, and the Corollaries deducibe 
from them, is contained all the various ways of reaſoning, \y 
Proportion, which I conceive to be uſeful ; two of which, 
the fifth and eighth, are not proved by Euclid. The eighth, 
indeed, is not mentioned, by him, or any of his Followers, that 
Jam acquainted with; but, I am ſomewhat ſurprized, thi! 


none 


Book V. ELEMENTS oF GEOMETRY. 269 


none have given a Demonſtration of Inverſe Ratio; which 
being proved, every Converſe Ratio is alſo proved. Profeſſot 
Simſon is aware of that deficiency, and has very judiciouſly 
introduced it, as an additional Propoſition (B;) after which, 
] muſt think it needleſs, to add the Converſe of divided 
Ratio (E) unleſs he had, alſo, given the Converſe of all. 
But what, to me, ſeems very extraordinary is, that Euclid 
ſhould not demonſtrate either; alſo, that he ſhould prove 
{if it may be ſaid to be proved) divided Ratio (the 17th) 
before compounded (the 18th) when the latter is, in ſome 
meaſure, made a Condition of the former; they are, indeed, 
Converſe, each of the other. In the 157th he ſays, If 
Magnitudes, taken jointly or compounded, be proportional, 
they are alſo proportional taken ſeparately, or divided.” 
Now, by the tenor of theſe Premiſes, F one is, the other 
is, alſo; and conſequently, F one is not, the other is not; 
whereas, the Condilion is preſumed, only; and conſequently, 
there is no proof of either. But where is the neceſuty of 
proving it on that Condition, when it may be done as ele- 
gantly, ſolidly, and briefly without it, from the ſimple Ana- 
logy of the two Ratios. 


Either I am not clear, in the nature and meaning of com- 
pounded and divided Ratio, or thoſe Propoſitions are not 
to the purpoſe. 

By Definitions 15th and 16th is to be underſtood, when 
Quantities are proportional (imply) they are alfo proportio- 
nal compounded or divided; which, Profeſſor Simſon has 
expreis'y ſaid, in his Definitions of them; and which, 1 
have demonſtrated in the 6th and 7th Ineorems. Now, his 
17th Propoſition ſays, as above; and vice verſa in the 19th, 
viz. that, if Quantities are Proportionals, hege 
ed or divided, they are ſo, divided or compour id); 
cannot conceive to be the true n. eaning - but as I have 


that Hypotheſis, 
4 It 


ſtated them, in the Theorems, and have dra on. ah 5 4 oak 
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If what I have advanced, on the ſublime Doctrine of pro. 
portion, be not ſufficient, for any purpoſe whatever, I wil! he 
bold to ſay, that it is not ſo ia Euclid, or any of his Com. 
mentators. The Axioms, which I have given, are gathere! 
from the moſt eaſy and ſimple ideas of Proportion; aficy the 
Definitions are digeſted and clearly underſtood, there is 19 
Perſon would heſitate, one moment, to grant every Axiom; 
they require no proof, being ſelf evident. 

That Quantities are in the ſame Ratio as their Equimul- 
tiples, or equal Parts (the 8th) is manifeſt to the meanes 
capacity; and this is one of the principal, on which Euclil 
has founded his whole Theory of Proportion ; which 
amounts to no more than this; that one is to two, three, &c. 
as, two, is to four, fix, &c; or, as three to fix, nine, &c. 
i. e. as one, to two, three, &c. Or, that one Quantity is to 
any other Quantity, as the half, or third part, &c. of one, 
is to the half, or third part, &c, of the other, 

The iſt Axiom, in the firſt Book of Elements, of Euclid, 
(the 3rd of theſe Elements) expreſly ſays Things, which 
are equal to the ſame Thing, are equal between themſelves,” 
Now, the queſtion is, whether Ratios are Things? Certainly, 
if any thing be meant by Ratios, they muſt come within that 
Appellation; for, granting the Term to be, in itſelf, meta- 
phyſical; yet, ſomething is underſtood and meant by Ratio, 
and conſequently, Ratios are Things, Then, the 1 ith Pro- 
' poſition of Euclid's fifth Book, is as much an Axiom 23 
the firſt of the firſt; and, I have accordingly made it lv, 
in the thirteenth, The remainder of the Axioms are 4 
ſimple, obvious, and ſelf evident; which, with the Polli 
lates, being granted, the whole of the Theorems, I an 
confident, will be found ſolidly, yet briefly, and clearly 
FRO 
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A critical Remark on Euclid's fifth Definition, 
of the fifth Book. 


Euclid in his fifth Definition, has given us a Criterion, whereby 
to determine Analogy of Ratios, rather than a ſimple Definition 
of what it is. | 


He ſays, * Magnitudes (by which is meant Quantities of any kind) 
are ſaid to be in the ſame Proportion, the firſt to the ſecond, and 
the third to the fourth, when the equimultiples of the firſt and 
third, being compared with the equimultiples of the ſecond and 
fourth, according to any multiplication ; either together exceed 
the one the other, or together are equal the one to the other, or 
together are leſs, the one than the other.” This is, litterally, ac- 
cording to the old Tranſlation by H. Billinſley in 1570. 

Dr. Barrow ſays, ** Magnitudes are in the ſame Ratio, when the 
Equimultiples of the firſt and third, compared with the equimul- 
tiples of the ſecond and fourth, according to any multiplication 
whatſoever, either both together are leſs than the ſecond and fourth 
both together, or equal taken together, or exceed one the other 


together, if thoſe be taken which anſwer one to the other.” 


Dr. Keil, from the latin tranſlation of Commandine, has nearly 
the ſame words, viz. the Equimuitiples of the firſt and third 
(compared as above) are either both together greater, equal, or 
leſs than the equimultiples of the ſecond and fourth; if thoſe be 
taken that anſwer each other.“ | 

Cunn did well to explain the meaning of Dr. Keil's Definition, 
which is literally this; that, equimultiples of the firſt and third, 
taken or added together (1. e. into one Sum or Quantity) are either 
equal, greater, or leſs than the equimultiples of the ſecond and 
fourth, I think, there is great occaſion for a comment on 
Dr. Barrow's; which, to me, is quite unintelligible. 


After all that has been ſaid, concerning this Definition, by the 
learned Doctor and others, either the original Text muſt be very 
obſcure, or the expounders have rendered it ſo, for I declare, 
cannot think the words bear ſenſe. But, giving the greateſt 
latitude poſſible to the meaning of the words, they imply, the firſt 
and the third taken together, and compared with the ſecond and 
tourth, together, (i. e. in one Sum) in which Caſe it amounts to 
a clear Axiom; for they muſt, certainly, be either equal, greater, 
or leſs, one than the other; after which, the words, „if thoſe 
be taken which anſwer the one to the other,” mean nothing at all. 


Mr. 
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Mr. Stone ſays, ** they are, together, either deficient, equal or 
exceed each other.” They may, indeed, be equal, cach to the other: 
but, it is impoſlible that they can, at the ſame time, be eithel 
greater or leſs, each than the other. 

The word, together, ſeems, to me, quite ſuperſluous; or elbe 
the tenor of it is, in this place, a? rhe ſame time, or, by the ſam 
multiplication z which is quite foreign to the common acceptation 
of it. It is, perhaps, better to omit it entirely, and ſupply ite 
place with bcth (which Barrow and Keil have added) it is they 
plain; the firſt and the third, compared with the ſecond and 
fourth, will be either 50% greater, bot equal or both leſs; which 
is the conclufion all have drawn from it; and then, the words, it 
thoſe be taken which anſwer each other, ſeem neceilary. 


Mr. Stone in vindicating and illuſtrating this Definition, ſhews, 
that it 1s clearly deduced from the fourth and fourteenth Propo- 
ſitions. According to the Idea I have of the Definitions of Terms, 
in any Science, they ought to be defined by their moſt natural 
and ſimple properties; from which the demonſtrations of ſcme 
Theorems are to be obtained; for it ſeems inconſiſtent, firlt to 
demonſtrate ſeveral preceding Propoſitions, by means of a certain 
Definition, previous to the demonſtration of others, from which 
the Definition, itſelf, is to be deduced, and demonſtrated. 

It is true, he ſays it is not ſo ſimple and plain as the Definition 
of Numbers, or that which might be given of commenſurable 
Magnitudes.” And again: Euclid could not have given any 
other, ſo clegant and general a Definition, that would have taken 
in incommenſurable Magnitudes, as well as Numbers, and com- 
menſurable ones. 

It is well known, that the Diagonal of a Square is not commen- 
ſurable to its Side; alſo, the Circumference of a Circle is incom- 
menſurable by its Diameter or Radius; that is, their Ratios cannot 
be expreſſed in Numbers; for, the Side of a Square cannot be 
divided into any number of parts, though ever ſo ſmall, Which 


will be an aliquot part of the Diagonal, i. e. they cannct both be 


divided into the ſame equal parts, or into parts of equal magnitude, 
without defect; ſuch Quantities are, therefore, incommenſurable. 
The Ratio, between the Side of a Square, and its Diagonal is 
very different from that, between the Diameter of a Circle and its 
Circumference. Yet, the Ratio between the Side of every Squate 
and its Diagonal, or between the Diameter of every Circle and 
its Circumference, is the ſame; i. e. their Ratios are equal or 
analogous, | 


It is intimated above, and is ſtrongly ſupported by Dr. Barrow 
and others, that this Definition comprehends or extends to In- 
commenturibie 


* 
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dommenſurables. I am, however, perſuaded, that it is no eaſy 
matter to determine the analogy of ſuch Ratios by it. The-rule 
+ preſcribes, or is intended to preſcribe, is ſimply this. Take 
any Equimultiples of the firſt and third Terms, in four Quantities, 
that are preſumed to be analogous in their Ratios ; i. e. multiply 
the two Antecedent Terms, equally, the ſame number of Times, 
1nd, either by the ſame Number or any other, multiply the two 
Conſequents, the third and fourth, or take Equimultiples of them; 
then, the firſt and the third, being compared with the ſecond and 
furth ; if the firſt exceeds the ſecond, the third will alſo exceed the- 
fourth, if one be equal, the other is alſo equal, or they will be 
both leſs, than the ſecond and fourth; 1. e. the two Antecedent 
Terms will, at the ſame time, be either both equal, both greater, 
gr both leſs than their reſpective Conſequents ; and, when this is 
the caſe, in all multiplications, whatever, we may then conclude 
that their Ratios are analogous, 

Now, if the Ratios are of incommenſurable Quantities, which 
cannot be expreſſed by Numbers, thoſe Quantities cannot be 
multiplied by Numbers; and, in Lines, it would require greater 
accuracy than it is poſſible for any perſon to apply, to take Equi- 
multiples of them. It is certain, that being multiplied, mentally, 
xccording to this Definition, if they were analogous, the Antece- 
dents would be either greater or leſs than the Conſequents, conti- 
ruilly, but never equal; for if, by taking Equimultiples, they 
could be equal, they may, conſequently, alſo be divided into 
equal Parts; but, it 1s well known, they cannot; which, negative 
Quality, is the diſtinguiſhing characteriſtic of Incommenſurables. 

And, fince it is manifeſt that the Antecedents of Ratios which are 
not analogous may, by multiplying, be either greater or leſs than 
their reſpective Conſequents, but never both equal, at the ſame 
time, i. e. by the ſame multiplication ; how, then, is it poſſible to 
liſcover analogy of Ratios by this Criterion? ſeeing that, in 
patios of commenſurable Quantities, which are not analogous, 
hey may be greater or leſs, but never equal, as they will ever be 
n incommenſurable Quantities that are analogous. | 


Hence, it appears, to me, that, to produce equality, of the An- 
ecedent to the Conſequent, is the only certain and infallible ſign 
df Proportionality, or analogous Ratio, between commenſurable 
Quantities ; but, fince that Criterion fails, in Incommenſurables, 
are cannot, by its means, be any poſitive determination con- 
erning Analogy, in ſuch Quantities; unleſs, by trying al! mul- 
Tra whatever, they are, at all times, either both greater, qr 
vt) leſs, -—_ 
It the Antecedents are either both greater, equal, or leſs 3 
hei. ieſpective Conſequents (and no Perſon would look for Pro- 
ſortionality otherwiſe) it is manifeſt, that, by multiplying the 
Nun Ante 
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Antecedents any number of times, equally, and the Conſequentz 
the ſame, or any other, alſo equally; they muſt neceſſarily Sho! 
the ſame time, either both greater or both leſs; but, it the, i 
not analogous, they never can, at the ſame time, be both eq. 
i. e. each Antecedent to its reſpective Conſequent; and there. 


bers, is f 
not requi 
knowleds 
ſecurely e 
be giren 


fore, no other Sign, but equality, is neceilary, or ſufficient, 9 In reſp 
prove Analogy of Ratios. may be 
I am perſuaded, that either Euclid, himſelf, or his Advocate: readily di 
are under ſome miſtake in reſpect of this fifth Definition ; which ihe (ame 
does not, poſitively, determine the Analogy of incommenſuraly- b. 8. 
Quantities. Therefore, the inveſtigation, by means of it, is va; _ 
and imperfe& ; and conſequently, all that is built, entirely on 1 P. of 
is ſo too; ſecing it cannot, as it is preſumed, diſcover Analog. Ee 
in incommenſurable Quantities ; becauſe, equality of the Antec... me, Oo 
dent to the Conſequent (the only certain Sign) cannot, by mul. duce, wa 
tiplying, be produced. confequet 
It is manifeſt, that if Equimultiples of incommenſurable Quzn. If ther 
tities are taken, they will ſtill be in the ſame Ratio; i. e. it the j. e. bein 
fide of a Square and its Diagonal, &c. be equally multiplied; but (any nun 
no multiples of the Side and of the Diagonal can be fo taken, that the ſecor 
they may be equal to one another; for, it is evident, if they could, tiplied b 
they might, alſo (as obſerved above) be divided into the (am; the Prodi 
equal Parts, which cannot be. And, for ſuch as are comment. logous, 1 
Table, it is an unneceſſary and unſatis factory method of determining, Tor 1 
Then, ſince no ſign, but equality of the Antecedent to the Thus, « 
Conſequent, can be poſitive, and ſince that cannot ſubſiſt between 
Incommenſurables, although it is certain, that F one is, the other 80, 2. 
muz neceſſarily be fo too; but ſince that, /, can never polliol; Allo, 1 
happen, we cannot, on that ſuppoſition, determine Analogy d In bot! 
Ratios, in ſuch Quantities, 
| 3 Again, 
The Reverend Dr. Barrow, in his 21ſt Lecture, has made 1 
very learned Defence of this Definition ; and, ſpiritedly, encounter 
the Detractors of Euclid, viz. Ramus, Tacquet, and Hobbs, in tt: Alſo 
22nd. But, having ſilenced thoſe weak Opponents, he is ch : 
put to it by Borellus, in his 23rd and laſt Lecture; where, ati And, | 
various ſkirmiſhes, in which, the Doctor has not always ths bident 1] 
advantage, he briefly ſums up the whole Evidence, in thele wort embe s 
„that, in his judgment, there is nothing extant in the whois efinitic1 
work of the Elements, more ſabtilly invented, more folidy Now, 
eſtabliſhed, or more accurately handled, than the Doctrine d arious © 
Proportionalities.” Nevertheleſs, if his own Definition of it nd B, C 
to be the Touchſtone, I cannot ſubſcribe to his Atteſtation. ded it: 
| : 0 one, x 
Now, asI have before obſerved, in the Preamble to this fifth Book erely {1 
Proportion is, in a great meaſure, an innate principle; lich Icater 01 
being clearly explained, what is meant by it, and explicated 1 lngs m 
15 
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bers, is ſo very intelligible, that, to any tolerable Capacity, it does 
not require other Demonſtration ; and all that is built on that 
knowledge is, I am confident, as ſolid and permanent, and as 
ſeeurely eſtabliſhed, as by all the Demonſtration which can poſſibly 
be given ; at leaſt, on the foundation of Euclid's fifth Definition. 

In reſpe& of commenſurable Quantities, to all which Numbers 
may be applied, whether their Ratios are analogous or not, is 
-extily diſcovered ; ſince, in Analogy, the Ratios being equal, 
the ſame Numbers will expreſs either. | 

k. g. $6:98::12:21; which being reduced to their loweſt 
Denomination, the Ratio, of each, is determined. The firſt 
pair, 56 and 98, being divided, ſeparately, by 14, gives 4 and 7, 
tue true Ratio of that pair. Now, if the other pair produces the 
ame, they are analogous ; 12 and 21, divided fingly, by 3, pro- 
duce, alſo, 4 and 7; which is, therefore, the true Ratio of both; 
conſequently they are analogous, ſceing the Ratios are equal. 


If there be taken Equimultiples of Ratios that are analogous, 
j. e. being multiplied various ways, either all by one Number, 
(any number whatever) or the firſt pair by one Number, and 
the ſecond pair by another; or, if the firſt and third be mul- 
tplied by one Number, and the ſecond and fourth by any other, 
tie Products ariſing, from every ſuch multiplication, are ſtill ana- 
Jozous, in the Ratio of both Pairs, 

Let A: B:: C: D, in the Ratio of 3 to 5. 

Thus, 9: 15:: 3: 5. 


80, 27: 45 :: 915, being all multiplied by 3. 
Alſo, 18: 30 1:15: 25 ; the firſt Pair by 2, and the ſecond by 5. 


In both theſe Caſes, the Ratio is ſtill as A to B, or as C to D. 
the firſt and third, being multiplied 
Again, 36:30: : 12: 10, J by 4, are both greater than the ſecond 
and fourth, multiplied by 2. 
| the firſt and third multiplied by 5, the 
Allo, 45;46;;15:15, 4 ſecond and fourth by 3; in which 
caſe they are hoth equal. 
And, being all multiplied by any one Number, as above, it is 
ident they will both be leſs. Or, being multiplyed by various 
embe's, they will both be leſs; which illuſtrates the fifth 
einmtun of Euclid. 
Now, it is very obvious, in Numbers, from any one, of theſe 
arious operations, that there is analogy of Ratios between A 
ndB, Cand D; and it is full as obvious without. But, pro- 
Iced it's not known, whether the Ratios are analogous or not, 
o one, nor all of the three firſt trials are ſufficient to determine it, 
frely from the firſt and third being, at the ſame time, both 
cater or both leſs than the ſecond and fourth; becauſe, thoſe 


"285 may, and very frequently do, happen, where there is 


* Analogy, | 
Nn 2 E. 8. 
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E. g. Let the Ratio of A to B be as 3 to 4; and, C: D. .1., 
In whole Numbers, A: B:: 3:4, or 12: 16, and C: D275 
Now, let there be taken Equimultiples of A and C, and ct 
equimultiples of B and D. e. g. Let the Antecedents be talen 
thrice, and the Conſequents twice; it will be 3A : 2B 79 3 
and 3zC:2D::33: 32; by which multiplication, it is eviden! 
that the Antecedents are both greater than their Conſequents. th 
But, ſeeing that the Ratios are not equal, it is impoſible t9 
take Equimultiples of the two Antecedents, and alſo Equimultipte, 
of the Conſequents, by which, the Products of the Antecedentz 
ſhall be both equal, reſpectively, to their Conſequents; aug 
alſo, becauſe their Ratios are not equal, ſuch Equimultiples ns 
be taken of them, that one Antecedent ſhall be greater, and e 
other leſs, than its reſpective Conſequent. ; 
E. g. Let A and C be taken four times, and B and D thrice 
it will then be, 4A: 3B: : 12: 12, and 40: 3D: : 44:48; ; 
Again; let A and C be taken 7 times, and B and x tiges: 
it will be 5A: B::21: 203 and, 7C : 5D :: 77: 80. 
Either of theſe operations is ſufficient to evince, that the 
Ratios are not analogous ; i. e. A is not to B, as Cto D; f 
is impoſſible that equality of Antecedent to Conſequent ſhou!! 
happen in both pairs, (i. e. of A to B, and of C to D), une 


they are analogous; which is the only indiſputable proof 9 


Analogy; for, one Quantity muſt neceſſarily be to itlelf, as any 
other Quantity is to itſelf. And ſince it is not poſſible for equaliy 
to happen, by multiplication any more than by diviſion, betweey 
incommenſurable Quantities, it is manifeſt, that Analogy of {uch 
Ratios cannot be abſolutely determined by that Criterion, 

Wherefore, the Demonſtration, according to Euclid, in the 
fifth Book is not poſitive, in reſpe& either of commenſurable « 
incommenſurable Quantities; but is only preſumptive, at bet, 
and is very obſcure and unſatisfactory; ſince it is manifel, 
that, in unequal Ratios, Equimultiples may be ſo taken (according 
to Euclid) in which the Antecedents will be either both greuet 
or both leſs than their Conſequents (as it has been ſuewn abore) 
but, it is not poſſible they can be taken, ſo, that both Anteceden: 
ſhall be equal to their Conſequents. 


I am therefore of Opinion, that, the Doctrine of Proportion 
is not properly inveſtigated by Equimultiples ; nor can I conceive, 
that taking multiples of Quantities, in order to prove the eq 
of their Ratios, is properly geometrical. It ſeems, to me, me 
conſiſtent to compare Quantities by themſelves, either whole 2nd 
entire, or by their equal Parts, | 

But it is manifeſt, that there are Ratios, which will not adnit 
of diviſion into the ſame Parts, i. e. into Parts of the {ai 
magnitude; yet it is certain, that they may, with equal es 
and more propriety, be divided into the ſame number of Par, 
as to take Equimultiples of them; which Method I have there: 

fore adopted, as the moſt rational and eligible. 
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HE fixth Book of Elements is not only the moſt 
+ uſeful and valuable of the whole, byt alſo the moſt 
entertaining and inſtructive. In it, the Doctrine of Pro- 
portion is applied to real uſe, in finding out the more extra- 
ordinary properties of Plane Figures, (particularly Triangles 
and Parallelograms) by the moſt ſubtle and ſolid reaſoning 
that can be conceived: by means of which, many excellent 
and extenſively uſeful Problems are found out, and applied 
to various and molt notable purpoſes. | 

In it, the Rule of Three, or Proportion, called by way of 
eminence, the Golden Rule, has its foundation and exiſtence 
(Theo. 9.) in it, is alſo demonſtrated, with more facility, 
that, not only the Square of the Hypothenuſe is equal to the 
two Squares of the Sides, of every right angled Triangle, 
but likewiſe, that it is ſo, in all ſimilar Figures whatever, 
regular or irregular, conſtructed on the three ſides, for the 
correſponding ones of each Figure. (Theo. 16.) In it, is 
determined the juſt proportion which exiſts between two 
imilar Figures of any kind, and exhibited by two Right 
Lines (12 and 13) by which means, any Figure, whatever, 
may be conſtructed, in any Ratio to a given one, (Prob. 37 
and 16 ;) or, the Side of a Square may be determined, whole 
Area ſhall be equal to that of any given right lined Figure, 
whatever. (Prob. 24 and 25.) And, what is more extra- 
o:dinary, a right lined Figure may be conſtructed fimilar to 
any given Figure, and equal to any other, of different 
Forms and Denominations, being right linzd, (ob. .) 

: | 
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7 
In it, ſeveral valuable properties of the Circle are briefly 
demonſtrated ; in ſhort, to ſee and admire all which it con. 
tains, I recommend the careful and attentive peruſal of it, 
as the readieſt and moſt certain means, by which its beauties 


and excellencies can poſſibly be communicated, 


DEFINITIONE. 


Def. I. SIMILAR FIGURES are ſuch as hays 
all their Angles equa], each to the other, reſpeCtively ; 

an! alſo, the Sides which are oppoſite to equal Angles, 
or which lie between equal Angles are proportional, 


The Quadrilateral ab cd, having all its 
Angles equal, reſpectively, to the Angles of 
the Quadrilateral ABCD, viz. a equal A, 
b equal B, &c; and, if, the Side a b have 
the ſame Ratio to AB, as be has to BC, &c. 
then, a bed is ſimilar, or like, ABCD. 

If EF be drawn parallel to AB, the 

| Avgles at E and F, are equal to A and B, 
| reſpeQively (4. 1.) conſequently to a and; 

wherefore, all the Angles of the Quadrila- 
tateral ab cd, are equal to thoſe of EFCD; 

but, ſeeing the correſponding Sides, ab 
and EF, be and FC, &c. are not pro- 
portional with ed and CD, abcd is not 
A ' ſimilar to EFCD. 

Triangles ABC, abc, havingall the Angles of one, equal, 
reſpectively, to the Angles of the other, have their Sides necel- 
ſarily proportional, and are, conſequently, fimilar Figures. 


* 


The Sides a b, AB; bc, BC, &c. being oppoſite to equal 
Angles, or which lie between equal Angles, are HoMoLo- 
Sous or correſponding Sides. 


N. B. All ordinate Figures, whatever, i. e, ſuch as are equilateril 
and equiangular, one with another, are ſimilar Figures; as cqui- 
lateral Triangles, Squares, &c, Alſo all Circles are ſimilar Figures, 
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Def, II. In Triangles, and Parallelograms, if there be two 
Sides, in one, which, with two Sides in another, of the 
ſame kind, and about the ſame Angle, are Proportionals; 
in ſuch wiſe, that the Antecedent of one, and the Con- 
ſequent of the other pair, are in the ſame Figure, thoſe 
Figures are ſaid to be RECIPROCAL, 

But more properly, the Ratio is reciprocal in ſuch 
Figures ; for, reciprocal Figures is unmeaning. 


In the Triangles ABC, DEF; if the A 
Sides AB and BC of the one, and [© —Þ 
DE,DF, of the other, areProportionals; - 
and, if AB is to DE, as DF, of the 
ſame Triangle, is to BC of the other; 

then, the Proportionals are reciprocal 
in thoſe Figures; and they are uſually, 
though improperly, called reciprocal 
Figures. 
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Underſtand the ſame of Parallelograms. 


N. B. Equiangular, or ſimilar, Triangles are not reciprocal ; 
becauſe their Sices are all, reſpectively, proportional; which 14. 
15 not the Caſe, in the Figures annexed. For, EF is not * 
neceſſarily in the ſame Ratio to AC, as are the other Sides, Halt 
AB to DE, and DF to BC. Neither can there, in ſimilar x 
Figures, be found the Antecedent of one Pair, and the Con- 
ſequent of the other, in the ſame Figure, anleſs they are 1 1 
congruous. (See Def. 43.) 190 

The Sides of ſimilar Figures are, therefore, directly pro- 

portional, and not reciprocally. 


For the Definitions of BasE and ALTITUDE, ſee 4 
Def. 45 and 46 in the general Introduction. FORE 


+ 


AXIO M. If two, or more, Figures are ſimilar to the 
ſame Figure, they are ſimilar between themſclves. 


/ 
* 


* 
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THEOREM I. Euch 


Parallelograms, or Triangles, having the ſame Alti. 
tude, are, to each other, in the ſame Ratio 23 
their Baſes. 


Let AD EB and BEFC be two be. 
rallelograms, between the ſame Parallels, 


AC and DE. 


I ſay, the Ratio of the Parallelogram 
AE to BF, (i. e. of their Areas) is, as AB 
to BC, their Baſes. 

And, the Triangle AMB is to BNC, 
© as the Baſe, AB is to BC. 


Oo _F 


Let AB be divided into any number of Parts, equal to 
each other, in G and H; and ſuppoſe BC divided into the 
ſame number of equal parts, in J and K (Poſt, 2. 5.) 

Draw, GL, HM, &c. parallel to AD and BE. 


Dem. Becauſe AG, GH, and HB are equal to each other; 
the Parallelograms AL, GM, and MB, are equal. - 18.1. 
And, the Pars. BN, NK, and KF, are alſo equal - ſame 
Now, if AB=BC, the parts AG &c, are equal to l, &, 

If AB be greater than BC, the part AG is greater than Bl; 
and, if AB be leſs than BC, AG is leſs than Bl. 
Conſequently, the Parallelograms AL, GM &c. are, alſo, 
either equal to, greater, or leſs, than BN, N, &c. 
as, AG, &c. is equal to, greater or leſs than BI, &c. 
For, Quantities are in the ſame Ratio, to each other, 28 
their Equimultiples, or equal Parts. Ax. 8. 


Now, 


| 
| 
| 
| 
| 


— — TC CO — 


1 
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Now, AG: AB:: BI: BC ). : 
And, Par. AL: AE::BN:BF Fin equal Ratio,-Ax. 7.5. 
onſ. Par. AL:BN::aG:BI,i.e.: : AB:BC,(P.1.5.)-4.5. 
But, Par. AL: BN:: AE: BF. = -" ſame. 
Th. Par. AE: BF:: AB: BC. - — Ax. 13. f. 


2nd, Becauſe Triangles are equal to half Parallelograms, 
having the ſame Baſe and Altitude ; — — 17. 1. 
the Parallelogram AE: BF :: A. AM B: BNC- Ax. 8. 5. 
and, Parallelogram, AE : BF :: AB: BC < above; 
conſ. the Triangle AMB : BNC :: AB: EC. 13.5. 


Cor. Parallelograms or Triangles having the ſame or equal 
Baſes, have the ſame Ratio to each other, as their Altitudes. 


For, if their Baſes be conſidered as their Altitudes, and 


their Altitudes as their Baſes, itis evident from the Theorem. 


— Let ABCD and AEF be two Parallelo- 
grams, on the ſame Baſe AD, 


Draw the Perpendicular BY ;-(Prob. 7.) 


BH and GH are their Altitudes. - Def. 46. 
Then the ParallelogramAC: AF:: BH: GH. 


__ 


? 
For, ſince all Parallelograms having the ſame Baſe and 


Altitude are equal, the Parallelograms, AC, AF, are equal 


to Rectangles, whole Baſes are equal to AD, and their 
other Sides equal to BH and GH, reſpeCtively. - 18. f. 


| Wherefore, BH and GH being conſidered as the Baſes of 


the Parallelograms AC and AF, and their Altitudes, AD; 
the Parallelogram AC: AF:: BH; GH - Fed, 
But, the Triangle ABD is half the Par. ABCD, 7 

and, the Triangle AG is half the Par. A EFD, 5 5 
Conf. the Triangle ABD : AGD :: BH: GH. -Ax. 13.5. 


Oo TH R. 
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THEOREM II. 2 Euclid. 


If a Right Line be drawn, parallel to any Side of x 
Triangle; it will cut the other two Sides (produced 
if neceſſary) proportionally. 


Firſt. In the Triangle ABC, let DE be 
drawn, parallel to BC; cuting the Side; 
Ag and AC, in D and E. (Prob, 5.) 
Then will AB and AC, be cut propor- 
tionally, in D and E. 
i. e. AD to DB, as AE is to EC. 


Draw BE and DC. 


DEM. Becaufe DE is parallel to BC, DBE=EDC - 18. x, 
Wh. the Triangle ADE: DBE: : ADE: EDC, - Ax. 4 5. 
But, the Triangle ADE: DBE:: AD : DB; 
and, the Triangle ADE:EDC:: AE : EC. J Th. . 
Therefore,, AD: DB:: AE: EC. - Ax.13.5, 


Caſe 2. If ADE be the given Triangle; let BC be drawn 
(without it) parallel to DE. 

Then, if the Sides AD, AE be produced, cuting BC, 

inBandC; the Sides, AD and AE, of the Triangle, ADE, 

are proportional to the Segments, DB and EC, of thoſe 
Sides, produced to B and C. 

For, as AD: DB:: AE: EC; as above, 

- conf, as AD: AE:: DB; EC. 3 


Cox. 1. If two Sides of a Triangle (AB, AC) are cut pro- 
portionally from the ſame Angle, (A, in D and E; 
fo, that, AD: DB:: AE: EC) a Right Line (DE) joining 
the Points (D and E) will be paral'el to the remaining 
Side of the Triangle, The Converſe, 1 
; | or, 
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For, the Sides, AB, AC, being cut, as AD: DB:: AE: EC; 
and the Right Lines, BE, DC, drawn, as before ; 
A, ADE:DBE: : ADE:EDC; (1.) conſ. DRE=EDC. 
Therefore, DE is parallel toBC; - Cor. to 18. 1. 


Caſe 3. If DE be drawn, beyond the "IS 9 


Vertex A, parallel to BC, the Side / / 2 
oppoſite; and, if the Sides BA and CA / | 
be produced, till they cut DE, in D 57 : 8 * 
and E; then is AB to AD as AC to AE. I 


l 
Join BE and DC; as before. 2 — 
The Triangle ACD is equal to ABE. | 


Dem. DE is parallel to BC; wh. A DBE=DCE - 18. r. 
and, ADE is common to both; th. ACD=ABE -Ax.7.1. 
Conf, the Triangle ABC: ACD: : ABC: ABE - Ax. 4.5. 
But, = - - ABC: AC D:: AB: AD; 

l beo. iſt. 
Thereſore, = - AC: AE :: AB: AD. - Ax.13.5, 


Cor. 2. Two Right Lines (BD and CE) cuting each other 
(in A) between, or beyond, two parallel Lines (DE and 
EC) are cut proportionally, in that Point, and the Points 
in which they cut the Parallels. 

For, AB: AD: : AC: AE, in the 3rd Caſe, directly; 
and alſo, in the other two, by compoſition. - Th. 6. 5. 


Cor. 3. A Right Line drawn parallel to the Side of a 
Triangle (in the ficſt Caſc) cuts off a Triangle, ADE, 
ſimilar to the whole Triangle ABC; and, in the other 
two Caſes, the Triangles ADE and ABC are alſo 
ſimilar, (Def. 1.) _ 

For, the Angle ADE=ABC, and AED=ACB - 4.1. 
| and, the Angle A is either common, or vertical. | 
O O 2 Cor, 4. 
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Cor. 4. If ſeveral Lines be drawn, within a Triangle, 
parallel to any Side; the corre! ponding 
Segments of the other two Sides, cut by 
the parallel Lines, are proportional] each 
to the cther, reſpectively. 


Let DE and FG be parallel to BC, 
in the Triangle ABC. 


Then, AD: DF: FB:: AE: EG: GC 


For, the Segment AD: DF: : AE: EG. Theorem, 
Let Dl be drawn parallel to AC; then, DF: FB:: DH: Hl 
But, EDHG and GHIC are Parallelograms, - by Conſtr. 
wherefore, DH = EG, and HI GC 135.1. 
Therefore, DF: FB:: EG: GC (as BH: HI) -Ax. 4.3. 
But, AD: DF:: AE: EG; ch. AD: FB:: AE. GC - 9. 5. 


THEOREM. III. 3 Euclid. 


If any Angle of a Triangle is biſccted by a Right 
Line, cuting the oppoſite Side; the Segments of 
that Side, will be proportional. to the two Sides of 
the Triangle, containing the Angle biſected. 

And, converſely, if - any Side of a Triangle be 
cut, in the proportion of the other two Sides; and 
it the greater Segment be contiguous to the greater 

Side; then wilf a Right Line, drawn from the 
point of ſection to the oppoſite Angle, bile. 
tha: Angle, 


Let the Angle ABC, in the Triangle 
ABC be biſected by the Right Line BY, 
cutting the Side AC in D. 
I ſay, AD is to DC, as AB is to BC. 


Dru 


r a. ca nd + iS. off 


N. 


P I. x AE. + 
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Du. Produce AB indefinite; make BE =BC, and draw CE. 


Then, becauſe BE=BC, the Angle BEC=BCE, - 9.1. 


(for, the Triangle CBE is Iſoſceles) 


and the Angle ABC(which isexternal)=BEC+BCE-10. 1. 
Now, the Angle ABD = DBC, by Conſtruction; 

and BCE=BEC ; conſequently, DBC BCE. - Ax. 3. r. 
But, the Angles DBC, BCE, are alternate; and ſince they 
are equal; conſequently, BD is parallel to CE - 4.1. 
Wherefore, in the Triangle AEC, the Sides AC, AE, 
are cut proportionally, by the Right Line BD; 
LEI P ⁹ Þ. 2. 
But, BE = BC (Con.) th. AD: DC:: AB: BC. - Ax. 4. 5. 


2nd. In the Triangle ABC, let the Side AC be ſo cut, in D, 
that the Segments, AD, DC. are in the Ratio of AB to BC. 


Then, a Right Line, BD, biſe&s the Angle ABC 


(the ſame Conſtruction remaining as before). 


Now, BE=BC (Con.) and, AD: DC:: AB: BC Hyp. 
wh. AD: DC:: AB: BE; conſ ED is parallel to CE - 2. 
and conſequently, the Angle DBC= BCE 1. 
But, becauſe (in the Triangle CBE) BC = BE, - Con. 
the Angle BCE = BEC; i.e. AEC. + ths to 
and, the Angle ABC = BCE + BEC, - 10. 1. 
But, the Angle DBC = BCE; and ABD= AEC. = 4.1. 
Therefore, ABD is equal to DBC. Ax. 3.1. 


N. B. This Theorem and the foregoing are of extenſive utility, 


and are particularly uſeful in Perſpective. 
The third Caſe of Theo. 2, and the following een „con- 
tain the whole Sudſt: mcg of Practical rectilinear Peripectivc, 
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In equiangular Triangles, the Sides containing equal 
Angles are proportional; and, the Sides which 
ſubrend equal Angles are homologous, or cor. 
reſponding. 


"mia. 2 


* 


Let ABC, and abe, be equiangular 
Triangles, having the Angle a, equal tg 
the Angle A, b equal B, and c equal C, 


B 


d 
I fay, the Side a b, is in proportion to 


AB, as a c is to AC, and, as be to BC. 


C 

Dem. Suppoſe the Angle a applied to, or laid upon the 
Angle A, and a b upon AB. — - Poſt. 8. i. 
Then, becauſe the Angle bac BAC, ac will fall 
on AC, and be will cut the Triangle ABC, in be. 
But, the Angle ABC=A bc; and are internal & oppoſite; 
wh. bc is parallel to BC (4.1.) conf. Ab: bB: :Ac:cC- 2. 
Wh. Ab: Ab+bB (equal AB): :Ac:Ac+cC(eqAC)-6.5, 
Therefore, as a b: AB:: ac: AC. 


Again; ſuppoſe the Triangle a be applied to the Angle C, 
of the Triangle ABC; (as abC) then will the Side ab 
(i, e. ab) be parallel to AB. - - Cor. 1. Th. 2. 

Te reſt is as before; i. e. ) C: BC::aC:AC. 
But aC = Ac, &c. and, Ac: AC:: Ab: AB, - abote. 
conſequently, bC (i. e. bc) :BC::Ab (i.e. ab): AB. 


It is thus demonſtrated, according to Euclid. 


Let 
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Let Abc and cdC be equiangular Triangles, ſo applied, 
at the Angle c, that the two Sides, Ac and cC, are in 
2 Right Line. 

Produce A b and Cd, meeting in B. 


Then, becauſe the Angle Ac b ACd, & Ced Cab, 
AB is parallel to cd; and, CB parallel to ob- 4.1. 
wherefore, c b Bd is a Parallelogram; - Def. 33. 
conſequently, bB = cd, and Bd be. 15. 1. 
But, Ab: bB :: Ac: cC; - a 'Th. 2. 
wherefore, Ab: cd (equal bB):: Ac: C; 

alſo, as Ac:cC:: be (equal Bd) : dC AX. 4 5. 
conſequently, as Ab;cd:: be: d 13. 5. 


Cox. 1. Triangles, having all their Sides directly propor- 
tional, are equiangular. The Converſe; needs no proof. 


Cox. 2. Triangles, being equiangular, or having all their 
Sides directly proportional, are ſimilar, - fee Def. x7 
Conſequently, if two Angles, of one Triangle, are 
equal, reſpectively, to two Angles of another Triangle, 
the Triangles are ſimilar; and their Sides proportional. 

For, the two remaining Angles are equal - 10. 1. 


Hence is deduced the 15th Problem, and alſo the 16th. 


N. B. This Theorem is of univerſal application. It is the Crite- 
rion of Proportion in every branch of the Mathematics; for, 
wherever there is found equiangular Triangles, ſeeing thar 
they are neceſſarily ſimilar, the Proportion of their correſ * 
ing Sides, is conſequently analogous. 


The firſt Corollary, the Converſe of the Theorem, 15 the 
eich Propoſition of Euclid, 


T H E- 
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THEORE M V. 6Euclid, 


If, in two Triangles, an Angle of one be equal to 
an Angle of the other, and, if the Sides containing 
the equal Angles are directly proportional, the 
Triangles are ſimilar. 


In the Triangles ABC, DEF, let the 
Angle BAC be equal EDF; and, as AB 
is to DE, ſo let AC be to DF, 

Let the Triangle DEF be applied to 
the Triangle ABC; the Angle D to the 
equal Angle A. < Poſt. 5. 1 
Or, from the Angle A (equal D) take 
AG, equal DE, and AH equal DF, and 
join GH. — — - (Prob. 3) 


Dru. Now, becauſe AB: DE i: AC: DF; (Hyp.) 


conſequently, AB: AG:: AC: AH. - Ax. 5:5, 


wh. AB AG (GB):AG+:AC—+AH (HC): AH, - 7.5, 
i. e. GB: AG:: HC: AH; or, as AG: GB:: AH:HC- 5.5, 
-vherefore, GH is parallel to BC; - Cor. 1.2.6. 
therefore, the Triangle AGH is ſimilar to ARBC.- C5 
But, the Triangles AGH, DEF are congruous - 8.1, 
Therefore, the Triangle DEF. is ſimilar to ABC-Axiom. 


The 5th Propoſition of Euclid, is of little or no conſequence, 
as it ſeldom, if ever, occurs; it is rather a critical remark, thun 
a neceſſary Propoſition. | 


- THE 


Boc 


In 
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THEOREM VI. 


In ſimilar Triangles, the Perpendiculars, from equal 
Angles, are proportional to the correſponding Sides. 
And, correiponding Sides are cut proportionally 
by the Perpendiculars. 


Let, the Triangles ABD, DEG be B 


ſimilar, whoſe correſponding Sides are Fc 
Ag and DE, AD and DG, BD and EG. 


I fay, the Perpendiculars BC, EF, P4 


from the equal Angles, B and E, are 2 
. 4 A 
proportional to the Sides. 


Du. For, the Triangles ABC, DEF, alſo CBD, FEG 
are ſimilar; becauſe, the Angles, at C and F, are all 
Right (Def. 11.) therefore equal; - Ax. . 1. 
| the Angle A=EDF, and BDC SG; by Hypotheſis ; 
conſequently, ABC = DEF, and CBD = FEG. - 10. 1. 
Wherefore, as AB: DE:: BC: EF. 

But, AB: DE:: AD: DG. Th. 4. 
Therefore, BC: EF :: AD: DG. 


15 


znd. AD and DG are cut proportionally, in C and F, by 
the Perpendiculars BC and EF. 
Becauſe AC: BC:: DF: EF; 


Cor. If parallel Lines are cut by any number of Lines, 


proportionally, | 
Pp And 


Alſo, = BC: EP:: BD: EG. ; Ax. 23. 5. 


and, - BC: CD:: EF: FG „ Th. 4. 
conf. = as AC: CD:: DF: FG. - -  - 9. 5. 


proceeding from the ſame Point, they will by cut 
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And, the Lines which proceed from a Point will alſo be 
| cut proportionally, by the parallel Lines, 


Let AB and CD be parallel Lines, 


From any Point, E, at pleaſure, if the 
Right Lines EA, EF, &c. are drawn, 


cuting the Parallels, in A and C, Fand H &c; 


they will be cut proportionally, in thoſe 
0 Points. 


— — — — — —_—— — 
* 
_— 
*. 


For, in the As. AEF, CEH, the Angle EAF=ECH-41, 
alſo, AEF is common to both Triangles; 
conſequently, the Triangles AEF and CEH are ſimilar, 
And, for the ſame reafon, the Triangles FEG and HEI; 
alſo, GFB and IED are, reſpectively, ſimilar. 
Wherefore, EA: EC::EF:EH::EG:El::EB:ED, 
conſequently, AF: CH:: FG: HI, and as GB: ID. 
Therefore, CH:HI:ID:: AF: FG : GB. 

Alſo, EA: AC:: EF: FH:: EG: Gl, and as EB: BD, 


Hence is deduced the 36th, a moſt uſeful Problem, 


THEOREM VII. 8 Euclid, 


In a right angled Triangle, if a Perpendicular be 
drawn, from the Right Angle to the Hypothenuſe, 
it will divide that Triangle into two Triangles, 


which are ſimilar to each other; and allo to ) the 
whole Triangle. 


B In the Right angled Triangle, ABC, 
and, from the Right angle, B, draw the 
Perpendicular BD, to AC. 

I fay, the Triangles ABD, DBC, are 
ſimilar, to each other, and alſo to th: 
whole Triangle, ABC. 


Du. 
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Dem. The Angle ADB S ABC (Con.) and BAD is common; 
conſequently, the Angle ABD =BCD — — 10.1, 
Wherefore, the Triangles ABD, ABC are ſimilar - 4. 

Again; the Angle ADB= BDC (Def. 10.1) 1 9 
and ABD =BCD (above) wherefore, BAD =DBC - 10.1. A 
Conſequently, the Triangle ABD is ſimilar to DBC - 4. 
But, the Triangle ABD is ſimilar to ABC — proved 
Therefore, the Triangle DBC is ſimilar to ABC - Axiom, 


Con, 1. In right angled Triangles, the Perpendicular (BD) 
is a mean Proportional between the Segments (AD & DC) 
of the Hypothenuſe, made by the Perpendicular, 


For, the Triangles ABD, DBC, being ſimilar, the Side AD 
(of the Triangle ABD) is to BD (of the ſame) as the Side BD 
(of the Triangle DB C) is to D C (of 1 _— 

i. e. AD: BD:; BD: DGG. — 1.4 


From hence, and from Theorem 12 of the zrd Book, are de- 


duced the 30 and 31ſt Problems, in Practical Geometry; ; which 
are of molt extenſive utility, 


Cox. 2. In right angled Triangles, each Side containing 
the Right Angle, is a mean Proportional, between the 
adjoining Segment, and the whole Hypothenuſe, 


ABis a mean Proportioal between AD and AC ; . 
and BC is a Mean, between DC and AC. 


For, AD: AB (of the Tri. ABD): : AB: AC, of the Tri. ABC 
And, AC: BC (of the Tri. ABC): : BC: DC, of the Tri. DBC "4+ 


Cor. 2- A Perpendicular, from any Point in the circum- by 
ference of a Circle, to a Diameter, is a mean Proportional, 1 
between the two Segments of the Diameter, made by the _ 
Perpendicular, 10 

For every Angle, touching the Circumference, in a Se- 5 1 
micircle, is a Right one (12. 3.) conſequently, the Dia- 8 
meter is the Hypothenuſe of a right angled Triangle, in- +40 
ſcribed in the Circle. 


From hence, oy eaſily be deduced the following Problems: 
Pp 2 P R O- 


| 
| 
| 
| 
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PROBLEM I. The two Sides, or Legs, of a right 


angled Triangle being given, how to find the Hypothe. 
nuſe, the Perpendicular, and the two Segments of the 
Hypothenuſe, erithmetically, 


In the right angled Triangle, ABC, 
is given the two Legs, AB and BC, 


iſt. To find the Hypothenuſe. 
AB HT BC, ACG - 20.1. 


Conſequently, the Squares of AB and BC, 


* being added together, the Square Root, of 
that Product, gives AC. 


and. To find the Perpendicular, BD; AC: AB: :BC:BD-4, 


BD is, therefore, a fourth Proportional; AC, AB, and BC; 
being the three Terms given, and BD is required - Def. 11. ;, 
89 AB x BCS ACX BD. - - (See Th. 9.) 
i. e. if AB be multiplied by BC, and that Product divided by 
AC {as in the Rule of Three) the Quotient ariſing is BD. 
For, the Diviſor multiplied into the Quotient is equal to the 
Dividend; j. e. A © multiplied into BD. is equal to AB mul- 
tiplied into BC; by Theorem gth. 
Therefore, the Perpendicular, B D, is a fourth Proportional, 
Hence, a Rectangle, under the two Legs of a right angled 


| Friangle, is equal to a Rectangle under the Hypothenuſe and 


the Perpendicular. 


3rd. To find the greater Segment, AD; AC: AB:: AB: AD-4, 


Wherefore, AD, the greater Segment of the Hypothenuſe, 
is a third proportional to AC and AB. See Def. 9. f. 
Conſ. ABQ =AC x AD; or, the Rect. CAD (ſee Cor. Th. g.) 
i. e. AB multiplicd by itſelf, and the Product divided by AC, 


gives AD. 


' Otherwiſe; BC : BD:: AB : AD. | 
Conf. AD is a fourth Ptoportional; and AB x BD=BC=AD, 


4th. To find the leſſer Segment, DC; AC: BC :: BC: De, 


or AB :BC:: BD: DC. Alſo, AD: BD :: BD: DC, 


When either Segment, AD or DC, is found, the other is 2 
third Proportional, between that Segment and the Perpen- 
dicular, BD; conf. AD¹ꝗ x DC BDA. But, if the Hypo- 
thenuſe, A C, and either Segment be found, then, AC - AD 
is equal DC; and AC -DC SAD. 


„ . ˙·-wwm wr i2t.: Tic <@2£ 
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PROB. II. T be Perpendicular and ei. her Side being 
given, how to find the other Side. 


Let AB and BD be given, 


Becauſe AB Oo =ADoa +BDn; - 
conſequently, AB 0 —BD 0 = AD S. 
i. e. the ſquare of BD being ſubtracted from the ſquare of AB, 
the ſquare Root of the remainder gives AD. 
Then, as AD: AB:: BD: BC; wh. BC is a fourth Proportional. 
Conſ. AB x BD = AD = BC. For AB x BDS AD x BC. 


* 20. I's 


PROB. III. The Perpendicular and either Segment 
being given, to find the other Segment, and the two Sides, 


Let AD be the given Segment, 
Then, as AD: BD: :BD:DC. Wh.DC is a third Proportional. 


Conf, BD multiplied into itſelf, and that Product divided by ; 


AD, gives DC. For ADx DC=BDa. 
If DC had been given, it is juſt the reverſe. 


and. AD TDB oa =ABon. And BDo+DCo=—BCn - 20. 1. 
Wherefore, if the ſquare of AD be added to the {quare of BD, 
the ſquare Root of that Sum gives the Side AB. 


Again ; AB being found, BC is a fourth Proportional. 
For, AD:BD: : AB: BC. Wherefore, AB x BD = AD=BC, 
i. e. the ſum of AB multiplied by BD, divided by AD gives BC. 


PROB., IV. The two Segments (AD and DC) 
being given, to find the Perpendicular (BD) &c. 


BD is a mean Proportional between the Segments AD & DC. 
Wherefore, as AD: BD .: BD: DC; 


conſequently, AD x DC BD. - (ſee Cor. Th. 9.) 


1. e. If AD be multiplied by DC, the ſquare Root of that 
Product, is BD. 


Hence, the Sides, AB and BC, may be found, as in Problem 3. 


Theſe Problems, deduced from this extraordinary and exten- 
five Theorem, are extremely uſeful in Perſpective; to find 
Vaniſhing Points and their Diſtances, &c, | | 


THE O- 
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THEOREM VIII. 14&trgEucii 


reverſed, 


Parallelograms, having equal Angles; or, Triangle, 
having one Angle, in each, equal to one another, 
and the Sides, containing the equal -Angles, rec. 
procally proportional, are equal, 


Loet ABC D and DE FG be Parallclo. 
grams, having equal Angles; and as the 
G Side AD, of the one, is to DG, of th 
other, ſo let DE, of the ſame, be to D( 
of the firſt, 


Let the equal Angles, at D, be ſo placed 
together, that, the Side AD, of one Parallel. 
ogram, and DG of the other, are, in one Right Line; 
then will DE and DC be alſo in one Right Line. 2,1, 


Produce BC and FG, meeting in , forming a Ps. 
rallelogram CD GH. 


and, the Parallelm. DF is to DH, as ED is to DC 7 
But, AD: DG:: ED: DC; by Hypotheſis; 
wherefore, the Parallelograms, BD and DF, have an 
equal Ratio to the ſame Parallelogram, DH. 
Therefore, the Parallelogram ABCD=DEFG - Ax, ;.;, 


2nd, Having drawn the Diagonals AC and EG; the Ti 


for, each is equal to half the Parallelogram BD or DF-17.:, 
Or (CG being drawn) the Tri. ACD:DCG: :AD:DC, 


But, AD: DG:: ED: DC (Hyp.) conf. Tri. ACD DEC, 
for, they have an equal Ratio to the Triangle DCG. 
5 ; Cor, L. 


DEM. Then, the Par. BD is to DH, as AD is to gel 
I, 


angle ACD is equal to DEG; -— „Ax. 4 


and, - - the Triangle DEG: DCG: : ED: DC. 
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Cor. 1. Equal Parallelograms having equal Angles, or Tri- 
angles having one Angle in each alſo equal, have their 
Sides about the equal Angles reciprocally proportional. 
This, being the converſe of the Theorem is manifeſt, 
from it; for, by the ſame conſtruction, it is thus reverſed, 


Becauſe, the Parallelogram BD is equal to DF, they have an 
equal Ratio to the Parallelogram DH _ - - Ax. 4. 5. 
But, Par. BD: DH: : AD: DG; and, Par. DPF: DH: : ED: DC 1. 
Therefore, as AD: DG::ED:DC - - - <- - Ax. 13.5. 

Alſo, the Triangle ACD is equal to half the Par. BD; and DEG 
is equal to half DF (17. 1.) conſequently, ACD=DEG.-Ax. 4. 1. 
and, their Sides, AD, DC; DE, DG, are reciprocally proportional. 


Cok. 2. Parallelograms, or Triangles, having their Baſes 
and Altitudes reciprocally proportional, are equal. 


For, whether their Angles be equal or not, the Parallelograms 
are equal to Rectangles having the ſame Baſe and Altitude - 18. 1. 
Conſequently, if their Baſes (AD and EF) and their Altitudes 
(CI and IK) are reciprocally proportional, the Parallelograms, 
BD and DF, or the Triangles, ACD, DEG, are equal Th. 1. 


For, the Perpendiculars (i. e. the Altitudes) of Triangles and Pa- 


rallelograms, having equal Angles, are in the ſame Ratio as their 
vides; i. e. CI:IK:; C D: DE < - „ Th 0; Or 2. 


But, their Baſes, EF and AD, are in the ſame Ratio. 

Therefore, CI: IK: : EF, or KL (equal DG): AD;- Ax. 13. f. 
and conſequently, whether the Angles, at D, are equal or not, 
the Parallelogram ABCD=DGKL (equal DEFG.) | 
Alſo, the Triangle DEG=ADC (equal DEG.) 3 


THE O- 
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THEOREM IX. 16Fudy 


If four Right Lines are Proportionals, the Rectangle 
under the two Extremes (i. e. the greateſt and te 
leaſt) is equal to the Rectangle contained under the 


two Means, 


Let the four Right Lines, A, B, C, b, 
— be proportional; and as A is to B, ſo let 
C be to D. 
Then will the Rectangle under A and h, 
be equal to that under B and C. 


| Conſtruct the ReQangles EG and HK, 
— making EF equal A, and FG equal 0; 
alſo, let HI be equal C, and IK equal B. (Prob. 18.) 


Dru. Then, becauſe EG and HK are ReQangles, 
conſequently their Angles are all equal. (Def. 34.) 
But, as EF: IK: : IH: FG; i. e. as A: B:: C: D; 
wherefore, their Sides are reciprocally proportional. 


Therefore, the Rect. EG, is equal to the Rect. HK. - 


1 Otherwiſe: 
Take AB equal to the greateſt of the 
four proportional Lines, and, at either Ei- 
treme, B, make a Right Angle, ABC, 
Make BC equal to the greateſt of tl: 
Means; and AE equal to the other. 
—"T——z Compleat the Rectangle ABCD, and tran 
the Diagonal, Ac. (Prob. 18) 
Thro' E draw EF, parallel to BC; and through G, wer 


it cuts the Diagonal, draw HI parallel to AB. (Prob. 5 
| Dru. 
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Deu. Now, becauſe AB, BC, and AE are equal to three of 
the Proportionals, EG is equal to the fourth; . 
for, as AB is to BC ſo is AE to EG. „ 
And, ſince the Complements, DG, GB, are equal -19. 1. 
if HE be added to both, the Ret. ADFE=AHIB-Ax.6.1. 
But, AHIB is a Rect. under the two Extremes, 

And, ADFE is a Rect. under the two Means. 1 Con. 
Therefore, the Rectangle under the two Extremes, of 
ſour proportional Lines, is equal to a Rectangle under 
the Means. 


Corollary. The 17th Propoſition of Euclid. 


If three Right Lines are Proportionals, the Rectangle un- 
der the two Extremes, is equal to the Square of the Mean. 


If the two middle Terms, B and C, had been equal, the Rect- 
angle HK would be a Square. (Def. 35.) See Fig. 1. 

But, as EF: IK :: IH: FG; and IH is equal to IK, - Sup. 
Therefore, the Rectangle under the Extremes, of three propor- 
tional Lines, is equal to the Square of the Mean, 


Or, if (by the znd Conſtruction) AE had been equal to BC, 
the Rectangle ADFE would be a Square. 

Conſ. it would be equal to the Ret. A HIB under the two Ex- 
tremes, For, as AB: AE (eq. BC Sup.) :: AE: EG, eq. BI. 


From hence, and Prop. 19. 1. is deduced the laſt method (Prob. 
32) for finding a fourth Proportional. 

A third Proportional may alſo be tound, by the ſame; viz. by 
conſtructing a Square on either of the given Lines, which is to 
de the Mean. | 
From which ConftruRions, it is obvious, is deduced that moſt 
excellent, Golden Rule, or Rule of Proportion, in Arithmeric. 


N. B. If a Right Line be ſo divided in two Parts, that the Rec- 
angle, under the whole Line and one Segment, 1s equal to tne 
Square of the other; it is divided in extreme and mean Pro- 
portion in that Point. | | 

| For, the whole Line, the greater Segment, and the leſs, ar: 
in continual Ratio; conſequently, they are three Proportionals. 


Q q Tu. 
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THEOREM X. 


3 | k | 6:1 
Similar Triangles are proportional to the Squares of the 
their correſponding Sides. 

1 | L 
: * Let ABC, DEF be fimilar Triangles, falle 
A 'baving the Angles at A and D equal; [ 

the Angle B equal E, and C equal F, AE 
Then, Squares conſtructed, on corre!, Rai 

ponding Sides, AC and DF, or any other AB 
have the ſame Ratio to each other, reſpec. L 
2 rg tively, as the Triangles, ABC and DEF, the 
3 Line 
Deſcribe the Squares AGH C and DIKF, on the Side; form 
AC and DF, which are homologous; being Oppoſite 1 
equal Angles, B and E. => 
Draw the Diagonals AH, and DK; alſo the Perpend. allo, 
culars BL, and EM, to the Sides AC, and DE, "1 
DEM. The A ABC: AC:: BL: HC (eq. AC, Con) and, 
Alſo, the ADEF:DEKF::EM:KF, equal DF. Je. But, 
But, - as BL: AC:: EM: DF; —— G to 
wherefore, A ABC: AHC: :DEF:DKF - Ax.1;.;M *© 
conf. - AABC:DEF::AHC:DKF - - T. 45e 
But, AAHC: GAGHC:: ADKF: ODIKF-17.1.&Ax7.; Wi © 
Wh. x ABC: 0 AGHC:: a DEF: QDIKF - P, e. 
Th. ABC: DEF: : AGHC:DIKF - Th; = 

e 


That is, the A ABC: DEF: : AC: DFH. QED 
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THEOREM XI. 23Euclid. = 


Equiangular Parallelograms are, to one another, in 1-7 
2 Ratio which is compounded of the Ratio of Uh 


— — 
* 
« * 
. 


their Sides. rn — 
* « 


of 


Let AE and DC be equiangular Pa- 05 
Pu 


rallelograms. 

I ſay, the Ratio of the Parallelogram A 
AE to DC, is equal to the compounded. (;-— 
Ratio of their Sides. i. e. of the Ratio of þ 


w AB to BC, and of EB to BD. 57 
her, 
* Let the equal Angles, at B, be ſo placed together, iy 


the Sides, AB, and BC, alſo DB and BE, are ina Right 
Line; and produce the oppoſite Sides, meeting at F, 
forming a Parallelogram BEFC. 

Take any Right Line, G, at pleaſure; and, as BC is 
to AB, make H to G; 
alſo, as DB is to BE, make I to H. (Prob, 32.) 


Dem. Now, the Ratio of G to H is the ſame as AB to BC; 
and, the Ratio of H to I is equal to that of EB to BD.-Con. 


1 But, the Ratio of G to I, is compounded of the Ratios of 
h.6 G to H, and H to I (Def. 21. 5.) conſequently, the Ratio 
of G to I is that, compounded of the Ratios of the Sides; 
3 $ . 

4.5 to which, theſe are reſpectively equal. 

<1. But, the Par. AE: EC:: AB: BC, i.e. asG my ow 
oft, And, the Par. EC: DC: : EB: BD; i.e. as H to l. v2 4s 
11 Wh ſince the Par. AE: EC:: G: H; and Par, EC: DC:; H: I. 

F. 1) The Parallelogram, AE: Par. DC:: G: I. Th. 9. f. 


But, G is to I, in the compounded Ratio of the Sides. 
Therefore, the Par. AE is to Par. DC in the Ratio, which 
is compounded of the Ratio of their Sides, AE. D. 


2 2 Cor. 1. 
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Cor. 1. Triangles, having one Angle in each, equal to one 
another, have that Ratio between them, which is com. 
pounded of the Ratio of the Sides, containing equal Angle, 


For, the Triangle AEB, BCD, having equal Angles, at B 
and drawing EC, the Demonſtration is in the Theorem. 


Cor. 2. Parallelograms, having equal Angles, or Triangles, 
which have one Angle in each, equal to to one another, 
have that proportion, to each other, as the ReCtanyle, 
under the Sides containing the equal Angles. 


For, the Sides, containing equal Angles, have the ſame pro. 
portion, to each other, as the Perpendiculars, EK, KL.- Th, , 
Contequently, Rectangles under the Baſes and Perpendicylar, 
are in the ſame Ratio to each other, as Rectangles under the 
Baſes and adjoining Sides, containing equal Angles, viz, ir, the 
Ratio which is compounded of their Sides; by Theorem. 


THEOREM XII. 19Eudi, 


The proportion of ſimilar Triangles, to each other, i; 
the gluplicate Ratio of their correſponding Sides, 


Let the Triangles ABC, DEF be fimila 

and alike ſituated; i. e. let the Angle A 

be equal D, B equal E, and C equal F; 

C The Side AB correſponds with DE, BC 
with EF, and AC with DF, Produce DF, 
Take DG a third Proportional, to DF 


D” 


and AC, and draw EG; 
I. e. make DG to AC as AC is to DF; (Prob. 31.) 
Then, the Triangle ABG is to DEF, as DG to DF. 


DzM. Becauſe the "Triangles ABC, DEF are ſimilar, 
conſequentlv, AB: DE:: AC; DF. - !. 
But, DG: AC:: AC: DF( Con) conſ asAB:DE: :DG:AL 

| | Wherefore, in the Triangles ABC, DEG, the Sides AB 

and AC, DE and DG, which are about the equal Ange 
(A and D) are reciprocally proportional. 
conſequently, the Triangle DEG ABC. Th.$ 


Book VI. ELEMENTS or GEOMETRY. 301 


But, the Triangle DEF: DEG:: DF-. DGG Th. r. 
Th. the Triangle DEF: ABC:: DF: DG — Ax. 4. 5. 


i. e. in a duplicate Ratio of their correſponding Sides. 

Or, if AH be taken a third proportional to AC and DF; 
it will then be, as AB: DE:: DF: AH, i. e.: AC: DF-Con; 
Conſequently, the Triangle ABH = DEF, - Th. 8. 
Wherefore, the Tri. DEF: ABC:: ABH: ABC.- Ax 4.5. 
i. e. as AH is to AC (Th. 1.) viz. in a duplicate Ratio. 


Cor. If three Right Lines are Proportionals, the Squares 
of the firſt to the ſecond are as the firſt Line is to the third. 


In the Tri. DEF, ABC, and DEG, DF: AC:DG + Con. 
But, the Triangle DEF: ABC: :DF:DG. - - I 90. 
And the Triangle DEF: ABC:: DF: Acc. 33 
Therefore, as DF: DG (the firſt to the third) :: DF: AC G. 


THEOREM XIII. 20 Euclid. 
Similar Quadrilaterals, and Poligons, are, by drawing 


the correſponding Triangles are ſimilar to each other, 
reſpectively; and proportional to the Poligons. 

Alſo, the proportion of the Poligons, to each 
other, is in the duplicate Ratio of their cor- 
reſponding Sides. 


Let ABCDE and FG HIK be 

ſimilar Poligons. f 
Draw the Diagonals AC, CE, and 
FH, HK, &c. from any correſpond- 
ing Angles, C and H, to the oppoſite, 


and, by inverſion, ABC; DEF:: DG: DF. Th. 5. 5. 


Diagonals, divided into Triangles, equal in Number; 


De. Every Poligon is divided into as 
has Sides, wanting two; by drawing all the Diagonals which 


conſequently, the number of Triangles, in each, are equal; 
ſeeing the Poligons have an equal number of Sides. 


can be drawn, from any Angle; as CA, CE, or HF, HK; 
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2nd. Becauſe the Poligons are ſimilar, they 
are conſequently equiangular (Def. 1.) 
and, being ſimilarly poſited, the Angle 
A=F,B=GU,andC=H Sc. 
Then, becauſe AB: BC:: FG: GH, 
and the Angle B=G, the Triangles 
ABC, FGH are ſimilar. - Th. 5. 
And, becauſe the Angle BAE = GFK and there is taken 
away, from each, equal Angles BAC, GF, 
the remainder, CAE = HF K. - Ax. 7. 1. 
But, AB: AC:: FG: FH, and AB: AE: : FG: FK. 
conſequently, AC: AE:: FH: FK. 13.5. 
therefore, the Triangles ACE, FHK are ſimilar. Th. 5. 
And, becauſe CD: DE:: HI: I K, and the Angles D and! 
are equal; the Triangles ECD, K HI are ſimilar. - ſane, 


3rd. Becauſe the Triangles ABC and FGH are ſimilar, 
their Ratio 1s dupplicate of their correſponding Sides ; 
e. g. of AC to FH, - - „ *."0 Bs 3, 
And for the ſame reaſon, the Ratio of ACE to FH K is 
alſo duplicate of AC to FH; or, of EC to KH. fame. 
Alſo, the Ratio of ECD toKHI, is duplicate of EC to KH, 
But, the Ratio of each Triangle, ABC, &c. to its cor- 
reſponding Triangle, FGH, &c. is the ſame, viz. as AC 
to FH, or EC to KH, &c. 
Therefore, as oneAntecedent, ABC, is to one Conſequent, 
FG, ſo is all the Antecedents ABC, ACE, and ECD, 
to all the Conſequents, FGH, FH K, and K HI, taken 
together, (2. 5.) i. e. as Poligon to Poligon. QE. D. 


4th. The Ratio of ACE to FH is duplicate of AE to F K-12 

Hut, the Ratio of Poligon to Poligon is equal ACE to FHK. 

Therefore, the Ratio of Poligon to Poligon, is duplicate, 

of AE to FK, of ED to KI; or, of any other Sides, 
which are homologous. 


Ath. 
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Cor. 1. All ordinate or regular Figures whatever, Triangles, 
Squares, or Poligons of any kind are, reſpectively, to each 
other, in the duplicate Ratio of their Sides, or Diagonals. 


Becauſe, all regular Figures, of the ſame Species, are ſimilar. 
Alſo, Circles are, to each other, in the duplicate Ratio of their 
Diameters, &c. 


. 
— —Ü— — — — — * 
- ” - - 1 - — 2 
© ri - 4 _ 
— . * - 


Hence, in all ſimilar Figures whatever, if the ratio of 
the homologous Sides be known, the proportion of the 
Figures is known. 


For example; If the ratio of the Sides be as 2 to 3, their 
Areas are as 4 to 9. For, as 2: 3:: 3: 45; 

Therefore, as 2 is 10 44, ſo is one Figure to the other; 

which, in whole numbers, is as 4 to 9. 


Con, 2. The Proportion of all fimilar Figures, whatever, are 
as the Squares of their correſponding Sides. 
For, as the Triangle ABC or ACE, is to FGH, or FHK, 
ſo is Poligon to Poligon. 
But, the Triangles, being fimilar, are, as the Squares of their 
homologous Sides; viz. as AB to FG, or AE to FK - Th. 10. 
Therefore, as the Square of AB 1s to FG, or of AE to FK, &c. 
ſo is Poligon to Poligon, + - - - Ax. 13. 5. 


Cor. 3. The Perimeters or Circuits of ſimilar Figures are, to 
each other, as their correſponding Sides or Diagonals. 


For, fince each Side AB, BC, &c. has the ſame Ratio to its 
correſponding Side FG, GH, &c; alſo, as Side is to Side, ſo 
1s Diagonal to Diagonal, AC to FH, &c; conſequently, as 
any one Side, or Diagonal, is to its correſponding Side or 
Diagonal, ſo is the ſum of all the Sides AB + BC+CD, &c. 
to the ſum of all the Sides, FG + GH + HI, &c. - 2. 5. 


Cor. 4. Any ſimilar Figures whatever, deſcribed on the Mean 
and either Extreme of three proportional Lines, have the 
ſame Ratio to each other, as the two Extremes; i. e. as 
the firſt to the third. 


For, they are to each other, in the duplicate Ratio of their 
correſponding Sides; by the Theorem. | 


From hence is deduced, an excellent Problem, (37) - 
for finding the Side of any Figure whatever, ſimilar to 
another, and in any Ratio. 


1 THE O- 


— — 


- — — 
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THEOREM XIV. 


The Perimeters of ſimilar Poligons, inſcribed in 
Circles, are, to each other, in the ſame Ratio 28 
the Diameters; and their Areas as the Squares of 
the Diameters. 


Let ABCDE and FGHIK be fimilar 
H Poligons, inſcribed in Circles; whoſe Dia. 
VA — meters ate AL, and FM. 
Q Then, as AL is to FM, fo is the Peri- 
\ meter ABCD E to FGHIK. 
| / Alſo, as AL ſquare, is to FM ſquare, 
— ſo is the Area of thePoligon ACE to FHR. 
— — Join AC and BL, alſo FH and GM. 
Dru. Then, the AngleßC A BLA, and HF GMF -10.3, 
But, the Angle BCA HF (I3) Th. BLA GMF-Ax. 3. 
and, the Angle ABL FG M (for they are R. Angles) - 12.3. 
tnerefore, the Triangles BLA, GMF are ſimilar; - Th. 4. 
(for, the three Angles, are reſpectively equal) 
Then, as AB: FG:: AL: FM. — „ 
conſ. az AB : FG M:: ALMA: Fu. 1 
But, as AB: FG: : Perimeter ABC DE: Per. FG HIK-2.5. 
Th. the Diameter AL: FM: : AgB CDE: FGHIK-Ax. 13.5. 


Alſo, as AB A: FG :: the Area of ACE: FHK-Th. 101g. 
and conſ. as ALA: FM N:: the Area of ACE:FAK - Ax.135. 


Cor. The Circumferences of Circles are proportional to 
their Diameters, and their Areas to the Squares of thei 
Diameters. 


For, the Circumference of a Circle being conſidered 35 the 
Perimeter of a Poligon, of an infinite number of Sides, and, tht 
Diameter may alſo de conſidered as a Diagonal; wherefore, the 
Demonſtration evidently follows from the Theorem. | 


Cor, 2. 
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Cor. 2. Circumferences of Circles are proportional, to the 
Perimeters of ſimilar inſcribed, or circumſcribing, recti- 
linear Figures. 


For the Perimeters, of all ſimilar right lined Figures, are in 
proportion to their correſponding Sides or Diagonals, - C. 3. 13. 
And, the Circumterences of Circles, are as their Diameters.-Th. 


Cor. 3. The Areas of Circles are in proportion to that of 
any ſimilar inſcribed or circumſeribing Figures. 


For, the areas of all ſimilar Figures, are as the duplicate ratio 
of their correſponding Sides or Diagonals; and, the areas of 
Circles are as the duplicate Ratio of their Diameters, - Th. 1 2, 

Wherefore, ſince the Diagonals of ſimilar Figures are in the 
ſame Ratio as their Sides, reſpectively ; and alſo, as the Diameters 
of circumſcribing Circles; contequently, the areas of Circles 
are, as the areas of ſimilaroligons, inſcribed or circumſcribed. 


Cor. 4. The area of a Circle is to that of any circumſcribed 
right lined Figure, as the Circumference of the Circle to 
the Perimeter of the circumſcribing Figure, 


For, the area of a Circle is equal to a Triangle, whoſe Baſe 
is equal to the Circumference, and height, equal to the Radius. 
And, the Area of a circumſcribing Poligon, is equal to a 
Triangle, whoſe Baſe is equal to the Perimeter of the Poligon, 
and its height equal to the Radius of the inſcribed Circle, * 
Conſequently, the Areas of all circumſcribing Figures are as 
their Perimeters; which may be conſidered as the Baſes of 
Triangles of equal height. - - - - Th. 1. 
Therefore, the Area of a Circle is to that of a circumſcribed 
Poligon, as the Circumference of the Circle to the Perimeter 
of the Poligon. 


* See, Theory of Menſuration ; Article 7, and 8, 


Rr TH E- 
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Book 
THEOREM XV. 22 Euchd. 
If four Right Lines are Proportionals; ſimilar Riot; 
| | „ Any 
lined Figures, deicribed on each Pair, will al Sj 
be proportional, 5 
Let the Right Lines AB, Ci), th 
AN, X EF. and GH be proportionals, and R 
At C D let AB be to CD, as EF to GH. de 
P 
On AB and CU, let there be 
| 2 conſtrud ed ſimilar Triangles, V& x, T 
| and, on EF and GH any other be 
K 8 Jy ſimilar Figures, whatever, Y & Z. de 
0 | 
CN Eg, B( 
Find P and Q. each a third Proportional to AB and or 
CD, and, to EF and GH, reſpedively. (Prob. 31.) | of 
Dem. Now, the Triangle V is to X, as AB to P; Th | 
and, the Trapezium Y is to Z, as EF to My poke ſet 
But, as AB: CD:: EF: GH; and, asCD:P::GH:Q -Con, is 
on 


wherefore, as AB: P:: EF: Q (9.5.) Th. V: X:: I. . 


It is alſo true, if ſimilar Figures are conſtrued on the 
firſt and third, and others on the ſecond and fourth, ol 
four proportional Lines. 


For, ſince V: X: Y: Z, conſ. V: Y:: X. Z. Th. 4.5 


Cor. Similar Figures being proportional to other {imilz 
Figures, their correſponding Sides are Proportionals, 


The Converſe, needs no proof; ſeeing it is bu! 
reverſing the Premiſes, | 


THE 
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THEOREM XVI. 31 Euclid. 


Any ſimilar Figures whatever, deſcribed on the three 
Sides of a Right angled Triangle, and if they are 
made correſponding Sides of the Figures; then, 
that which is deſcribed on the Side ſubtending the 
Right Angle, will be equal to both the others, 
deſcribed on the Sides containing the Right Angle. 


Let ABC be a Right angled 
Triangle; and, let X, V, and Z 
be ſimilar, irregular Pentagons, 
deſcribed on the three Sides, AB, 
BC, and AC, of the Triangle; 
which are correſponding Sides 
of the Figures, X, V, and Z. 
Iſay, that the Figure Z, de- ＋ 


ſcribed on the Hypothenuſe, Ac, 
is equal to both X and V, deſcribed . 


on the other two Sides. 8 
Draw the Perpendicular BD. 


Dru. In every Right angled Triangle (A B C), ſince 
AD: AB:: AB: AC; and DC: BC :: BC: AC - Cor. to 7, 
Conſequently, any Figure, deſcribed on AB, is to a ſimilar 
Figure, deſcribed on AC, as AD is to AC. 

and a fimilar Figure, deſcribed on BC, is to that deſcribed 
on AC, as DC is to Acc - - 12 and 13. 
Therefore, ſince Z: X:: AC: AD; and Z: Y:: AC: DC, 
Z will be to X ＋ Y:: AC: AD + DC. - Cor. to 3. 5. 
But, ACZAD + DC; therefore, E =X+Y. QE. D. 


Rr 2 SHIOL. 


* 
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SH OL: This Propefition, by the Doctr. ne of Proportion, extend; 15. 
famous Pythagorean Propoſition, vvz. the 47th of the firſt Bosa of 
Euclid, and the 20th, of the firſt, of theſe Elements, univerſally, 

Seeing, by Th.10. of this 6th Book it is demonſtrated, that Triangles, 
and all ſimilar Figures whatever, are in proportion to the Squares if 
their correſponding Sides, the full and perfea demonſtration of this 
Propoſition neceſſarily ſollows from thence, and the 20th of the fi; 
this Propoſition is therefore, in ſome meaſure, unneceſſary ; but, fi. 
the particular beauty and elegance of it, I did not think proper 10 
omit it. 

This Propoſition is alſo applicable to the Diagonals of Right lin: 
Figures, as well as to their Sides; and, conſequently, to the Diameter; 
of Circles. Wherefore, a Circle deſcribed on the Hypothenuſe of 
a Right angled Triangle, for its Diameter, is equal to the two 
Circles, whoſe Diameters are reſpeatvely equal to its Legs. 


THEOREM XVII. 24Euclid, 


In every Parallelogram, thoſe which are about the 
ſame diagonal Diameter, are ſimilar to the whole 
Parallelogram and alſo to each other. And the 
two Complements have their Sides reciprocally 
proportional, 


B I C In the Parallelogram ABCD, let AEFH 
; and FICG be Parallelograms, about the 
Diameter AC. 

Ten, the Parallelograms EH, IG, are 
ſimilar to the whole Parallelogram, BD, 
and to each other. 

EG is parallel to AD, and BC; and HI, 
to AB and DC; by Conſtruction. 


Deu. 


2nd 


r 
tl 


BookVI. ELEMENTS or GEOMETRY. 309 


Dem. Now, becauſe EF is parallel to BC, the Sides AB 
and AC, of the Tri. ABC, are cut proportionally . 
wherefore, AE: EB:: AF: FC ee Th. 2. 
and conf. AE: AB:: AF: AC. - - Conv. 6. 5. 
And, beczuſe HF is parallel to DC, as AF: AC: : AH: AD. 
wh. as AE: AB:: AH: AD; and, as AE: AH: : AB: AD-4.5 
But, EF=AH, and BC=AD, &ec. (15.1.) wherefore, the 
Sides of the Parallelograms AEFH, and AB CD, have 
all their Sides proportional. | 
But, the Angle EAH is common to both: and, the op- 
poſite Angles of Parallelograms are equal = — 15. 1. 
wherefore, EFH = B CD. - - - Ax. 3 
Alſo, the Angle AEF = ABC, and AHF = ADC. - 4.1. 
therefore AEFH is ſimilar to the whole Par. ABCD-Def.1. 
By the ſame Reaſoning, the Parellelogram FICG may 
be proved ſimilar to ABCD. | 

For, CI:CB::CG:CD ; viz. as CF to CA - as above. 
they are alſo equiangular ; the Angle at C being common. 
Conſequently, the Par. FICG is ſimilar to AEFH ; being 
both ſimilar to the whole Parallelogram, ABCD -Axiom. 


2nd, The Compliments BF, FD are equal. 159. 1. 
and they are equiangular, (15. 1.) for EFT=HFG - 2.1. 
Vherefore, as EF;FG::HF:Fl, reciprocally = Th 8. 


CoROLLARY. 26 Propoſition of Euclid. 


Hence it is evident, that, if on any Angle of a Paralle- 
logram, there be deſcribed, or taken away, a leſſer Pa- 
railelogram, ſimilar, and a like fituated, they will have 
the ſame common Diameter. ET. 

For, the Diameter AF or FC, is common with AC. 


If any other Parallelogram A e f H, fimilar to ABCD, 
be deſcribed at the Angle A, not alike ſituated, they have 


not the ſame Diameter AC, 
THE O- 


— — — 
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THEOREM XVIII. 27 Euchid. 


If a Parallelogram be deſcribed on a Right Line, and 
from it there be taken away a Parallelogram, ſimilar, 
and alike ſituated, to one deicribed on half the 
Line, equiangular to the firſt ; that, which is de. 
ſcribed on the half Line, is greater than the remain- 
ing Parallelogram. dr 


on a given Right Line, AD; and, let 


— Let AB Cb be a Parallelogram deſcribed 
0 Ak FG be an equiangular Parallelogram, 


deſcribed on half the Line, AG; alſo, let 
HIC D be taken away from the Parallelo- 
gram ABCD, ſimilar, and alike ſituated, 


1 to the Parallelogram AEF G. 


I fay, the Parallelogram AEF G is greater than the re- 
maining Parallelogram AB IH. 


Draw the Diameter ID, and produce EF to K. 


Dem, Then, becauſe the Parallelograms, HC and GK, are 


about the ſame Diameter, ID, they are ſimilar, - 17. 


| Wherefore, AEFG is ſimilar to HICD. - Axiom. 


Now, HF =FC (19. 1.) and BF FC - Thi. 
conſ. BF = HF (Ax. 3. 1.) and HF is greater than BL. 
add AL, to both; and AF is alſo greater than AI. - 8. 
Therefore, AEFG is greater than the remaining Paule 
logram, ABIH, the defect of HI CD. 
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Again. From the leſſer Parallelogram A be D, let 
there be taken away the Parallelogram hicD, fimilar 
to AEFG, and fituate alike, 


Now, becauſe FD is a Diameter, in the Parallelogram 
GFKD, Gi is equal to i K. - — — 19. 1. 
Add hic D, on both Sides; and Ge hK — Ax. E. 1. 
But, Gb Gc. (Th. 1.) wh. Gb =hK 3. 1. 
Add G i, to both; and Ai GK — Fi, 
conſequently, AF (equal GK) is greater than Ai. 


Therefore, the Parallelogram AEF G, deſcribed on half 


the Line, AD, is greater than any other Parallelogram 
deſcribed on the whole Line; being deficient by a Paralle- 
logram, ſimilar and alike ſituated to that which is de- 
ſcribed on half the Line. Q. E. D. 


Few, if any, who have favoured the World with Treatiſes on 
Geometry, have taken notice of this Theorem, or the foregoing, 
(the 27 and the 24 of Euclid) except thoſe who have trod in his 
path without ſteping the leaſt aſide; indeed, it is fo very obſcurely 
worded, that it is ſcarce intelligible; which, Mr. Stone has en- 
deavoured to remedy, with little ſucceſs. He excuſes Euchd, by 
ſaying, that he could not have rendered it more clear, in fo few 
words; and therefore, rather than appear tedious, gave it as it is; 
If the Propoſition, itſelf, be unintelligible, how are we to under- 
ſtand the Premiſes? Euclid has given ſome Propoſitions in more 
words. I am perſuaded that I have made it clearer than Mr. Stone, 
and in as few words as Euclid makes ule of. 

How far this Theorem may be of uſe in the Mathematics I do 
not pretend to ſay ; but, when it is clearly underſtood, it will be 
found to contain ſomething extraordinary in it; inſomuch, 
that I could by no means diſpenſe with the omiſſion of it. 


There are two Problems, following after, in Euclid, which 
are dependant on it; he alfo divides a Line in extreme and 
mean Ratio by it; in the zoth; it is certainly demonſtrable, 
when done, but how it is to be performed, in the operation, 
I cannot deviſe, (See, Prob. 11th. B. 2. or Pr. 35. Pr. Geometry.) 

As I do not conceive the Problems to be at all uſeful to 
Mechanics, &c. J have not inſerted them, amongſt the reſt, in 
Practical Geometry. 8 | | 

The 32nd Prop. of Euclid is of little conſequence, and has 
nothing in it worthy of notice. 

| T H E- 
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THEOREM XIX. 3Fudiz 


In the ſame or equal Circles, the Angles, whether at 


the Center or at the Circumterence, are in propor. 
tion to the Arks on which they ſtand, 


Firſt, in the Circle AED, the 
Angle ACB ſtanding on the Ark 
AB, is to the Angle BCD, on 
the Ark BD, as AB is to BJ). 
| Let the Arks, AB and BY, be 
II divided into any number of cquz] 
Parts, in F and G; and vin 


CE, and CG. 


Dru. Now, becauſe the Ark AF=FB, and BG=GD; 
the Angle ACF=FCB, and BCG=GCD — C.2.9.3, 
wherefore, as the Ark AF: BG: : FB: GD Fin eq, \ 
and, as theAng. ACF:BCG::FCB:GCD * Ws 
For, whether AF be equal to, greater, or leſs than BG; 
the Angle AC is alſo equal to, greater, or leſs than BCG; 
in the ſame Ratio. (Th. of Plane Angles.) 

conf. as the Ark AF:BG:: Angle ACF: BCG, &c. 
Therefore, as AF + FB: BG GD, 

ſo is the Angle ACF + FCB : BCG + GCD. - 2.5. 
i. e. as the Ark AB:BD, :: Angle ACB:BCD. QED. 


But, the Angle ACB, at the Center, is double AEB, 
at the Circumference; and, BCD is double BED - 9. 3 
wh. as the Angle ACB : BCD :: AEB: BED - Ax. 8.5, 
Therefore, as the Ark AB: BD, ſo is the Angle ALB: BED. 


2 2rd. 
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2nd. Becauſe, in the equal Circles, AEB, aeb, the Radii 
are equal; and equal Arks ſubtend equal Angles-C, 2 yh 
conf. as Ark AB: a b:: Angle ACB: acb; & AEB:1ce b. 

If AB and ab be divided into an equal number of Parts, 
the Demonſtration is the ſame as above. 


Cox. Sectors of Circles, ACB, BCD, or ac b, are 
proportional to the Arks AB, BD, or ab. . 


For, each Sector may be conſidered as an aggregate of a 
number of Iſoſceles Triangles, of equal Baſes and equal Legs; 
as ACF, FCB, &c. conſequently, equal Triangles; and hx avins 
equal Altitudes; each Sector, ACB, BCD, or acb have, there- 


fore, that Ratio to each other, as the Baſes of thoſe Triangles, 
i. e. as the Ark AB to BD, &c. - - - „ 11. 


N. B. None of the following elegant, and ſome of them 
elementary, Theorerns, are in Euclid; except the 24th; 
which | is the 8th Propolition of his thirteenth Bock. 


\ THEOREM XX. 


It two Right Lines interſect, within a Circle, and 
are terminated by the Circumference, the Seg- 
ments of thoſe Lines are reciprocally proportional. 


The two Chords, AB and CD, cut 
ach other in E. 


, that CE is to AE, as EB is io ED, 
Join AD and CB. 


VEM, Now, the Angles AED, CEB are equal. „ l 
and ABC ADC; alſo BAD =BCD. - 10 3. 
wherefore, the Triangles AED, CEB, are ſimilar.-Th. 4. 
Therefore, CE:AE::EB:ED, by the ſame. AE. D. 
Conf, CE X ED AE XxEB; by 9. 6; alſo by 14. 3. 
= THE O- 
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THEOREM XXI. 


If two Right Lines are drawn, from the fame Point 
without a Circle, to the oppoſite and concave par 
of the Circumſerence; they will have that propos 
tion to cach other, reciprocally, as their external 

A | Segments. 


From the point A, draw AB and AD, x 


pleaſure, cuting the Circle EBD in the 
Points E, C, B, and D. 


I fay, that AB is to AD, as AE is to AC. 
Join EB and CD, 


Dru. In the Tri. ABE, ADC, the Angle ABE=ADC. jc, 
and the Angle A is common; wh. AEB=ACD - 10.1. 
conſ. the Triangles ABE, ADC are ſimilar, 
Wherefore, AB: AD :: AE: AC. - Tb. 4, 
And, ABXAC=ADXAE, by Th. 9. and, alſo by 16, y, 


THEOREM XXII. 


If from any Point without a Circle, two Right Lines 
are drawn, one touching the Circle, and the other 
cuting it; that which touches the Circle 1s a mean 


Proportional, between the whole Secant and the 
external Segment. 


From any Point, A, draw AB, 
touching the Circle at B, 
| And, from the ſame Point draw AC, 2 

D pleaſure, cuting the Circle, in D ande. 


| LY ſay, that AC is to AB, as A to AU 
Join BC, and BD. 


Dev, 


u. The Triangles ACB, ABD, are ſimilar. - Th. 4. 
For, the Angle ACB = ABD; — — = 13. 3. 
and BAC is common; wherefore, ADB = ABC - 10. 1. 
Therefore AC: AB:: AB: AD. GED. 
And conf, ACXAD=ZAB ©. by Cor. Th. ; alſo by 16. 3. 


THEOREM XXIII. 


If two Circles touch one another, either internally or 
externally, and if two Right Lines be drawn, from 
or through the point of Contact, cuting both 
Circles; thoſe Lines will be ©. proportionally, by 
the Circumterences of the Circles. 


In the Circles, ABC, ADE, and A 
from, or through, the Point of Con- 
tact, A, draw AB and AC, cuting 
both Circumferences, in the Points 


B, C, D, and E. 


Ifay, that ABisto AC, as ADto AE. 
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Draw AF, a Tangent to the Circles, 
at the Point A; and join BC, and DE. 


Deu. Then, the Angle ABC is equal to ADE; - Ax. 3. 1. 
For they are each equal to the Angle FAC. Th. 13. 3, 
And the Angle BAC (Fig. 1.) is common 

In the ſecond, BAC, DALE, are vertical, th. equal - 2. I. 
therefore, the T'riangles, ABC, ADE, are fimilar, 

and, conſequently, AB: AD: : AC: AE. Th. 4. 


Ss 2 15 TH E- 
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THEOREM XXIV. 


If a Right Line be drawn perpendicular to the Di 
meter of a Circle, whether it be within or without 
the Circle, or touching the Circumference, and ji 
any Right Line be drawn, from the fartheſt extreq; 
of the Diameter, cuting the Circumference andi th: 
Perpendicular; that Line and the Diameter wi 
be eut proportionally. 

"BN Let the Right Line CD be per- 


pendicular to the Diameter AB, 
/ p Draw AD, at pleaſure, cuting 


— _— 
— — ,, ane ene — 
—— — — — —_ 


the Circumference, in E, and the 


and ACD is a Right one (Con.) th. equal to AEB -Ax q, 
and, the Angle DAC is common; conf. ADC=ABE-10. . 
whetefore, the Triangles AEB, ACD are ſimilar. - 4. b. 
Therefore, as AB: AE: : ADñ: Ac. Q. E. D. 


* Perpendicular, in the Point D. 

| | E I fay, that AB is to AE, as Al) 
| Fa | AN to AC. Join EB: 

| Du. Then, becauſe AB is a Diameter, the Angle AEB, 
| (being in a Semicircle) is aRight one - = 12.3. 
| 


1 


— — — 


In Fig. 3. DB and AC are the ſame; conſequently, AB 
is a mean Proportional between AE and AD, 


= 1 
— — — — — 
— — 
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44 


Cor, The Rectangle under any Line, AD, drawn from the 
extreme A, of the Diameter, to the Perpendicular, DC, 
and the part of it, AE, within the Circle, is equal to the 
Rectangle under the Diameter, AB, and the whole, AC, 
of the Diameter produced to the Perpendicular, (Fig. 1. 
For, AE: AB:: AC: AD; th. they are four proportional Lines 
conſequently, AE x AD =ABXAC: - < Th. . 


N. B. In Fig. 2nd, the Rectangle under the Means, AB and 
AC, is under the whole Diameter and a part of it. 
In Fig. 3rd, ſince AE: AB:: AB: AD; 
conſequently, the Rectangle under AD and AE, is equal 


td the Square of the Diameter, AB, e, 9. 
For, AD x ED SBD (16. 3.) (Therefore; 
Ts and, AB BDA = ADN (20. 1.) as Sek 


THEOREM XXV. 
If two Circles cut each other, and a Right Line 
be drawn cuting both Circles, it will be cut pro- 


portionally, by the Circumferences, and a Right 
Line joining the points of interſection of the Circles. 


two Circles; Al Gand FBG, cut each other; 
and, let any Right Line, AB, cut both 


. Circles, and the Right Line FG, in the d 
: Points A, C, D, E, and B. | « 

| I ay, the Line AB is cut proportionally | 
1 in thoſe Points; viz. as AC: CD: BE ED. > Ws 


, * 5 
Dem. For, in the Circle AFG, as AD: DF: DG: DE; 
And, in the Circle FBG, as DF: CD:: DB: DPG 2. 


wherefore, - — 


That is, as AC: CD:: EB: ED. QE. D. 


Join the Points, F and G, in which the — 


as AD: CD:: DB: DE- 10.5. 
Therefore, as AD - CD: CD:: DB- DE: DE — 7.x. 


— BEET. =. 


_ , " 


* — — 
4 * —_ | - 
- = — — 
— © „„ 


© > —_—_ - y - — 
.. TT YT FM 


— 
” _ 
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THEOREM XXVI. 


If a Tangent to a Circle cuts any Diameter produced, 
and a Perpendicular be drawn, from the Point of 
Contact to that Diameter; the Segments of the 
Diameter, intercepted between the Center and the 
Perpendicular, the Circumference, and the Tangent, 
are proportionals, i. e. the Radius is a mean Pro. 
portional betwixt the part, intercepted between 
the Center and the Perpendicular, and the Point in 
which the Tangent cuts the Diameter, 


Let any Tangent, AB, cut the 
Diameter, CD produced, in B; 
and, let AF be perpendicular to CD; 
and E the Center. 


I ſay, that EF, ED, and EB are 
B in continual Proportion. 


*. 
iC 
* 

o 


Dem. For, becauſe EAB is a Right Angle, C. 3.8. 3. 
and, AF is perpendicular to EB ; - - Con, 
the Triangles EAF, EAB are fimilar, - = Tub. 
Wherefore, as EF : EA:: EA: EB, - Cor. 2.7. 
But, EA is equal to ED; 
therefore, as EF; ED::ED: EB, - Ax. 4.5. 
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THEOREM XXVII. 


The Squares of Chord Lines, drawn from one ex- 
treme of a Diameter, are in proportion to the Parts 
of the Diameter, intercepted between the Perpen- 
diculars, from the other extremes of the Chords, 
to the Diameter. 


AB and AC are two Chords, having a 
common extreme, A. 

Draw a Diameter, AD, from the Point 
A; and, from the other Extremes, B and 
C, of the Chords, draw the Perpendicu- 
lars BE and CF, to the Diameter, cuting 
it in E and F. 8 


I ſay, the Square of AB is to AC ſquare, as AE to AF. 


Draw BD and CD. 


Deu. Now, BE is a mean Proportional between AE & ED; 
alſo, CF is a Mean, between AF and FD - Cor. to 7.6. 
for ABD and ACD are Right Angles. -. - - 12. 3. 
Wh. the Ret. AED=BE Q; alſo AFD Sg CF q-Cor.qg.6. 
But ABQ=BEO+AEn; and AC CFT AF q, 
conſ. AB AED AEN; and AC AFD TAF q. 
But, AED, i. e. AEXED+AEQ =AExAD; 7 
and AFD, i. e. AF FD TAF H SAF „AD; 3 3˙2 
wh. AB A = AE AD; and AC AFX AD-Ax. 3. I. 
But, AE N MD: AF, AD: : AE: A. Th. 1. 
Therefore, AB H: AC N:: AE : AF. E. D. 


T HE O- 


4 

4 
: 

\ 
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Boo 
THEOREM XXVIII. 

If any Point, except the Center, be taken in a Diametet 
of a Circle, and if another Point (in the ſame Dig. po” 
meter, produced, and on the ſame ſide of the Center) a 
be taken; the Diſtance of which, from the Center, B 
is a third Proportional, to the diſtance between the c 
Center and the firſt aſſumed Point, and the Radius; Al 
then will two Right Lines, drawn from thoſe Point; 5 
to any point in the Circumference, be in the ſame ys 
Ratio, as the internal and external adjoining Seg⸗ ; 

ments of the Diameter. 

AſſumeanyPoint, A, in the DiameterCD; 

in which Diameter, produced, take the 
Point B (from the Center, E) a third Pro- 4 
portional to EA and EC (Pr. 31.) and, io n 
any Point, F, in the Circumfcrence, let 5 
two Right Lines, AF and BF, be drawn. as 

I ſay, that AF is to FB, as AC to CD, 

Din. For, EA:ED (eq, ECY::ED:EB - - - «Con © 
| whereſfore, EA: EA ED: ED: ED EB. 6.5. * 
i. e. EA: AD :: ED: BD; conſ. as EA: ED::AD:BD- 4.5, 
Now, EA: ED :: ED: EB; and EF = ED; 1 
wh. EA: EF: EFF: LET. Ax. 45 4 


therefore, the Triangles EFA, EF are fimilar- Th. 5.6, 
for, theAngleFEB iscommon, & theSides are proportional. 
Conſ. AF: BF:: EA: EF; i. e.: EA: ED, or as AD: BD 
that is, as AC to CB. E. 9. 1 
For, EA:EC(eq ED)::EC:EB(i, e. as AD to BD)- Con. C 
conſequently, EA :EC:: EC-EA:EB—EC; 3 
that is, - as EA; EC: A iB. 3 

Otherwiſe: 


on. 


the leſs, AC; i. e. make CD equal AC. 
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Otherwiſe : 
Make EG equal EA, and draw CG. 
Then, becauſe EA, EF, are equal EG, EC, reſpectively, 


and the Angle at E is common, the Triangles AFE, ECG 


are congruous; and CG = AF, = - =: $a: to 


But, EA:EC::EC:EB (Hyp.) wh. EG:EC::EF:EB 


conf. EG: EC:: GF: CB (7.5.) wh. CG is paral.toBF-2.6, 


and the Triangle ECG is fimilar to EBF - —— 5. 
But, GF=AC (Ax. 7. 1.) for EF EC; and EG EA; 
wherefore, as GF, i. e. AC, : CB, or, as EG: EC, 
of, EF: Ee, 1.6. AF, : BF. Q..E. D. 


COROLLARY: A PROBLEM. 
If any Right Line, AB, be divided at pleaſure, in C; 


to deſcribe a Circle; to any Point in the Circumference 
of which, if Right Lincs are drawn, from each extreme 
of the given Line, they ſhall have the ſame Ratio to each 
other, as the Segments of the given Line. 


From the greater Segment, CB, take 


Make A E a third Proportional, to BD 
and CD (equal AC) 

With the Radius EC, on the Center E, 
deſcribe a Circle; 


and to any Point, F, in the Circumfcrence, draw AF & EF. 


Then, AF is to BF as AC is to CB. - Theorem. 


| Becauſe, EA:AC::AC (eq. beo. 
Conſ. EA: EA TAC (i. e. EC) :: AC: AC q- DR (i.e CB) 


i. e. as EA: EC:: AC: CB. - Conv. to 6. 5. 


4 H 0. 


—— — — 6—— — 
* 
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If a Triangle be circumſcribed by a Circle, and, a 


DEM. Now, BE is parallel to AD). Con. 


Cor. Hence it is manifeſt, that, what is proved, in Cor. 2. 


THEOREM XXVIII. 


Tangent to the Circle be drawn, at any Angle of 
the Triangle; and, if a Right Line be drawn from 
the adjacent Angle, parallel to the Tangent, cuting 
the oppoſite Side; then, the Side between the 
Tangent and that Angle, will be a mean Propor. 
tional, between the oppoſite Side, and that Segment 
which 1s contiguous to the Tangent, 


Jet AD be a Tangent to the Circle 
ABCE, at the Point A, (the Angle of a 
Triangle, ABC, inſcribed) and, Jet BE 
be drawn parallel to AD, cuting AC, ink. 


I ſay, that AB is a mean Proportional, 
between AE and AC. 


— — —ę—ͤ— — 


v hecefore, the Angle ABE = BAD - - 4.1. 
But, the Ang. ACB==BAD(13 3) conſ. ABE=ZACB-Ax.. 
and, in the As, ABE, ABC, the Angle BAC is common. 
wherefore, thoſe Triangles are ſimilar. 
Therefore, as AE: AB :: AB: Ac. Th. 4. 6. 
conſequently, AE, AB, and AC, ate three Proportionals ; 
and therefore, AB is a Mean. 


of the 7th, in reſpect of a right angled Triangle, is general; 
in every Scalene Triangle; on any Side of which, {imilar 
Triangles are conſtructed, e. g. 


4 In 
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F 


- 3 
| . 3 * 


—— — — 
In the Triangle ABC, if ABD be wade equal to the 
Angle C, and CBE equal A, the Angles A and C being i 
common; the Triangles ABD, EBC, are fimilar to the N 
whole Triangle ABC - - „ . * 
and conſequently, to each other. - - Axiom. : 
Wherefore, the ſquare of AB is equal to a Rectangle, 8 
under the Side AC, and the Segment AD; | 'Þ 
and, the ſquare of B C is equal to a ReQtangle under AC fi; 
and EC. - - - - - Cor. to Th. . 6 
For becauſe the Triangle ABD is ſimilar to ABC; 6: 
AD:AB::AB:AC; &, for the ſame reaſon, EC: BC::BC: AC : 
Wherefore, AB and BC are, each, a mean Proportional ; 
between the adjoining Segments of AC, and the whole, AC. | B J 


- i —— 
— — — 
7 
2 


If 'the Triangle be right angled (Fig, 2.) the two Seg- 
ments AD and E C are equal to the whole A C (for the 
Points D and E coincide z conſequently, the two Squares 
of AB and BC are equal to the Square of AC. 

i. e. AB ſquare is equal to the Rectangle AF, 
and, BC ſquare is equal to the Rectangle FC. - 0 905 


- — - 


In Fig. 3rd, the Angle at B being acute; conſequently, 
the two Segments AD and EC are greater than the 
whole AC; but they are, in each Caſe, ſubject to one 
general Demonſtration. 

When the Angles are all 3 the Square of each 
Side is equal to the Square of the other; for the Triangle 
will be equilateral. 


' , 
-%* 
: : 
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THEOREM XXX, 


If any Angle of a Triangle is biſected, and the biſeQing 
Line cuts the oppoſite Side; the Rectangle under 
the two Sides, containing that Angle, is equal to the 
Square of the biſecting Line, added to the Rect- 
angle under the Segments of the oppoſite Side. 

Allo, the Sides of the Triangle, the biſecting Line, 
and that Line produced till it cuts the Circumference 
of a circumſcribing Circle, are Proportionals. 


Biſect the Angle B, of the TriangleABC, 
by the Right Line BE, cuting AC, in the 
c Segments AE, EC. 


Then, the Rectangle under the Sides 
AB and BC, is equal to the Square of BE, 
added to the Rectangle under AE and EC. 


2nd. About the Tiiangle ABC, deſcribe a Circle, ABCD. 
| Produce BE to D, and join AD. 
I fay, that AB is to BD as BE is to BC. 


Dem. For, the Triangles ABD, EBC are ſimilar- Cor. 2.4. 
becauſe, the Angles ABD, EBC are equal; - - Con. 
and, the Angle ADB is equal to ECB; - 10.3 
wherefore, BAD is equal to BEC. C. 5.10.1. 
Th.AB:BD::BE:BC (4) conſ. AB BC=BDXBE-9-. 
But, IDBE=DEB+1 Bo (3. 2.) & DEB=AEC-143 
V herefore, the Rectangle DBEZAEC + EB -Ax.b.t. 
Conſequently, AB x BC =EBQ +AE xEC. QED. 


The 2nd Part was proved in the fifth Line. 


THE 


Boo! 
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THEOREM XXXL 


The Rectangle, under any two Sides of a Triangle, 
is equal to a Rectangle contained under the Per- 
pendicular to the other Side, from the oppoſite 
Angle, and the Diameter of a circumſcribing Circle. 


Deſcribe the Circle AB CD about 

the Triangle AB C. - (4. 4.) / 
Draw the Diameter BD; and BY / 
perpendicular to AC. 

Then, the Rectangle under AB and 
BC, is equal to the Rectangle under BF 
and BD. Draw AD. | 


Du. Now, the Angle ADB =ACB; - - 10. 3. 
and BAD is equal to BFC! = Ax. 9. 1. 
(for BFC is a R. Angle (Con. ) and BAD is Right - 12. 3) 
conſequently, AED is equal to FBC; 

and the Triangles ABD, FBC are ſimilar; 

wherefore, as FB: BC :: AB: BD; — 4. 6. 
and therefore, FBX BDS AB NBC. Q. E. D. 9.6. 


N. B. If the Angle, ABC, was biſected by the R. Line BD; 
tne Rectangle under the Sides, AB, BC, is equal to 
a Rectangle under the Diameter BD and the Segment BE, 


For, AB is to BD, as BE is to BC; by the Zoth. 


T H E- 


7 
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THEOREM XXXIIL 


If all the Sides of a Trapezium are biſected, and the 
Points of biſection, in contiguous Sides, are joined 
by Right Lines, the Quadrilateral formed by thof: 
Lines is a Parallelogram; and, it is equal to half 
the Trapezium. | 

Alſo, the Sum of the ſquares of the Diagonale, 
of the Trapezium, is double the Sum of the ſquares 
of the Diagonals of the Parallelogram, 


Let the Sides of the Trapezium, 
. AB CD, be biſected in the Points 
E, F, G, and H, and draw EF, FG, 

* GH, and EH. 


I ſay, firſt, that the Quadrilateral, 
D EF GH, is a Parallelogram. 


3 


A 
Dem. For, becauſe, in the Triangles ABC, ACD, the Sides 
AB, BC, and alſo AD, DC, are cut proportionally, 
in F and G, E-and H, the Right Lines FG and EH 
are both parallel to the common Baſe AC; and, for the 
ſame reaſon, the Lines GH and FE are both parallel to BD; 
conſequently, they ate parallel between themſelves; 


therefore, EFG H is a Parallelogram. (Def. 33. 1.) 


Secondly. It is equal to half the Trapezium ABCD. 


For, in the Triangle ABC, becauſe FG is parallel to AC, 
and, becauſe AB and BC are biſected in F and G, 


Bl is alſo biſected in K, = - - = 2.6, 
and, 


—— 


(„ 


9 


l, 
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and, for the ſame reaſon Al and I C are biſected in L & M; 
wherefore, LM is half AC; and conſequently, the Pa- 
rallelogram LFGM (on half the Baſe AC, of the 
Triangle ABC, and half its Altitude) is equal to half 
the Triangle ABC - - Th. 18. 1. and Pr. 20. 
for the ſame reaſon the Parallelogram L E H M = 
half the Triangle ADC. 

conſ. the Par. LG + LH = half the Tri. ABC + ADC, 
i. e. the Par. FFG H is equal to half the Trap. ABCD. 


Thirdly. Having drawn the Diagonals, EG and FH. 


I ſay, that AC ſquare added to BD ſquare, is double 
the ſum of the Squares, of EG and FH. 


For, the Squares of the Diagonals, EG and FH, are 
equal to the Squares of all the Sides EF, FG, GH, 
and E H. — — — - — 14 1. 
But EF and GH are each equal to half BD; 5 
and FG, EH, are each equal half AC; | nn 
wherefore, the four Squares, of EF, FG, GH, and EH, 
are equal to half the Squares of AC and BD Cor. 4. 2. 
and, they are equal to the ſquares of EG and FH - 2nd. 
Therefore, the Squares of AC and BD, are double the 
Squares of EG and FH. 


This Propoſition is, by Stone and ſome others, given in the 


ſecond Book; conſequently, there is a neceſſity for a Lemma, 
previous to it; which Lemma, is only a particular Caſe of the 


ſecond Propoſition of the fixth Book; which cannot be made 
general without that Theorem. 


The third Part of which he makes a ſeparate propoſition, may 
be demonſtrated in the ſecond Book; but I did not think it of 
conſequence enough to make another Propoſition, 


IN 


: 
: 
| 
: 
| 
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THEOREM XXXIII. 


In every Quadrilateral inſcribed in a Circle, the 
Rectangle contained under the Diagonals, is equa] 
to two Rectangles under the oppoſite Sides, 


— —— — — — — — — 


In a Rectangle the thing is manifeſt - 20. f. 


Diagonals A C and BD. 


I ſay, the ReQangle, under AC and BD, 
is equal to the two Rectangles, urder AB 
and CD, BC and AD. 


Make the Angle ABE equal to DBC. (Pr.z) 


Dem. Now, ABE=DBC(Con)the AngleBAC=BDC-10.3 
wherefore, the Triangles ABE, DBC are fimilar-C.2.4.5, 


Wh.asAB: BD: :AE:CD(4 6.)& AB: AE: :BD:CD-4.5, 


Therefore, AB x CD = BD X AE - < <= 9.6. 


Again. The Triangle ABD is ſimilar to EBC. 

For, the Angle ABD=EBC (becauſe, ABE=DBC{(Con.) 
and the Angle EBD is common to both.) - Ax. 7.1, 
Alſo, the Ang. BDA=ZBCA( 10. 3.) conſ. BAD=BEC-10 1. 
Wherefore, as BC: BD: : EC: AD - „5 6:46 
conſequently, EC AD g BD Xx EC. - 9.0. 
But... AB ICD = BD AE proved above. 

and AE, EC=AC;wh.BDXAE+BDXEC=BDXxAC: : 
Th. ABXCD+BCXAD=BDXAOC. Q. E. D.- Ax. 3.1. 


THE O- 


In the Trapezium ABCD, draw the 


Boc 


& 
ti 
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THEOREM XXXIV. 8.13 Euclid. 14 


The Diagonal of a regular Pentagon 1s to its Side, as 
a Line divided in extreme and mean Proportion. 


In the Pentagon AB C D E, 
let the two Diagonals, AD and BE, 
be drawn, cuting each other in F. B 


Then, AD is to AB, or AE, 
as AE is to AD — AE. 


Dem. The Triangles ABE, ADE, are congfuous = 8. 1. 
For, AB, AE, and E D are qual, 
and the Angle BAE =AED, - «oo» 
wherefore, the Angle ABF =AEF=EAF 9. 1. 
conſ. the Triangles ABE, AF E are ſimilar. C. 2. 4. 6. 
Therefore, as BE: AE: : AE: AF, equal FE. - 4. 6. 
But, AE = BF; for DE = BC, and CD=AB - Hyp. 
wherefore, BE is parallel to CD, and AD to BC- C. 10. 3. 
conſequently, BCD F is a Parallelogram; 
wherefore, BF = CD (equal AB, equal AE). - 15. 1. 
Therefore, as BE: BF:: BF: PE; 
i. e. as BE: AE, or AB,:: AE: FE. 
and conſequently, AB, or AE, &c. is equal to the greater 
Segment of BE, or AD, divided 1 in extreme and mean 
Eroportion. 


Cor. 1. The Diagonal of a Pentagon is parallel to 
the oppoſite Side. 


2. Two Diagonals, cuting each other, are mutually di- 
vided in extreme and mean Proportion, in the point 
of interſection. 

2 "WH IH E- 
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THEOREM XXXV. 


The Diameter or Perpendicular, of a regular Pen. 
tagon, is divided in extreme and mean Proportion; 
by a Diagonal cuting it at Riglit Angles, 


In the Pentagon AB CD E, let the 
/ p 5 Diameter C be drawn, and the Diagonal 
GH „B, cuting C F in G, perpendicularly, 

| „/I ay, that CF is divided in extreme 
| | 1 and mean Proportion, in G. 
| Draw EH parallel to CF; alſo, the 
| nd Diagonal BE, cuting the Perpendicular in J. 


| Dem. Now, becauſe BE is parallel to CD, C.. 34. 
| the Angle CDB is equatto DBE 75 i 
[ and, CBD = CDB (9. 1.) wh. CBD = DBE - Ax. 
6 But, the Angle CGB=BGl (Ax. 9) wh. GI=GC 11.1, 
| (for the Tri. BCG, BIG are congruous; BG being common) 
| Now, ſince EH is par. to FG (Con) & AE to BD; by the laſt; 
| FGHE is a Parallelogram ; wherefore, EH=FG- 15.1, 
| And, becauſe EH is par. to FG; EH:IG: :BE:BI - 4.6, 
| (for the "Triangles BGI, BHE are ſimilar; by C. 3. 2.6.) 
But, BE is to BI, as the greater Segment to the leſs, 
of a Line divided in extreme and mean Proportion, - 34. 
(for, BI=BC)FG=EH; alſo, C5 = Gl, proved above; 
| wherefore, FG: GC:: BE: BI; i.e as BI: IE; 
and therefore, CF is divided in extreme and mean Ratio, 

iu the Point G, where it is cut by the Diagonal BD. 


$ Cor. The Diagonal BE, cuts, FG, the greater Segment of 
CF, in extreme and mean Proportion; at J. | 
For BD is par. to AE; conſ. theTri.GBI, IEF are ſimilar; 
wherefore, as BI:IE::GI:IF - - - - Th.4 
But, BI:1E: :BE:BI(eq. AB) therefore, FG: Gl: Gl. 


e 
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Hence, if a Right Line be divided in extreme and mean Pro- 
portion, and from cither extreme of the greater Segment 
the meaſure of the |: ſs is ſet off, it will alſo be divided in 
the ſame Ratio; and the leſſer Segment of the firſt, will be 
the greater Segment of the other. e. g. 


Let AB be divided in ex- A. C 5 
treme & mean Proportion, in C. 

Then, if CD be made equal to CB, AC will be divided 
in the ſame Ratio; and CD is the greater Segment. 

For, ſince AB: AC:: AC: CB, (Hyp.) it will be, 
as AC: CB::AB—-AC:AC—CB,i.e.asAC:CB::CD:AD. 


Alſo. If to the whole Line, divided in extreme and mean 
Proportion, there be added the greater Segment; then, 
the whole compounded Line is divided in the ſame Ratio, 
and the greater Segment, of the firſt, will be the leſſer. 


Let AC be divided in extreme and mean Proportion, in. 
Then, if CB be made equal CD, CB will be the leſſer 
Segment of the whole, AB, divided in the ſame Ratio, 


For, ſince AC: CD:: CD: AD; it will be 
asAC: CD:: AC+CD:CD+ADji.e.asAC:CD::AB:AC. 


Hence, if either Segment be given, the other may be found. 
| e 


6 — t — 
Let AC, the greater Segment, be given. 
Divide AC in the Ratio required, in D. — (Pr. 35.) 
Produce AC; make CB equal CD, 
and CB is the Segment ſought. 


If CB, the leſſer Segment had been given. 
To find the greater; divide CB as before, in E; 
make CD equal CB, and AD equal CE. 
Then, AC is the greater Segment required, 
Uu2 A De- 
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A Demonſtration of the 33rd Problem, 
FG is equal to CH (Con.)conf. FC is equal to GH- Ay.6.z, 


wherefore, the Rectangles CFG, GHC, are equal - Ax. B. 2. " 
But, AF x BF =CF x FGzalfo, AH x DHSGHxCH. C. ib. ; 1 
conſequently, the Rectangles AFB, AHD, are equal-Ax. 3. i. p. 
Wherefore, as AF: AH: : DH: BF, reciprocally C. 1.8.6. 5 
But,asAF: AH::BF:BC(Th.4)wh.BF:BC::DH:BF-Ax.1z,; 
Again. It has been ſhewn(changing Terms )DH:BF::BF:;BC 
alſo, that BF:BC::AF:AH ; i.e. as DC: DH. - Th. 4. g 
Therefore, the four Lines, DC, DH, BF, and BC are in ch 
continual Ratio; and conſequently, DH and BF are two 
Means, between DC and BC; equal X & Z, by Conſtruction. yy 
A Demonſtration of the 34th Problem, 2 
Firſt, AH: BH: AB: BC; i. e. as AF: BG - - Th, of 
wherefore, AH : AB:: BH: BC - -— >" "> P] 
conf. A- AB (eq. BH): AB: :BH—BC{(eq CH):BC-7.5, by 
wherefore, AB: BH :: BC: CH — „„ „ 7 P 
| conſequently, AB + BH: BH :: BC + CH : CH, - 65 th 
| i. e. AH:BH::BH:CH; and as CH: DH, &c. 01 
| But, AH: BH:: AF: BG; and, BH: CH:: BG: CI, &c. - 4.6. 
and AH, BH, CH, Kc. are in continual Ratio; in 
th. AF: BG: CI: DK, ie. AB: BC: CD: DE,: AH: BH, xc w 
| But, Ali: AF:: Bi: BG, &c. and AH is greater than Af, as 
| wherefore, DH is greater than DK, and EH than EL; 
th 


conſequently, EL may ſtill be taken from EH, ad infintun. 
th. AH is the whole ſum of infinite Proportionals, to X and. 
2 


W 
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BOOK VII. The XL. of Euclid. 


H E ſeventh Book, of theſe Elements, treats firt of the 
Elements or firſt Principles of plane Solids, (i.e. Solids 
bounded by, or contained within Planes, only,) viz, of the 
Poſitions of Right Lines, and of Planes, to Planes; of the 
Sections of Planes by Planes, and of Right Lines by Planes, 
Secondly, of ſolid Angles, generated by the interſections 
of Planes; their Conſtruction and Principles inveſtigated, 
Thirdly, of Solids, contained within fix parallel Planes, only; 
their Affections, Proportions, and Properties, are ſearched 
out, on which is founded the Theory of Menſuration of Solids, 
The Doctrine of Solids, contained in this Book and the 
following, is alſo of great uſe throughout the Mathematics; 
ſome of which have their very exiſtence in it. The Science 
of rectilinear Perſpective is wholly founded on the Sections of 
Planes by Planes, ana, of Right Lines cut by a Plane, and 
by parallel Planes; inſomuch that, without their aſſiſtance, 
Perſpectiye would be a very imperfe& Science; which, to 
the immortal Fame of Dr. Brook Taylor, is now eſtabliſhed 
on the moſt permanent Principles, | 
Every Theorem, of the eleven firſt, are more or leſs uſeful 
in Perſpective; the 5th and 7th are of great uſe z which, 
with the 8th and gih contain the Eſſence of it, in Theory; 
as the 10th and 11th, of both Theory and Practice. 
Toenumerate every branch of the Mathematics, in which 
this ſeventh Book is particularly uſeful, is needleſs, was it in 
my power; the Reader may depend on it, that its Doctrine 
is, at the ſame time, entertaining, and of extenſive utility. 


334 ELEMENTS or GEOMETRY, 


DEFINITIONS. 


| Def. I. ASOLID is a Bop, having length, breadth, 29 
thickneſs; and is bounded by Planes, or cute! 
Surfaces, or both. As X. 


— —_—_— —  —— — 


Def. II. A Plane (or Right Line) is parallel to anotbe— 
Plane, which, being produced infinitely, won! 
never meet ; but, are every where, equi-diſtant. 

As the Plane X, to the Plane Z; 
or, the Right Line AB, to both X and Z. 


Def. III. A Right Line is perpendicular to a Plane, 
when it makes equal Angles with every Line drawn 
in the Plane, to or from that Point in which the 
Line cuts, or would cut, the Plane. 

If AB makes Right Angles with the two Lines, 
CD and EF, paſſing through B, in which Poiat, 
AB cuts the Plane CE D; and if the Lines, CD 
and EF, are both in that Plane; AB is perpendi- 
cular to the Plane. 


A # —Þ 


Def. IV. A Plane, cuting another Plane, is per- 

pendicular to the otner, when it does not incline 

to the other on either Side, 

p If the Plane ABD cuts the Plane AED, in AD; 
and, if any Right Line, BC, drawn in one, 

be perpendicular to the other Plane ( A ED) 

+ Thoſe Planes are perpendicular to each other. 


N. B. It is uſual, to define perpendicular Planes, by Right Lines 
being drawn perpendicular to their common Section; which, | 
reſume, is taking for granted that their common Section is a Right 
Line, and which, being granted, there would be no occaſion atter- 
wards to demonſtrate it, in Propoſition 3rd. 
Let the young Geometrician take particular notice, that 10 
p regard is had to the poſition of the Plane, or Line, in reſpect of 
the Horizon, to which another Line or Plane is ſaid to be perpen- 
dicular, but only to their poſition in reſpect of each other, for, 
if they make Right Angles with each other, they are perpendi- 
cular, each to the other. 8 | | | 
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Def. V. If a Plane (or Right Line) be neither | i 
parallel nor perpendicular to another Plane, it is | a 
ſaid to incline to the other Plane. 

The inclination of one Plane to the other is 
the acute Angle ABC, made by the Section 
of another Plane, DEC; cuting both the inclined 
Planes, BE and BT, perpendicularly; i. e. at 
Right Angles. 

Alſo, the inclination of a Right Line, AB, to 
a Plane, BCD, is the Angle ABC made by another 
Line; drawn in the Plane BCD, from the Point B, 
in which the inclined Line, AB, cuts the Plane; 
and paſſing through another Point, C, in which 
a Perpendicular, AC, from any Point, A, in the 
inclined Line, cuts the Plane. 


N. B. Two Planes have an equal inclination, to two 


other Planes when the Angles of their inclination are 
equal to one another, 


Def. VI. A $80LID ANGLE is that which is made by | % 
more than two Plane Angles, applied cloſe to | '\ 
each other, at the ſame Point, ſo, that two of 4 
them are not in the ſame Plane. 

I the three plane Angles A, B, and C, be 
turned over, they will form a ſolid Angle, at the 
Point where their Vertices meet each other. 


N. B. All the Plane Angles forming a ſolid Angle are, 
together, leſs than four Right Angles. (See Theorem 12.) 

If three Plane Angles, forin a ſolid Angle, any two 
muſt be greater than the third; or, three, greater than 
2 fourth, &c, (See Theorem 13.) 


Def, VII, A PYRAMID is a SoL1D, contained 200MM. 4&5 
by any number of Planes more than three; of Vw 4 Þ 
which, one (the Baſe) may have any number of 
Sides; all the other Planes are 7 


meeting in a common Verten. 


As AB, or CD; A and Care their 8 ; 
B and D are their Baſes, 
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N. B. Not leſs than four Planes can form a Solid; and that 
mult neceſſarily be a Pyramid, and the Planes are all Triangle, ' 
Therefore a Pyramid may be faid to be the firit of Plane Solids; 


nevertheleſs it is not the ſimpleſt, Ax. | 

Def. VIII. A PRISM is a SeLtD, contained within any Ev: 

ES number of Planes more than four; of which, two are |. a+ 
parallel, equal, and ſimilar Figures (of any number Plane 


of Sides) all the other Planes are Parallelograms. Fol 
As AB; or CD. A and B, C and D are the agree 
ſimilar and equal Planes; the others, a b, b c, &c. Def. 


are all Parallelograms. If th 
| AEC, 
Def. IX. A PARALLELOPIPED is a Patsu, Points 


bounded by Six Planes; of which, the oppoſte i 5, , 
Planes are parallel, 8 en 

If the Plane AB CD be parallel to DE FG, Ax. J 
ABDG to DCEF, and ADFG to BCED; de “ 
Solid, ACF, is a PARALLELOPIPED. Lines 


— — — — — — — 
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Def. X. A CUBE is a PaRALLELOPIPED, whoſe 15 
Planes are all Squares. As A, B, C. The 

| Plane 

Def. XI. SiMILAR PLAIN SoL1Ds are contained lars C 


within an equal number of plane Figures, ſimilarly ** 
ſituated and fimilar one to another, reſpeCtively, Foe 
in each Solid. | Ax. I 

The Angles are, alſo, neceſſarily equal, each to Ta 
the other, reſpectively. anoth 

If the Plane a, be ſimilar to A, b to B, and c 
toC;.and if all the other Planes, of which each 
Solid is conſtructed, be alſo ſimilar and ſituate alike; 
| then the Solid a be is ſimilar to ABC. 


| oe | _ All Cuses are ſimilar Solids. 
All Sol ins, contained within an equal number 

of equilateral and equiangular Planes, are ſimilar. 
A Priſm may be conceived to be generated, by the direct cuting 


| motion of any right lined Plane Figure; always parallel to its fir 
[ poſition, but not in a continuation of the Plane of the Figure. 
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7 
Ax. I. The firſt Propoſition of Euclid. 


Every part of a Right Line is in the ſame Plane. 
; e. One part of a Right Line cannot be in any 
Plane, and another part of the Line outof that Plane. 
For, if it was poſſible, a Right Line does not 
agree with a Plane in every Point; agreeable to 


Def. 6. of Book iſt. 


If the part AB, of a Right Line, ABC, be in the Plane 
AEC, the whole Line is in the ſame Plane; for, the two 
Points, A and B, are in the Plane; and if any Point, 
D, be not in the Plane, ABD is not a Right Line; ſce- 
ing that, AB is a Segment of the Right Line AC. 


Ax. II. Two Right Lines, being parallel, are in 
the ſame Plane, i. e. a Plane, may paſs through both 
Lines. 


AB & CD, being parallel, are in the Plane ABCD. 


Imagine a Plane, ABE F, revolving on AB as an Axis. 
Then, ſince CD is parallel to AB, it is parallel to a 
Plane paſſing through AB; wherefore, the Perpendicu- 
lars CE and DF are equal (Def. 2.) and, conſequently, 
when the Point C coincides with E, D will coincide with 


F, and the whole Line CD is in the Plane, ABCD. 
Ax. III. The ſeventh Propoſition of Euclid. 


Two Right Lines, being parallel, and cut by 
another Right Line, are all in the ſame Plane, 


For, if AB be parallel to CD, they. are in the Plane 
ABCD (2nd) conſequently, the Points A and D, where 
AD cuts them both, are in that Plane. 

Wherefore, fince there are two Points, A and D, of 
a Right Line AD, in a Plane, the whole Line is in that 
Plane (Ax.1.) and, conſequently, AD is in the ſame 


- 


Plane with the two parallel Lines, AB and CD. 


Hence, if two or more Lines, not parallel, are in the ſame 
Plane, and are both cut by another Right Line, it is alſo in the ſame 
Plane with them. Conſequently, two Right Lines (AB and AD) 
cuting each other, are in the ſame Plane. | 


6 
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Ax. IV. The ſecond Propoſition of Euclid. 


\ => e Ax. V. Solids, contained within an equal number of 


than any of the foregoing ; not owing to any deficiency or imper- 


Draftsman, in Perſpective; for want of which, the Schemes, 


Three Right Lines cuting each other (not in the 
ſame Point) are all in the ſame Plane; wherefote. 
the three Sides of every right lined Triangle ate 
in one Plane, 


For, the two Right Lines, AB and AC, are in the fume 
Plane (3.) Conſ. being both cut by another Right Line. 


(AC) ſeeing, the two Points, A and C, are in the {ame 
Plane, the whole Line, AC, is alſo in that Plane - Ax. . 


Planes, which are equal and ſimilar to each other, 
two and two, (i. e. one in each Solid) reſpectively; 
and being ſimilarly ſituated, in reſpect of each other, 
and alſo of the whole; ſuch Solids are equal in 
every reſpect. As AC E and ace. 


If the Plane a bd e, be equal and fimilar to ABD E; 
a c, to AC, and ce to CE; alſo a fe, to AE, and 
b C d, to BC D; then, the Solid a bede f, is equal In 
every reſpect, to ABCDEF. 


The eleventh Book of Elements is, in general, leſs underſtood 


fection in the Demonſtrations, but very much ſo to the imperfection 
of the Diagrams. It very rarely happens (and which never, yet, 
has happened) that a Mathematician, who had engaged in x 
Publication of the Elements cf Geometry, was alſo, a competent 


which are intended to repreſent Planes cuting Planes, &c. are 
ſo badly deviſed, and worſe repreſented, that it is with the greatel 
difficulty a juſt Idea of their meaning can be communicated ; nor 
is it poſſible, unleſs the Pupil has very acute Talents, or is afliſted 
in his ſtudy of them, by ſome Apparatus, or an able Tutor. 

J flatter myſelf that I have removed that difficulty, which has 
hitherto been the greateſt impediment, to a clear inveſtigation of 
the Doctrine of Solids. Where it is neceſlary, moveable Schemes 
are adapted for the purpoſe; and, where they may be diſpenſed 
with, the Diagrams are juſtly, and perſpectively, repreſented ; ſo 
that, the Student muſt not always expect (as in Plane Geometry) 
that, Angles which are ſaid to be right, or Lines parallel, &c. are 
really ſo, in the Diagram; but, that they are, or would be ſo, if 
ſuch a Figure was really conſtrued, as the Diagram repreſents 
For, unleſs the Reader can conceive this, it will be very diffcul 
for him to ſuppoſe one Line to be greater than another, when it h, 
abſolutely and evidently, leſs; which, from the Premiſes gui! 
and the foregoing Elements, it is manifeſt muſt be greater. 
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Therefore it is, in ſome meaſure, neceſſary (by way of Poſtulate) 4 
to requeſt, that one Line be equal to another; or at right angles, 
i. e. perpendicular to another Line, or Plane, &c ; that two Right 
Lines contain an "ry th equal to that which two other Lines con- 
nin; which, in the Diagram, is, perhaps, either greater or leſs, 
Theſe things muſt be granted and underſtood to be fo, or no 
Demonſtration, of what is intended, can pothbly follow. 


I thought it neceſſary to appriſe the young Student of theſe 
preliminaries; otherwiſe (without a Tutor) he would, frequently, 
be perplexed and bewildered; and would, very probably, con- 
clude, that there muſt be ſome miſtake, or error in the Diagram; 


'% for it is not eaſy, at firſt, to conceive, that one Line ſhould be per- 
ay pendicular to another, when we fee and know, that the Angles 
ly; they make, are not Right ones; and, being acute, that another 


Angle, apparently contained within the other, and maniteſtly leſs, 
b a Right Angle; i. e. underſtood to be ſo. 


THEOREM I. 3 Euclid. 


The common Section of two Planes is a Right Line. 


: 
i 


0 
To 
14 
1 
114 
— 4 
1 
1 
1 
oy! 
1114 
1 


N 
00 | 
il 


| 

| 

' 1 

R 
N 
IN 
' 

| 


ll 
| 
FINN 
1006 
I} 
Point 


iN 


ſtood 
per- 
Ction 
yet, 
in 2 
etent 
mes, 
. are 
eatelt 


| 
f) 


i 


= ———_ 
* — 
— — 


Let the two Planes, AB and CD, cut 
each other, in EF. 


| 
| 


I ſay, that EF is a Right Line, 


4 
1 


— — 


Dru. The Points E and F, and every ot ( G 


; nor 

filled in the Line EF, are in both Planes; for, the Line FG is 
FE: in both Planes; ſeeing it is their common Section.-Ax. 1. 
on of Therefore, it is a Right Line; ſeeing that, a Plane agrees 


jenes 
enſed 


I; ſo 


with a Right Line in every Point; =... ef... 
and, a curved Line cannot poſſibly be in two Planes. 


etry) For, ſuppoſe the curve Line, EHF, drawn through the 
5 1 Points E and F, in the Plane ABC ; if it was their common 
ſents, Section, it muſt alſo be in the Plane, CD; and con- 


theult 
| it z, 
giren 


ſequently it would not be a Plane, but a convex Surface. 


This Theorem might paſs for an Axiom, being ſelf-evident, 
XxX 2 T H E- 
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THEOREM II. 4 Euclid, 


If a Right Line ſtands at right angles, in the Point 
of interſection of two Right Lines; it will be per- 
pendicular to the Plane, in which thoſe Lines are, 


This might alſo paſs for an Axiom; but there is a peculiz: 
elegance in the Demonſtration, which cannot be diſpenſed with, 


Imagine the Right Line, AB, ſtanding a 
right angles to the two Right Lines, CH 
and EF, in the Point B of their common 
Section, 

Then, AB will be perpendicular to the 
Plane CEDF, in which the two Lines, 
CD and EF, are ſituated, | 


Make BC equal to BD {at pleaſure) and imagine BE, 
BF, alſo equal to BC, BD. | 
AB ſtanding perpendicular to them, imagine the Right 

Lines AC, AD, AE, and AF, drawn to any Point, A, in AB, 

Join CE and DF; and, through B, draw any Right 
Line, GH, at pleaſure, cuting CE and FD, at G and If; 
and draw AG, AH. 


DEM. Then, becauſe CB, BD, BE, and BF are all equal, 
and AB is common; alſo, the Angles ABC, ABD, Ah, 
ABF, are all ſuppoſed Right, therefore equal; the,Rigit 
Lines AC, AD, AE, and AF, are all equal. +- 8.1 
wh. the Angle ACEZAEC ; and ADF=AFD - $1. 
And, becauſe the Angle CBE=DBF (2. 1.) and C5, 

BE are equal reſpectively, to BD, BF; CE=FD - 6.1 
conſequently, the Angle BCE = BDF, fame. 
Alſo, the Triangle CAE, being equilateral to FAD), 


they are conf, equiangular; & the Angle ACE FATS 
2 ON 
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Now, the Angle BCE=BDE; and CBG=DBH - 2. 1. 
and CB BD; wh. the Triangle CBG=DBH; 
and, conſequently, CG = DH, and BG = BH. 
Wherefore, in the Triangles CAG, DAH; AC, CG, are 
reſpeCtively equal to AD, DH, and contain equal Angles; 
conſequently, AG is equal to AH. - - 1. 
wh. the Triangles, AGB, BAH, are equilateral, to each other; 
(for BG, was proved, equal to BH, AG equal AH, and 
AB is common) conſequently, the Angle ABG =ABH. 
Therefore, AB is perpendicular to GH — Def. 10. 1. 
and, conſequently, to every Right Line, drawn through B, 
in the Plane CEDF; and therefore, AB is perpendicular 
to the Plane, CEDF. QE. Dv. Def. 3. 


To affiſt the Imagination, I have added, Fig. 2. in 
which, if the Plane CAD be turned up (on CD) perpend. 
and, the Triangle ABE alſo vertical, till AB, V ons, 
coincides with AB in the other; then, turnin 
Triangles CA G, DAH, till & and H fall on 6 a 
and turning back the Triangle ABF, till its Baſe 
into the Right Line EF; in which paſition ma 
ſcen, what is repreſented in Figure 1 

The Line AB is perpendicular to the Plane CEDF. 

For, CB, BE, BD, and BF are equal; and con 
ſequently AC, AE, AD, and AF are equal; alſo, AG 
is equal to AH, and the Angles ABG, AH are Right; 
conſequently AB 1s perpendicular to the Plane CE DF. 


Propoſition V. of Euclid. 


If three Right Lines meet in one Point, and a fourth ſtands 
at right angles to each, in that Point, the three Lines are 
in the ſame Plane. 

If AB makes Right Angles with CB, and BE, and alſo 
with BG, they are neceſſarily in the ſame Plane - Def. 3. 

For, if ABG be leſs than a Right Angle, BG will be on 
this ſite the Plane, CHF; and, if it exceeds a Right Angle, 
BG will fall cn the other Side. But, ABG is a Right Angle. 
Therefore, BG is in the ſame Plane with BC and BE. 


11.1. 


= — 
— — — 


CoROLLARx. 


* Triangles are equilateral to one another, when the Sides of one 
xe equal, reſpectively, to the Sides of the other. 
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THEOREM UL 6 Euclid, 


If two Right Lines be perpendicular to the ſame 
Plane, they are parallel to one another. | 


This might well paſs for an Axiom; for, it is evident, the tv 
Lines may be in the ſame Plane, which 1s thus proved. 


C Let AB and CD be at right angles with 


the Plane BEFD. 
I fay, that AB is parallel to CD. 


Draw BD, through the points, B and D, 
in which the Lines, AB & CD, cut the Plane. 
Alfo, draw BE and DF, perpend. to BD, 


Dru. Becauſe AB and CD are both perpendicular to the 
Plane BGD, they are at right angles with every Linc in 
that Plane, drawn through the Points B & D, reſpectivel); 
therefore, to BE and DF (2.) and, conſequently, they 
don't incline to the Plane BG, on any Side Def. 3. 
Wherefore, a Plane may paſs through both Lines - Def 4, 
But, the Angles ABD and CDB are Right - Def. 3. 
Therefore, AB is parallel to CD = „ * iii. 


If the Plane BAC D be turned up perpendicular, to 
BGD, the thing is manifeſt; ſeeing, the Lines AB and CD, 
make Right Angles with BE and DF, reſpectively. 


According to Euclid (AD being drawn) the three Lines, AD, 
BD, and CD, are proved to be at right Angles with DG, ſup- 
poſed perpendicular to BD; but, the proceſs, though ſtrictly true, 
appears very lame and contradictory in the Figure, 


CoroLlLaRry. The 8th Propofition'of Euclid. 


If two Right Lines be parallel, and if one of them be at 
right angles with ſome Plane, the other Line is alſo at 
right angles with the fame Plane. 


This, being the Converſe of the Theorem, is maniſck, 


Book 
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THEOREM IV. 9g Euclid. 


Right Lines being parallel to the ſame Right Line, 
which is not in the ſame Plane with them, are parallel 
amongſt themſelves z i. e. each to 50 other. M, a” 


" hd 


Let AB and CD be each parallel to EF; 
AB is parallel to CD. 


In EF, take any Point, G, from which LI. 1 
draw Right Lines, GH and GI, both at 
right angles with EF, and cuting the 
Lines AB and CD reſpectively. | 


F D 
Dem. By the Premiſes, E F is not in the ſame Plane with 


AB and CD; therefore, raiſe up EF, out of the Plane, 
but parallel to it, till CD coincides with CD, or mw 95 
other Line, c d, parallel to EF. 
Then, becauſe GH and Gl are at right angles with EF, 
EF is perpend. to a Plane paſſing through thoſe Lines-Th. 2 
But AB and CD are both parallel to EF; 
wherefore, they are alſo at right angles with the Plane 
HGI, paſſing through GH and GI - Cor. to Th. 3. 
Therefore, they are parallel between themſelves; by Th. 3. 


" When the three Lines are all in the ſame Plane, as in Theo. 5. 
Book 1ſt. it is manifeſtly an Axiom; and, in this Caſe, it amounts 
to little more; ſeeing that, a Plane may paſs through any two 
Right Lines, which are Parallel to one another. =: As . 


THE- 


344 ELEMENTS or- GEOMETRY. 


THEOREM V. 10 FEuclid. 


If two Right Lines, cuting or meeting each other, 
be reſpectively parallel to two other Right Lines, 
alſo meeting or cuting one another, though not in 
the ſame Plane with the firit, they ſhall contain 

equal Angles. 


Let the two Right Lines, AB and BC, be 
reſpectively parallel to DE and EF; viz, 
AB to DE, and BC to EF; and, ſuppols 


they are not in the ſame Plane. 
I A, the Angle ABC is equal to DEE. 


Take BA equal to ED, BC equal to EE, 
and draw the Right Lines AD, BE, & CF. 


-——— 


| Dem. Beczuſe AB is equal and parallel to DE, - Hyp, 
AD is equal and parallel to BE - — Cor. to 15. 1, 
and, for the ſame reaſon, BE is equal and parallel to CF; 
wherefore, CF is equal and parallel to AD-Ax.3.1&Th.z. 

Join AC and DF, by Right Lines. 

Now, becauſe AD is equal and parallel to CF, 
| AC is equal (and alſo parallel) to DF; as above. 
| Then, in the Triangles ABC, DEF, the three Sides, A3, 
BC, and AC, of the one, are reſpectively equal to DE, 
EF, and DF of the other; 
wherefore, the Angles, of one, are alſo, reſpectively, equal 
[ | to the Angles of the other. - - th 
Therefore, the Angle ABC is equal to DEF; 

| being oppoſite equal Sides, AC and DF. Q. E. D. 


| From the foregoing Theorems may be deduced the following 
A Problems, 
| PROB- 
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PROBLEM I. 11 Euchid, 


From any given Point,* to draw a Right Line perpen- 
dicular to a Plane, in which that Point is not ſituated. 


Let A be the given Point, and BEC 
a Plane. 

In the Plane BEC, draw, at pleaſurt, 
the Right Line BC, and, from A, 
draw the Right Line AD, perpendiculac — 
to BC. — (Prob. 7.) 


Mt 160 


If AD be perpendicular to rhe Plane BEC, the ing 
is already done; but, if it be not, proceed as follows. 


From the Point D, draw DE, in the Plane BEC in- 
definite, alſo perpendicular to BC; (Prob. 6.) and from A, 
draw AE perpendicular to DE. (Prob. 7.) 

I ſay, that AE is perpendicular to the Plane BEC, 


Through the Point E, draw FG, parallel to BC; (Pr. 5.) 
conſequently, it is in the ſame Plane with BC. - Ax. 2. 
becauſe the Point E is in the Plane. 


Dem. Now, becauſe AD & DE are both perpendiculartoBC, 
BC is perp. to a Plane paſſing through AD & DE - Th.2. 
But, FG is parallel to BC; by Conſtruction ;_ 
wherefore, FG is alſo perpendicular to the Plane ADE. 
Now, ſince AE is perpendicular to FG, and, alſo to DE, 
it is perp. to the Plane in which thoſe Lines are ſituated - 2. 


Therefore, AE is perpendicular to the Plane BEC. QE. D. 


— 


* 


— 


Proſeſſor Simſon ſays, from a Point given above the Plane. 


I am not a little ſurprized at the expreſſion, from one of his ex- 
traordinary Sagacity; becauſe, the ſame thing holds true however 
the Plane be ſituated; or the Point in reſpect of the Plane, pro- 
vided it be not in the Plane. 
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PROBLEM II. 12Euclid, 
Pl: 
From a Point given in a Plane, to-draw @ Right Lins 
perpendicular to the Plane. 


Let A be the given Point, in the Plane AC. 


Aſſume any Point, B, out of the Plane; 
and, from that Point, draw BC perpendi. 
= —— = | cular to the Plane; by the foregoing, 
= Then, from the Point A, draw AD, pa- 


— — — — 


— 2. ——I rallel to BC. (by Prob. 5. 1.) 


— 


252 | 5 Ab is perpendicular to the Plane AC, 


—— — 


DEM. Becauſe BC is perpendicular to the Plane - (Prob. 1.) 
and AD is parallel to BC; by Conſtruction ; 
AD is perpendicular to the Plane AC, = — Th. z. 


I believe, that the manual operation, of this Problem, 
would be eaſier performed by two Right Angles. Thus 


Let A be the given Point, at which aPer- 
pendicular is required, to the Plane ACD, 


Apply a Right Angle, BAC, to the 
Point A, at pleaſure, on AC; and, in any 
Angle(CAD) apply another R. AngleBAD. 
2— i. e. raiſe up the two right angled Triangſ/es 
1 BAC, BAD, on AC and AD, till the Points, B, coincide, 
Then, AB is perpendicular to the Plane CAD. -. 1 h.2. 


Cor. Hence it is manifeſt, that there cannot be drawn two 
1 Lines, from the ſame Point, perpendicular to a Plane, and 


on the ſame Side. 
THE O- 
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THEOREM VI. 14 Euclid, 


Planes, to which the ſame Right Line is perpendi- 


cular, are parallel to one another, 


Let the Right Line AB be perpen- 
dicular to both the Planes, CD and FE. 
I ſay, thoſe Planes are parallel. 


Imagine a Plane, C DE F, to paſs 
through the Line AB, cuting both Planes, 
in CD, and EF; which Lines, neceſſa- | 
rily paſs through the Points A and B, in which the Line 
AB cuts thoſe Planes, reſpectively. - Ax. 1. and Th. 1. 

At the Points A and B, draw AG and BI, in the Planes 
CGDH and FIEK, perpendicular to CD and EF (Prob. 6.) 
and produce them to H and K. | 


DE. Then, becauſe GH and IK are perpendicular to CD 


and EF, and theſe Lines are in the Plane CDEF; 
GH and IK are perpendicular to that Plane; - Th.2. 
(Becauſe, AB being perpendicular to both the Planes, 
CGDH and FIEK, it is perpendicular to every Line 
drawn through the Points A and B; th. to GH & IK) 
wherefore, they are parallel to one another; — Th. 3. 
and, conſequently, the two Planes cannot meet; being 
produced, either way, towards G and I, H and K - Ax. I. 
Again. Draw any other Right Line through A & B, 
in the Planes CG DH and FIE K, at right angles, with, 
or making equal Angles, and inclined the ſame way to- 
wards GH and IK; as CD and FE. 

Then, becauſe the Angle GAD =IBE, and AG is 
parallel to I B; and thoſe Lines are perpendicular to AB; 
CD is parallel to Eff. Ax. 10. 1. 
and conſequently, the Planes CGDH and EIFK cannot 


meet, being produced towards D and E, or F and C. 


Th. the Planes CGDH and FIE K are parallel - Def. 2. 
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THEOREM VII. 13 Euclid. 


If two Right Lines, cuting or meeting each other, be 
parallel to two other Right Lines, alſo meeting 
aach other, not in the ſame Plane with the firſt two, 
| Planes paſſing through each two Lines, reſpective- 
| - 2 ly, are parallel. | 
, {KOT 


Let, the Right Lines AB, and PC, 
meeting at B, be parallel, reſpectively, to 

/ | DE and EF, meeting at E, and not in 
the ſame Plane with AB, and BC, 


2 Wi The Planes AC B, DFE, drawn through 
| thoſe Lines, are parallel. 


From the Point B (in which AB meets BC) draw 
BG perpendicular to the Plane DF E (Pr. 1. 7.) and, 
through the Point G, in which BG cuts that Plane, 

draw, GH and Gl, reſpeQtively, parallel to ED 
and EF. (Prob. 5. 1.) 


Dem. Then, becauſe BG is perpendicular to the Plane DEF 

GH, and GI make Right Angles with BG. Th. 2. 
But, AB is parallel to GH, and BC toGI; - = 5. 
(for, they are reſpectively parallel to ED and EF) 
And, BGH, BGI are Right Angles; - [h. 2 
conſequently, ABG and CBG are Right Angles - 4 1: 
wherefore, BG is perpendicular to the Plane ABC; - 2-7. 
and, conſequently, the Plane ACB is parallel 71 6 
in which the Lines AB, BC, and DE, EF are ſituated. 


T H E- 


Bad 


If 


the 


I. 
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THEOREM VIII. 16 Euclid. 


dl. 
If two, or more, Planes, which are parallel, be cut | 
be by another Plane; their common Sections are 
"ng parallel. 
'0; 
This Theorem might paſs for an Axiom, or be deduced from 
& 
OY the 6th, as a Corollary; but it is 2 demonſtrated. 
N Il | | 
0 Let the Planes ABC and DEG be | WV \\ "4 mz 
0 parallel; and, imagine a Plane, A B F 9 3 \\ N 7 * 
* cuting them, in AB and DE. / 4 * ö 7 N 
I fay, the Sections, AB and DE, are \# A 
parallel to one another. 
ugh | 
Dem. If AB (being in the ſame Plane, ABFG, with DE) 
raw be not parallel to D E, they will meet, if produced, 
and, towards one extreme on the other, = Def. 9, i. 
ane, But, AB is in the Plane ABC; and DE, in DEG-Th. r. 
LD Am, the Plane ABC is parallel to DEG. - Hyp. 
Therefore, ſince both Lines are in the Plane ABFG, 
and are, alſa, reſpectively, in the Planes ABC, DEG, 
DEF AB is parallel to DE; ſeeing they cannot go out of thoſe 
h. 2. Planes, and conſequently can never meet. Ax. I, 
= | . 
b. 2. THEOREM IX. 138 Euclid. 
1 r | | 
#2 If a Right Line be perpendicular to a Plane; every 


Plane, which paſſes through that Line, 1 is alſo per- 
pendicular to the Plane. 


Let AB be perpendicular to the Plane CED, and let 
any Plane CAD, or EAF, paſs through the Line AB. 


I ſay, 
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(1 
IIe 4 
| ys 
| 
1 


N 
0 


I fay, the Planes, C A D and EAF, ate 
perpendicular to CE DF. 


[ 
e 
e : 

bh 0 Dem. Now, becauſe AB is perpendicular R 


Wt il F A to the Plane CEF (by Hypotheſis) it 


| 
| 


does not incline to it on any Side-Def.g. 


| But, the Line AB is in the Plane CAD; 
and it is alſo in the Plane E AF; (by Suppoſition). 
conſequently, thoſe Planes do not incline, on either Side, 
to the Plane CEF; ſeeing that, every Line, BC, BE, BD, 
and BF, make Right Angles with AB. - - [Th. 2. 
Th. the Planes, CAD, EAF are perp. to CEF - Def.,, 


CoROLLARY I. The 19th Propoſition of Euclid, 


If two Planes, cuting each other, be perpendicular to 
the ſame Plane; their common Section is perpendicular 
to that Plane. The Converſe. 


For, ſince the Planes CAD, EAF, cuting each other in the 
Line AB, are perpendicular to the Plane CEP » AB 1s perpen- 
dicular to CRF. 

* Becauſe, there cannot be drawn from the ſame Point, B, on 
the ſame ſide of the Plane CEF, two Right Lines, perpendicular 
to the ſame Plane. And AB is in both Planes - - Th. 1. 
| Therefore, AB, being in both Pianes, CAD, EAF, is perpen- 
dicular to the Plane CEF. — Cor. to Prob. 2. 


CoRoLLAaryY II. The 38th Propoſition of Euclid. 


If from any Point in a Plane, which is perpendicular to 

another Plane, a Right Line be drawn, perpendicular to 

that other Plane; it will cut the other in the common 
Section of the two Planes. 


| For, ſince one Plane is perpendicular to the other (Hyp.) 
$ every Line drawn from any Point, in one, perpendicular to the 
x other, is wholly in the firſt Plane; as AB. | 

Conſequently, ſince it cannot go out of that Plane, (Ax. 1.) 
it muſt neceſſarily cut the other Plane in their common Seddion. 


2 | THEO- 
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THEOREM Xx. 15 Euclid. 


Right Lines, being cut by parallel Planes, are cut 
proportionally. 


Let the Right Lines, AB and CD, be | 
cut by the Planes ACH, EG, and BD 
(being parallel between themſelves) in 


the Points A, E, B, and C, G, D. | f 
I ſay, as AE is to EB, ſo is CG to GD. 


Join the Points A and C, B and D; and, AD r 
drawn diagonal-wiſe, cuting the Plane EG in F, draw EF 
and FG, joining the Points where they cut the Plane, EG. 


Du. Then, becauſe AB, AD, and BD are three Right 
Lines, cuting one another, they are in the ſame Plane 
AB D; and ADC is alſo a Plane, by the ſame - Ax. 4. 


Now, ſince the Planes BD and EG are parallel, and 


are both cut by the Plane ABD; 

their common Sections, BD and EF are parallel; Irs, Q 

and, for the ſame reaſon, AC is parallel to FG. 

But, in the Triangle ABD, becauſe EF is parallel to BD, 

the Sides AB, AD are cut, as AE: EB:: AF: FD. 2.6. 

And, becauſe FG is parallel to AC, as AF:FD::CG:GD. 

Therefore, as AE is to EB, ſo is CG to GD. - Ax.13.5. 


Cor, Hence it is manifeſt, that any Number of Right Lines, 
proceeding from one Point, are cut proportionally (from 
their common Point of Section) by parallel Planes. 

For, ſince, DF:DA::DG: DC; 2. 6. & 6. 5. 
conſequently, any other Right Line, DH, is cut in the 
ſame Ratio, at Hand J. 

TH E- 


| . nf 
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If two Right Lines afe perpendicular to a Plane, 
(whether they are on the ſame Side, or on contrary 
Sides,) and are both cut by another Right Line, 
which alſo cuts the Plane; that Line will cut the 
Plane, ſomewhere in a Right Line paſſing through 
the Points where the Perpendiculars cut the Plane; 
and, it will be cut in the ſame Ratio, by the Plane 
and the Perpendiculars, as the Perpendiculars, by 
that Line; and the Right Line, Joining or paſling 
through the Points where the Perpendiculars cut 
the Plane, will alſo be cut proportionally, by that 
ae andthe Perpendiculars, 


Firſt; let the two Lines AB and CD, (on 
the ſame Side) be perpendicular to the Plane 
aBf; cuting it in the Points B and D, 


From any Point A, in AB, draw a Right 
Line AC, cuting CD, in C, and produce 


It till it cuts the Plane at E. 


Then, a Right Line, BD, beitig pro- 
duced, will paſs through the ſame Point, E; and, they 
will, both, be cut, in the Points A, C, E, and B, D, E, 
in the Ratio of the two Perpendiculats ; viz. as AB toCD. 


Dem. For, becauſe AB and CD are both perpendicular to 
the ſame Plane, they are parallel. - - Th. 
wherefore, AC and BD are in the ſame Plane. Ax.3, 
And, becauſe the Points B and D are in the Plane a Bf; 
the Right Line BD, is in that Plane = Ax. . 
(for it is the common Section of the two Planes) 
Conſ. every Line (as AC) not parallel to BD, in the Plane 
AEZ, will cut the other Plane, in the Interſection of both. 
Th. AC produced, will cut the Plane a B f, in BD producel. 


4 * 

1 

9, 
1 
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and. Becauſe CD is parallel to AB, the Sides EA, EB, of 


the Triangle AEB, are cut proportionally, - — 2.6. 


wh. as EC: CA:: ED: DB; conſ. EC: EA:: ED: EB -6.5. 
i. e. EC:EC+CA::ED:ED+DB; viz. as CD: AB-4. 6. 


Again. Let FG (on the other Side of the Plane) be 
perpendicular to the ſame Plane (a Bf) with AB; they are 
parallel ( 3.) which is evident, producing either; as FG, toH 

Then, if AF be drawn, cuting AB and FG, it will alſo 


ceut the Plane a Bf in the Line BG, joining the two Points, 


B and G, in which the Perpendiculars cut the Plane, 


And, they alſo, mutually, cut each other, in the pro- 
portion of AB to FG. 


Dem. Becauſe AB is parallel to FG, a Plane may paſs 
through them both, = -» - Ax. 2. 
conſequently, AF and BG are both in the ſame Plane 
with AB and FG. - „Ax. 3 and 4. 
Wherefore, in the Triangles, EAB, EFG, the Angles at E 
being vertical, are equal (2. 1.) the Angles at B and G 
are right (2. 7.) therefore equal — - Ax. 10. 1. 
the Angles at A & F, are conſ. equal; and alſo, by Th. 4. 1. 
Therefore, thoſe Triangles are fimilar; - - 4. 6. 


and therefore, as AB:FG::AE: EF, and BE to EG. 


Cor, Hence it is manifeſt, that if a Right Line, a B, be 
drawn, at pleaſure, through the Point B, in the PlaneaBf; 
and through G, if f G be drawn parallel to a B; a B and 
being made equal to AB and FG, reſpectively, or in 
the Ratio of AB to FG; then, a Right Line, drawn through 
a and f, will cut BG in the ſame Point E, as before. 


For, becauſe a B is parallel to f G, the Triangles Ea B, Ef G, 
are ſimilar; or, becauſe a B is parallel to f G, a fand BG are cut 
proportionally, i in E. - - - Caſe z. 2. 6. 

And, becauſe the Triangles are ſimilar, a E: Ef: . 2 
and, as a B: f G. - 

But, a B: fG::AB:FG; bol. a E: E f, and BE: EG,; AB. ts; 
and therefore, BG is cut in the ſame Point (E) as before: 


22 | THE O- 
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THEOREM XII. 21 Euclid. 


Every ſolid Angle is contained under Plane Angles; 
which, taken together, are leſs than four Right 
Angles. 


N 
Let ABCD E be a Section of the Planes 
4 AFB, BFC, &c. forming a ſolid Angle, 


3 at F; i. e. let AB CD E be the Baſe of a 


Pyramid, whoſe Vertex is F; ſuppoſed to 
be elevated out of'the Plane of the Baſe, 


Dzm. Now, all the Angles AFB, BFC, &c. being in: 
Plane, are equal to four Right Angles. - Cor. 2.2.1, 
But, if F be ſuppoſed elevated out of that Plane, equal to 
FG, and perpendicular to AF, BY, &c. and AG, or BG, 
drawn, AG is longer than AF - — 12.1, 

For the ſame reaſon, all the Right Lines, from each 
| Angle, A, B, &c. of the Baſe, to the Vertex, at F, elevated 

perpendicularly, at F (eq. FG) are longer than BF, CF, &c. 

But, if two Sides of a Triangle be, reſpectively, greater 
than two Sides of another Triangle, and the remaining 
Sides are equal, they ſhall contain a leſs Angle - 14. 1, 

Therefore, the Angles of the Triangles AFB, BI C, &c, 
being conſidered as raifed out of the Plane AB CD E, are 

leſs, reſpectively, than thoſe Angles in the Plane; which, 
being equal to four Right Angles, conſequently, the Angles 
elevated out of the Plane, are leſs than four Right Angles, 


If the Triangles AGF,BGF, be turned up, on AF & BF, 
till FG, in one, coincide with FG in the other; and from 
the Point G, ſo elevated, (FG being perpend. to the Plane 
ABD) if Right Lines are drawn to all the other Angles, 
C, D, and E; each two will contain a leſs Angle than thoſe 
on the Plane, to which they are oppoſite, (as AGB than 
AFB) and are, together, leſs than four Right Angles. 


Bac 
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id. 
es; THEOREM XIII. 20 & 22 Euclid. 
wht 

If any two, of three given Plane Angles, be greater than 
1 the third, and the Lines containing the Angles all 


ole, equal ; and if thoſe three Angles are, together, leſs 
than four Right Angles, they will form a ſolid Angle; 
and three Right Lines, joining the extremes of the 
equal Sides, will form a Triangle. 5. E 


| N | | 
Let ABC, ABD, and EBC be three 


Plane Angles; of which, any two are 


in 2 
2.1. 


1Al to greater than the remaining Angle; | 
BG, and, the Sides, AB, BC, BD, and BE are 

12.1, all equal; alſo, the three Angles, to- 

each 


gether, are leſs than four Right Angles. 


vated 
F, &c. 


'Teater 


MR — 
Then, a ſolid Angle may be formed of thoſe three 
Angles, ABC, &c. alſo, of the three Lines, AC, AD, 
aining and EC, a Triangle may be formed. 
14. 1. 
O, Kc. 


Dem. Turn over the Triangles AFB and BG C (equal 


E, arc ABD and EBC) till the two Sides BF and BG coincide, 
which, Becauſe they are leſs than four Right Angles (the de- 
Angle hciency being the Angle FBG) it is manifeſt they will 
angles ſorm a ſolid Angle, at B, their common Vertex; the two 


leſſer Angles, ABF, CBG, being together greater than ABC. 
For, it is evident, if they were leſs, as ABF, CBG, 
the Sides BF and BG would not meet each other; and $I 
conf. with ABC, they cannot form a ſolid Angle, at B. 
Therefore, a ſolid Angle formed of three Piane Angles, 
any two are, together, greater than the third, Q. E. D. 


Z 2 2 Or, 


P, 


&BF, 
d from 
e Plane 
Angles, 
in thoſe 
B than 
les. 


n 


E 
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Or, a ſolid Angle formed of any number of Plane Angles, 
any one muſt be leſs than all the others, added together, 


Nothwithſtanding, if BF and BG be equal to AB & BC 
reſpectively, although the Angles (ABF, CBG) are,topether, 
leſs than ABC, AF & CG, together, are greater than AC; 

and conſequently, a Triangle may be formed of the three 
Lines AC, AF and CG; and therefore, of AC, AD, 
and EC; which are greater than AF and AG - 12,1, 


N. B. The laſt part of this Theorem, which (according toEuclid) 
ſeems to imply, that, unleſs two of the Plane Angles are greater 
than the third, a Triangle cannot be formed of the three Lines, 
Joining the extremes of equal Sides ; whereas, the contrary 1s ma. | 
nifeſt, It appears however, to me, of ſo little conſequence, 2 
not worthy x ; being made a diſtin& Theorem, of itſelf. 
N. B. 2. To make a Solid Angle of three given Plane Angles, 
(the 23rd Prop. of Euclid) is to place them ſo, together, that the | 
Vertices, of all the three, meet in one Point; and, the Sides, which 
contain the plane Angles, coincide, two and two in one Line, 
as in the Figure. (ſee Defin. 6.) : 


With this Problem, Euclid's Commentators take up more 
than four Pages ; but, for what purpoſe I can't deviſe. 


| | ir 

| THEQREM XIV. 24 EudaMl | 

b | | ; 
i : Z : f 

„ If a Solid be contained within ſix Planes, of which a - 

| two and two are parallel; the oppoſite Planes arc | 

Parallelograms, equal and ſimilar. ET 

2 c = 5 a Let AB E G be a Parallelopiped. 1 

Te oppoſite Planes ABCD, DEFG; F 

BCE D, and ADFG; alſo, ABDG, aa 


| and DCEF, are, reſpectively, equi 
% und ſimilar, | 95 = 
4 . K us Deu. | 


— 


Hs 
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noles, Dem. The Planes, AC, GE, being parallel, and both cut 
ther, by the Planes BG. and CF, which are alſo parallel; their 

Sections, AB and DG, CD and EF, are parallel amongſt 
& BC | themſelves, - — - — — - Th. 8. 
m But, they are alſo cut by the parallel Planes, BE and AF; 
AY 


their Sections, AD, BC, DE, and FG, are conſ. parallel. 
Therefore, the Figures formed by thoſe Sections are 
Parallelogms. ſeeing their oppoſite Sides are parallel-Def, 33 


e three 


AD, 


I3 1, 

7 20d, Becauſe AB is parallel to GD, and AD to GF, and 
8 are in parallel Planes, the Angle BAD is equal to DGF; 
Line, wh. the oppoſite Angles, BCD and DEF, are equal-15. 1. 
is ma- a 


But AB = C D, and alſo to DG; and DG = EF. ſame. 
conſ. they are all equal amongſt themſelves. Ax. 3. 1. 


Alſo, AD, BC, DE, and GF are equal amongſt themſelves; 


ace, 24 


e therefore, the Parallelogram ABC DS DEF G, and ſimilar; 
s ** allo, BE=AF, and BG to CF, and reſpectively ſimilar. 
Line, ; ; | 


p more 


THEOREM XV. 23 Euclid, 


zucld. parallel to any two of its Planes; the two Solids 


which 


les ale 


Baſes (on which they are ſuppoſed to ſtand) 
i. e. as the Parts of any Plane cut by the other; 
or, as the Segments of the Sides. 


ped. This Theorem is manifeſtly an Axiom. | <7 
JEFG; WR For, ſince the Sections made by parallel Planes are equal, every 
BDC, here, which is manifeſt, ſeeing the oppoſite Planes are equal and 
miar; conſequently, if each Part be again cut, into Parts, by 
| equal EP allel Sections, which are equal amongſt themſelves (as in Fig. 1.) 


le Demonſtration follows from the gth Axiom of the 5th Book. 


Deu. Or, 


| If a Parallelopiped be cut in two Parts, by a Plane, 


will have that Proportion to each other, as their. 


# _ — 2 23 _ o = OD 
| 1 7 Fg 3 -C, 1 * 


— — 
* "— 


guy „ « 


- _ —_— _ — R „ a * 
EE RI >" oe 


* 
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Or, being incommenſurable, they may be divided into an equal 
Number of Parts, (Fig. 2.) and demonſtrated as Theorem 1fl. 


If the Baſe (AK MC) or Sides (AC, or DF) are biſected, th. 


Parallelopiped is biſected; and tonſequently, in whatever Ratio t 
one is divided, (by a Plane BEH L) the other is the ſame. c 
/ A G SE I 
ECG i Fx A $, 
li 7 1 Fl | HH MT MA 1100 | - 
r h (11 0 8 
4 e j 0 Re | | lj | Inj | 10 

e lll phi ee | 
4 Pi Wall "of F 
1 7 | * 1 5 
3 ———— — — 2 

Du. Let the Baſe AM, or any other Plane, AF, be cut by 
a Right Line, parallel to its Sides, AK or AD; and imagine 5 

a Plane (BH) to paſs through BE or BK, parallel to AG; 
then, AE : EC, or AL: LC:: AB: BW. Th. 1.6. Dx: 
And, ſeeing the oppoſite Planes, DGI F and GM, are equal þ 
and fimilar, to AK MC, and AF, reſpectively ; and are ( 
all cut by the Plane BEHL, parallel to AG and CI; E 
conſequently, the Solid AGHB: BHIC::AE:BF, a 
or, AL: BM, i. e. as AB: BC. 2 
| | | y 

N. B. The two following Propoſitions, 26th and 27th of 
Euclid, are Problems; which, I do not conceive to be at all ne- ( 
ceſſary, or elementary, v 
To make Solids, is rather a mechanical Proceſs than geome- ; 
trical; ris ſufficient, for the purpoſe of Demonſtration, to ſuppoſe 1 

that one ſolid Angle, or one Solid is equal to another ; 107, 

an attempt to make them really ſo, on a Plane, is inconſiſtent; 
unleſs it be to delineate them, perſpectively fo. ] 
alo! 
fup 
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qua THEOREM XVI. 28 Euchd. 
F 


If a Parallelopiped be cut by a Plane, paſſing through 


the Diagonals of two oppoſite Planes, it will be 
cut in two equal Parts, 


the 
Ratio 


1 


Let AB DF be a Parallelopiped, and B 
AC, FH, Diagonals of the oppoſite Planes, * | 

ABCDand EFGH. 1 

Then, becauſe AF and CH are both | f 
parallel to BG, they are parallel be- | 0 1 
tween themſelves (Th. 4.) wherefore, | 0 Wa N 


| hi 


0 i 


AF and CH are in the ſame Plane - Ax. 3. 


I ſay, the Parallelopiped; AB DF, is biſeQed by the 
Plane ACHE. 


Dem. For, the Triangle ABC= ADC; FGH=FEH -r5.1. 


(wh. the Triangles are all equal amongſt themſelves. } 
But, the Parallelogram BF =CE, & AE=BH; - Th.14. 


BF, alſo, the Triangles ABC, and FGH; ADC, and FEH 
are equal to one another. -  - - — above. 
wherefore, the Priſm FBC is equal to CEF - Ax. 5. 

th of | 3 

it ve (For, they are contained within the fame number of Planes 
which are equal, and ſimilar to each other, reſpeCtively) 

GE Therefore, the Plane, ACHF, paſſing through oppofite 

ppoſe Diagonals, (ACandFH) biſects the Parallelopiped, ABDF. 

„ or, 

ſtent; Otherwiſe. 


along the Right Lines AF, DE, &c. the Parallelopiped is 
ſuppoſed to be generated. (ſee Note, Def. 8.) 
= Wherefore, ſince the Triangles, ABC, ACD, are equal, 
and the Priſm, FBC, CEF, are deſcribed in equal Time, 


; that is, by the ſame motion of both together, conſequently, 


H F. ; Whey are equal. 4 


And the Parallelogram ABCD is equal to EFGH-Th. 14. 


By the parallel motion of the Parallelogram A B CD 


—_——————— 
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The Definition of a Priſm, as it is given by moſt Authors, ;; 
ſomewhat obſcure and unſatistaftory; and, we are left to imagine, 
that any one of the Planes may be its Baſe ; we may as reaſonable 
conclude, that any Plane of a Pyramid may be its Baſe, but it ij; 
never ſuppoſed fo, unleſs they are all Triangles ; nor in a Priſm, 
except they are all Parallelograms. | 

For, to ſuppoſe the two equal, ſimilar, and parallel Planes, in 
a Priſm, Triangles or Poligons, and any other Plane to be jt; 
Baſe, is inconſiſtent. 


Hence, the 4oth.Propoſition of Euclid, which, in reality, is but 
a Corollary to this Theorem, is an abſurd Propotition. 

Becauſe, I do not conceive, that, unleſs a Priſm be allo x 
Parallelopiped, its Baſe can be a Parallelogram, 


THEOREM XVII. 29, 30, & 31 Euclid, 


Parallelopipeds having the ſame Baſe, * or equal 
Baſes, and the ſame Altitude, are equal to 
| one another, 


Firſt; let the two Parallelopipeds, AHIC 
and AI FC, have the ſame Baſe, ABCD; 
and, let their oppoſite Faces have a commen 


Side, GH. 


I ſay, the Parallelopiped A i C is equal 


to AK GC. 


* 
— —— lie. 


4 
— —— 


* By the Baſe, of a Solid, literally, is underſtood the Plane 
or Face, on which it is ſuppoſed to reſt; but, it is not always 
conſidered ſo, in Geometry, 

When any two Faces of Parallelopipeds, are in one Plane, 0! 
in parallel Planes; whether they coincide with each other, en- 
tirely, or are apart, and diſtipct from each other (no regard being 
had to the poſition of the Plane they are in) the Top, in ſuch Cale, 
is ſometimes called the Baſe. | 

N. B. Parallelopipeds, having the ſame Altitude, are ſuppoſec 
to be contained between the ſame parallel Planes; i. e. two of thei 
oppoſite Planes, in each Solid, are in the ſame Plane; or, that tibet: 
is the ſame perpendicular diſtance between them. 


„ 18 


ine, 
ably 
it 
ilm, 
8, in 
C uus 


but 


lo a 


clid, 


qual 
to 
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equal 
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Dem. The Parallelopiped AHFC, being cut by a Plane, 
CGHD, through the oppoſite Diagonals, DH and CG, 
is cut into two equal Parts CAG = DFH. - Th.16. 
And, for the ſame reaſon, the Plane AHGB biſeRs the 
Parallelopiped AIGC; in AIK G equal ADCG. 

But, ADCG +DFH=ADCG+AIKG- Ax.6.r. 
Therefore, the Parallelopiped AHF C=AIGC. QE. D. 


Secondly. Let the Parallelopipeds, 2 
AHFCand AM K C, have the 5653553 
ſame Baſe, ABCD; their oppoſite i II an y j | 
Faces, EFG H and IK LM, are 9 il E | 4 
in the ſame Plane, and have _ "oh 0 Ih 1 10 
a common Side. 0 hell dich 

AMKC is equal to AHF 6. 9 * 0 0 il 4 N 
Wl 0 


Let the ſpace, GHIK, enn, 6 


the upper Faces, be equal to the 
Baſe ABCD; conſ. equal to EF GH, equal IKLM-Th. 14. 


Dem. The Parallelopiped AH FC is equal to Al GC; proved. 
and, for the ſame reaſon, AI G C is equal to AMK C. 
Th. the Parallelopiped AMK C is equal to AHFC-Ax. 3. 1. 


Again. Suppoſe the ſpace, GHIK, be either greater or 
leſs than EF GH. 
The Triangles, AMH, DIE, are congruous; - J. 1. 
(for AM is equal to DI, MH=ITE, and AH=DE; by15.1.) 
And the Sides, AB, DC,EF,GH,IK, & LM, are equal -14. 
the Par. AG=DF; ABLM=IKCD; & EFKI=MLGH; 
\ conf, the Solid AGLM is equal to DFKI. - Ax. 5. 
Now, if the Solid, al KGb(common to both)be taken away, 
AMK b is equal to DaGC. - Ax. 7. 1. 
And, if the common Solid Aa b C D be added, to both; 
the Parallelopiped, AMKC, is equal to AHFC - Ax.6.r. 
3 4 A The 


1 A 
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The ſecond Part, viz. when they have equal Baſes only, and 
have not one common to both, is readily proved, 
Let the Baſes, ABCD, of the 
2 Parallelopiped AHF C, be equal to 
Be NO PQ, of the Parallels. 
E |W D >| Mi) | piped NMK P (and fimilar) 
% 0 5 if 4 N Then, the Parallelopiped, AHFC, 
10 f 190 9 0 Il U 1s equal toNMEP. 
ba 90 hh Let them be ſo ſituated, that the 
N | | Planes AE, and NI, are in the ſame 
Plane, DE MN; and draw AM, 
DI, BL, and CK. 


Du. Now, becauſe MI is parallel to AD, and LK to BC, 
and alſo equal, AMID and BLK CC are Parallelgms-C. 15.1. 
And, for the ſame reaſon, Au LB and DIE C are Paralle- 
lograms; and they are, alſo, parallel and ſimilar, reſpectively; 
wherefore, AMK C is a Parallelopiped. - Def. g, 
(For, AM is parallel to DI, and ML to IK; | 
wherefore, the Angle AML=DIK, &. Th. z.) 

But, the Parallelopiped AH FC has the ſame Baſe with 
AMKC; and they are contained within parallel Planes; 
wherefore, they are equal Parallelopipeds.—— proved, 
Alſo, the Parallelopiped NME P, has the ſame Baſe with 
AMEC (i. e. the Plane or Face IK. LM is common to both.) 
conſequently, they are equal Parallelopipeds. - fame. 
But, the Parallclopiped AMKC is, alſo, equal to AHFC, 
Therefore, the Par. NMEP, is equal to AHFC - Ax. 3.1, 


——— 


ſy 


After the Proofs already given, it may, by ſome, be thought 


| unneceſſary to add more; but, there are other Caſes, in which 


there is abundantly more room to diſpute the Aſſertion, than in 
the preceding; and, as this Theorem is very eſſential, it cannot 


be too much enforced. 


Cask ll. 


hich 
NIN 
nad 
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CASE II. When no more than two Faces of the Paralle- 


lopipeds (i. e. two in each) are in the ſame parallel Planes. 


Let AGHD and FHIL be R — — 
Parallelopipeds; whoſe Baſes, AA 10000 
ABCD and IK LM, are equal, |: |||\|P 
and in the ſame Plane; and the 
Top, E HGH, common to both; 
but have no other Plane common. 


I fay, that the Parallelopiped 
AGHD, is equal to FHIL. 


Produce AD and BC, IM and KL, (being in the ſame 
Plane) they will cut each other, in NOPQ, which is a 
Parallelogram; equal and fimilar to ABCD, and I KLM. 


Dem. Becauſe EFG H is common to both Parallelopipeds, 
and becauſe the oppoſite Planes are equal and ſimilar, 


AC is ſimilar to LI; and, being ſimilarly poſited, IK, LM, 
are parallel to AD and BC; and IM, EL, to AB and DC; 
therefore, NOPQ,, being between the ſame Parallels, is 
conſequently equal and fimilar to AC, & LI - 4.& 18. 1. 


and conſequently, to EFG H; and alſo ſimilarly ſituated. 


Join EO, FP, GQ and HN. 
Then, PFHN is a Parallelopiped ; which, being equal 


to each of the other, AG HD and FHIL (part iſt) 


they are conſequently equal between themſelves - Ax. 3. 1. 


Alſo; if the Parallelopipeds, ASFD and FHIL, have 
their Baſes equal; and have no Face common; being be- 
tween the ſame parallel Planes, AOI and RGE, they 
are equal Parallelopipeds. 

This is evident, from the foregoing; each being equal 
to PFHN, 0 | 


3A 2 CAsE III. 


3 „ x IF. 


. 
= — — *>4 - 
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Case III. When the Parallelopipeds have no F ace common, 
nor ſimilar Figures. 


3 7 EY Let the Parallelopipeds AOMD 
6 = : k and EMK G, be between the ſame 
i —— parallel Planes, ARH and NQIT; 
=== == conſequently, they have equal Al- 
titude ; and, let the Baſe, AB CD, 
be equal to the Baſe, EF GH, of 
„the other, which are not ſimilar 
— \ Figures. 


0 G 
— — 74 ſay, the Parallelopiped, EMKG, is equal to AOMD, 


Dem. Let the Side NM, of one, and ML of the other, 
be ſo placed, at the common Angle M, that NML is 
a Right Line. 

Compleat the Parallelopiped, DM K T; having a 
common Side, DM, with AO MD. | 
The Parallelopiped DMK is equal to EMKG-Caſe 2nd. 
(For they have the ſame Altitude, and IMLE is common) 

Produce KI and TU, PM & CD, meeting at X and V. 
Draw LY and SZ, parallel to MX and DV, cuting IK 
and TU, at Y and Z. Join VX and YZ. 

Then the Parallelopiped VMY Z = UMKT it. 
conſ. the Parallelopiped, VMYZ = HMKG = Ax. 3.1, 


* Produce OP and YL, BCand 28, meeting at Q and R; 

| | and, joining QR, there is formed a Parallelopiped DPO; 

i | equiangular to both the Parallelopipeds, AOMD and 
q VMYZ; conl, they are equiangular amongſt themſelves. 
| Now, the Paxallelogram IMLK =N OPM - Hyp. 
= XMLY (equal IMLK 18. 1.) is equal to NOPM - Ax. 3.1. 
. ce ha Aogle PMN Fong equal XML- 2.1.) 


* - 


* _ * e — p = * 
* 


2 


— — — 
. 
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But, the Parallelopiped AOMD : DPLS : : NM: ML 

And, theParallelopiped VMYZ : DPLs : : XM: MP; 15. 
i. e. as NM: ML. 1 - above. 
Wherefore, the two Parallelopipeds, AOMD and 
V MY 7Z, have an equal Ratio to DPLS; | 
and therefore they are equal, = - Ax. 4. 5. 
But, the Parallelopiped HME G = VMYZ -< above. 

Therefore, HM K G, is equal to AOMD. 


CoroLLary I. The 33rd Propoſition of Euclid, 


Parallelopipeds having equal Altitudes, have that Ratio 
to each other as their Baſes, 


For, fince by this Theorem, all Parallelopipeds, having equal 
Baſes and equal Altitudes are equal; and, by the 15th, if a Parallel- 
opiped be cut in two, by a Plane, parallel to its Planes, the two 
Parts have that proportion to each other as their Baſes ; conſe- 
quently, all Parallelopipeds, having equal Altitudes, are to each 
other as their Baſes, 


Cor. II. Parallelopipeds, having equal Baſes, have that 
Ratio to each other as their Altitudes. 


For, having equal Baſes and equal Altitudes, they are equal; 
conſequently, if the Altitude of one, be half, or a third part, &c. 
of another; or, in whatever Ratio the Altitude of one Parallelo- 

iped is to the other, whoſe Baſes are equal; they are in that 
K „ to each other, as their Altitudes. 


- „ 
= — - 4 


— 


— —— « 
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_ alſo, - - DFH:GEH::Par.DE;EG;i.e.asDBtoBG 
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THEOREM XVIII. 33 Euclid. 


The Proportion of ſimilar Parallelopipeds, to one 


another, is the triplicate Ratio of their correſpond. 
ing Sides. 
F 400 pipeds; in which, let AB, a b, BC, be, 


and BD, bd be correſponding Sides, in 
each Solid. 

| Then the Proportion, which the Solid 
ADE has to acd, is the triplicate Ratio 
of AB to a b, BC to bc, or BD to bd. 


In the Solid ADK, produce the Sides, AB, CB, & DB. 
Make BE equal to ab, BF equal bc, and BG equal bg; 


draw EH and FH, reſpectively, parallel to BF and BE; 


and compleat the Parallelopipeds GH, DH, and AFD; 


equiangular to A D K. 
Dem. Becauſe B H is a Parallelogram (by Conſtruction) 


and the Angle EBF = ABC, (2. 1.) (EBG = ABD, and 
FBG = CBD) alſo BE= ab, and BF to be; BH is equ:! 
and alſo fimilar toac; for, ac is ſimilar to AC; by Hyp, 

And, for the ſame reaſon, GE, is equal and ſimilar 
to ad (which is ſimilar to AD) alſo, FG is equal and 


ſimilar to cd (ſimilar to CD) conſequently, the Parallel- 


opiped, GH, is equal and fimilar to a cd (ſimilar to AND) 


Now, AB: a b:: BC: be, and as BD is to bd-Def. 11.7. 


and, the Parallelopiped G H is equal and ſimilar to a cd; 
BE = ab, &c. wh. as AB: BE:: CB: BF, and DB: BG. 
But, the Parallclopipeds, AF D and DFH, have equal 
Altitude, with ADE. 

wh. they have that Proportion to each other as their Baſes; 
i. e. the Solid ADK: AFD: : Par. AC: AF;i.e.asCBtoBF , Cor.. 
and, the Solid FD: DFH: : Par. AF: FE; i. e. as ABtoBE ; of 17+ 
& 1.0, 


"6 
4 3 Let ADK and ac d be ſimilar Parallelo- 

lt 
I 
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wherefore, the Parallelopiped ADK: AFD: DFH: GEH 
in continual Ratio. (for the Ratio of CB to BF, AB to BE, 
and of DB to BG, is the ſame, by Hypotheſis, ) 

Therefore, the Ratio of ADK to acd (equal GH) is 
triplicate of ADK to AF D; i. e. of CB to BF (eq. bc) 
of AB to BE (eq. ab) or, of DB to BG (eq. bd)-Def.12.5. 


THEOREM XIX. 34 Euclid. 


The Baſes and Altitudes, of equal Parallelopipeds, are 
reciprocally proportional. 

This Theorem will admit of as many Caſes as the 5th ; but 

ene general Caſe, being clearly demonſtrated, will be ſufficient. 


Let ABD and FEH be equal Parallelopipeds. 


If the Baſe of one be equal to the Baſe of the other, their Alti- 


tudes are alſo equal (Th. 17.) becauſe the Parallelopipeds are equal, 
by Hypotheſis. Let them be unequa!, 


Then as the Baſe AD is to FG, „ 
ſo is E F to CF, their Altitudes. 


%%% 6 — / 

Let them be fo placed together, l | 

that the Angle C, of the one, touches K | 
the Side E F, of the other, ll 


Produce the Plane, BC, to Hs parallel to FG; 
and, through C, let E F be drawn, perpendicular to their 
Baſes, AD, FG (which are ſuppoſed to be in the ſame 
Plane) EF and CF are the Altitudes of the Parallelopipeds. 


Dru. Then, ABD: FCG: : AD: FG, their Baſes - Cor. 1. 17 
And, FEG:FCG::EF:CF,theirAltitudes-Cor.2.17 
But, — ABD is equal to FEG; by Hypotheſis. 
Therefore, ABD: FCG, i. e. AD: FG :: EF. CF 
i. e. as the Baſe AD, of one, is to FG of the other; 


ſo is EF the Altitude, of the laſt, to CF of the firſt, 
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B. 


THEOREM XX. In 


Parallelopipeds, whoſe ſolid Angles are equal, have 
that Proportion, to one another, which is com- 
pounded of the Ratio of their Sides. 


_ 


N44 


kl placed together, at the equal Angles B, 
7 * ji that, the Side AB of the one, is in the 
ſame Right Line with BE, of the other, 
and CB with BF; conſequently, the two 
T---.._ | Sides BD and BG are in one Right Line. 
| (It is not material which Plane,EF, 
GE, or GF, is made the Baſe.) 


On EF, and BD, compleat the Parallelopiped D Fl. 
Take any Right Line, V, at pleaſure; and make & to, V 
as BE to AB; and as BF is to CB, ſo make Y to X; 
alſo, as BG is to BD; make Z to L. (Prob. 32. 


Then, as Vis to Z, ſo is the Parallelopiped, ADK to BH. 


Dew. The Solids, ADK and DFI, have equa! Altitudes; 
wherefore, they are to each other as AC to EF; -C.1.17. 
that is, as the Ratio which is compounded of AB to BE, 
and CB to BF; i. e. as V to L. —- Th.1.6. 
And, the Solid DF is to B H, as the Par. DE is to EG- 17. 
that is, as DB is to BG, i. e. as Y to Z, = LI. 6, 
But, ADK: DFI: : V: V, and DFI BH::Y:Z Con. 

Therefore, the Solid ADK: BH:: VZ — Th. 9.5 
i. e. in the compounded Ratio of AB to BE, CB to B, 
and DB to BG, 


Parallelopipeds; and let them be ſo 
Ul 


De 
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THEOREM XXI. 


In ſolid Angles contained by three Plane Angles, two 
and two of which (1. e. one in each) being equal, 
reſpectively; thoſe Planes, which contain the equal 
Angles, have equal Inclination to one another. 


Let B and F be two ſolid Angles, 0 N = W * , WS | 
each contained by three Plane Angles; 1" -m N „ 
viz. ABC equal to EFG, ABD equal to * A % DS, 
EFH, and CBD equal to GFH. 7 

I ſay, the inclination of ABD, or CBD, 
to ABC, is equal to the inclination of 
EFH, or GFH, to EFG; alſo, the in- 
clination of ABD to CBD is the ſame, as EFH to GFH, 

In AB take any Point, A, at pleaſure, and take EF equal 
AB; and, in the Planes ABC, ABD; EFG, EFE, 
draw AC and AD, EG and EH, at right Angles with AB 
and EF, reſpectively, and join the Points, C and D, 


G and H, by Right Lines, 


Dem. TheAngleABC =EFG(Hyp.)and BAC=FEG-Con. - 
andAB=EF; wh. the Triangles ACB, EGF are congruous; 
AC is equal to EG, and BC is equal to FG. - Th. 11. 1. 
Alſo, the Angle ABD=EFH (Hyp.)&BAD=FEH -Con. 
wherefore (ſeeing AB=EF) BD=FH,andADtoEH-ſame 
And, becauſe BC, BD, are reſpectively equal to FG, FH, 
and the Angle CBD is equal to GFH; CD=GH-8.1 
Laſtly, becauſe the Triangle ACD is equilateral to EGH. 
they are alſo equiangular ; and, the Angle CAD=GEH-7.1 
But, thoſe Angles are the Inclination of the Planes, 
ABD to ABC, and EFH to EFG. -  - - Def. 5. | 
Therefore they have equal Inclination. Q. E. D. | j 


After the ſame manner, it may be proved that any other 


two have equal Inclination; therefore, &c. | 
3B Cor, | 


* 
— — — — — — 
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Cor. Solid Angles, contained by three Plane Angles, each, 
of which, two and two (one in each) are equal, reſpec. 
tively, are equal to one another. 

Becauſe the Planes have equal Inclination to each other, 
reſpectively (by the Theorem) Therefore the Angli; 
are equal, * 


THEOREM XXII. 


If from equal ſolid Angles, in equiangular Parallel. 
pipeds (which are not right angled) Perpendicular; 
be drawn, ſimilarly, i. e. to equiangular Planes; 
the Perpendiculars (i. e. their Altitudes) will be 
proportional to the Sides, which are inclined to the 
Planes on which the Perpendiculars fall. 


This Theorem, though very different, apparently, is the ſame, 
in Subſtance, as the 35th of Euclid, 


Let BF G, bfg be equiangular Paral- 
lelopipeds, and let the Angle A be equal 


From the equal Angles A, a, let the 
Perpendiculars AC, a c, be drawn to equi- 
2 D angular Planes (their Baſes) containing 
the equal Angles E BG, ebg; cuting 
them at C and c. 


I ſay, that, as AB is to a b, ſo is AC to ac. 
Through C and c, draw CD and cd, perpendicular to 
BE and be, reſpectively; and join AD and ad. 


— 


* Profeſſor Simſon ſays (Prop. B.) and alike fituated” making 
that a Condition of their equality; whereas, it is not; for, it l 
impoſſible, that three Plane Angles, equal reſpectively to three 
other Plane Angles (containing a ſolid Angle) can be ſo placed, 
in forming a ſolid Angle, which will not be equal to the other. 

For, they muſt neceſſarily have the ſame Inclination cach to the 
other, reif cctively, however ſituated. 
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Dem. Becauſe AC is perpendicular to the Plane EG - Con. 


the Plane, CAD, paſſing through AC, is perp. to EG-Th.g 
and, for the ſame reaſon, c ad is perpendicular to eg. 
But, CD is perpendicular to BE; and cd to be, - Con, 
wh. BE is perpendicular to the Plane CAD, and be to cad; 
conſ. AD is perpendicular to BE, and ad to be. Th.2. 
Then, in the Triangles BAD, bad, the Angles ADB, 
adb are right, therefore equal - -=- — Ax. 10.1. 
and the Angle ABD=abd, (Hyp) conſ BAD=bad-10 1 
and therefore, as AB: AD: : ab: ad < „ 6. 
But, the Angle ACD =acd (becauſe, AC is perpen- 
dicular to the Plane EG, and ac to eg, ACD, ac d are 
Right Angles) and, the Angle ADC=adc, - 21 
for, ADC is the Inclination of the Plane AE to EG; 
and, ad c is the Inclination of the Plane ae to eg.-Def. 5. 
wherefore, the Triangles DAC, dac are ſimilar; 
and, therefore as AC: AD::ac: ad. = - Th.4.6. 
But, AD: AB: :ad:ab (above) Th.AC: AB: tac: ab- 5. 
and, by alternation, AC: ac: : AB:: ab. Q. E. D. 


THEOREM XXIII. 36 Euclid. 


If three Right Lines are Proportionals; a Parallelo- 


piped deſcribed, or conſtructed under all three, 
for its Sides, 1s equal to an equiangular Parallelo- 
piped, whoſe Sides are each equal to the Mean, 


If the Parallelopipeds be right angled, that which is conſtructed 


under the Mean is a Cube. 


Let the three Right Lines X, V, and Z, be Propor- 


tionals; as X is to Y, ſo let V be to Z. 


28 | And, 
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And, let ACD be a Parallelopiped, whoſe 
Side AB is equal to X, BC equal to V, 
and BD equal to Z.“ 

Alſo, let EGH be a Parallelopiped equi- 
a angular to ACD. | 
Then, if the Sides EF, FG, and FH, 
are each equal to Y; * 

the Parallelopiped ACD is equal to EGH. 


DE. Becauſe, X: Y:: I: Z, the Rectangle under Xand , 
is equal to the Square of V, i. e. XX Z=Y 0 - Cor. 9. 6. 
But, Parallelograms, having equal Angles, are in the ſame 
Ratio as Rectangles, whoſe Sides are equal to the Sides of 
the Parallelograms, reſpectiv el,, - C. 2. 11. 6. 
wherefore, the Parallelogram AD is equal to EH. 

But, BC FG; and conf. their Altitudes are equal - 22 
Therefore, the Parallelopiped ACD is equal to EGH. 
For they have equal Baſes, and equal Altitudes. 


. — i 8 8 


— — — 


* In thoſe Caſes, the Figures being but repreſentations of 
Solids, on a Plane; if the Lines, BD, and FH, were made equal 
to Z, and V, reſpectively, they could not poſſibly have that ap- 
aa but they would appear much greater; becauſe they are 

uppoſed to recede, from the Planes of the Faces; AC and EG. 

Therefore, they are ſuppoſed to be equal, only; which is the 
ſame thing, and holds equally true, in the Demonſtration, If one 
be, the other is a neceſſary Conſequence, 


Note. As the Ratio, between two ſimilar Plane Figures, is 
. diſcovered. by a third Proportional, ſo between'Solids, a fourth 
determines it. Tho EY | | 

Alfo, to defcribe plane Figures, in any given Ratio, a Mean 
Proportional is found; ſo in reſpe& of Solids, two Means are 
ag (ſee Prob. 33, or P. 332. B. 6.) : 

or, fince the Ratio between ſimilar Solids is triplicate of their 

correſporiding Sides; conſequently, ſince AR : DH: BF: AD+; 
and, if the Ratio of two fimilar Solids be as AB to AD, 
AB and DH are in the Ratio of their correſponding Sides. 

Hence, ſimilar Solids may be conſtructed in any Ratio to 
one another, 3 . 3 . 
* THE 0- 


Bool 
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THEOREM XXIV. 3 Euclid. 


If four Right Lines are Proportionals; ſimilar Pa- 
rallelopipeds, and ſimilarly conſtructed on each 


Line, are alſo Proportionals. 


Let A, B, C, and D be Propor- 
tionals; as A is to B, ſo let C be to D. 

And let the Parallelopipeds V, X, 
Y, and Z, be ſimilarly conſtructed, 
on A, B, C, and D. 


I ſay, that, as Vis to X, ſo is V to Z. 


ES a 
E 


— — — ———_s 


Dem. Let E and F be fo taken, as A: B: E: F- 
And, let G and H be taken, as C: D: G: H- 
Then, the Parallelopiped V: X:: A: F Th. 18 
And the Parallelopiped Y: Z:: C: H N 
But, as A: B:: C: D; wherefore, as B: E:: D: G; and, 
as E: F:: G: H; (Ax. 13.5) conf. as A: F:: C: H- Th. 9.5. 
Therefore, as the Parallelopiped V: X:: V: Z. Q. E. D. 


It is not neceſſary that the Parallelopipeds Y and Z ſhould 
be ſimilar to V and X; for, if V be ſimilar to X, and Y to Z, 
the Demonſtration is evidently the ſame. 

Or, if V be not ſimilar to X, nor Y to Z; 

but, let V be ſimilar to V, and X to Zz; it ſtill holds true, 


For, ſince A: B:: C: D, ſo A:C:;B:D - Th. 4. 5. 


conſequently, ſimilar Parallelopipeds, conſtructed onA and C, 
and others, not ſimilar to them, on B and D, will ſtill be 
Proportionals. | 
For, ſince the Parallelopipeds, on A and C, B and D, are, 
as V: X:: Y: Z, ſimilar; ſo V: Y:: X: Z, not ſimilar, 
0 1 ir Ger of er ne. 
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BOOK VIII. The XII. of Euclid. 


S the laſt Book, or Section, treats only of Plane Solids, 
A and determines their Proportions, their Properties 
and Relation to each other; fo, in this, the Doctrine of 
Solids, bounded by regular curved Surfaces, as the Cylinder, 
Cone, and Sphere, are conſidered ; the Solution of which is 
truely admirable. 

It muſt appear, to all who conſider it, before they have 
gone through this Book (or ſome other on the Subject), 
a matter not merely of difficulty, but of abſolute impoſſibility, 
to aſcertain the true Meaſure or Area of the Surface, much 
leſs of the ſolid Contents of a Sphere; to reduce ſuch a 
Solid to right angled and cubical Meaſure, with any degree 
of certainty, ſeems to be beyond the power of Art, or the 
reach of finite knowledge. | 

And yet, nothing more is requiſite thereto, than the true 
meaſure of its Diameter, which may be acquired; at leaſt of 
any Sphere formed or conſtructed by Man. In reſpect of 
the Earth itſelf, its Diameter can only be obtained by its 
Circumference, It is poſſible, by various means, to come 
ſomewhat near the truth, but it is beyond human abilities to 
aſcertain it, with any degree of abſolute certainty. 

How much leſs, then, are we able to come at the true 
Diſtances, by which, the magnitudes of diſtant Planets are 
reduced to the ſame Scale of Proportion ; viz. by the known 

| meaſure 


4 2 ch c 


Inventions, for the purpoſe; we muſt (or may as well) 
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meaſure of the Earth. For, if the one cannot be had, with 't; l 
certainty, how much more incorrect muſt be the other, 1 9 
having no other Data to build on? 42 i 
Although the many ingenious contrivances, by Inſtru- ; 1 
ments curiouſly conſtructed for that purpoſe, are worthy of 1 
the greateſt praiſe, and redound highly to the Fame of their * by 
ſeveral Inventors; and notwithſtanding all other means, bw. 


by Tranſits, &c. may ſtill approch nearer to the truth, or, | 0 
at leaſt, evince and prove the imperfections of all human 


a = 
2 + 3 
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— — — 
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remain ſatisfied, that we have acquired ſo much, as to an- 


* * 8 * 


»* 1 
{wer various great and notable purpoſes, in Trigonometry, 1055 
Navigation, &c; but, that we ſhall never be able, by any * 1 


means, to come at the Truth is moſt certain. 


” "I 
22 N a? | wa 
A 


The Affinity between the Pyramid and the Priſm, and 1 4 
the Proportion one bears to the other, are, in the firſt F 1 
place, determined; by means of which, the Proportion 9 
between the Cone and Cylinder, is alſo determined. 2 12 N 

Laſtly, of the Sphere; ſhewing the Proportion it alſo | bl: | 
has to a Cylinder and Cone; as given by Archimedes; | | 1 
for, on that Head, Euclid is totally filent; the 12th Book 1 vn 
only determines the Ratio one Sphere has to another, in z® 1 


> CRT 


the laſt "Theorem. To obtain which, he has two Problems, | 
17th and 18th; the latter, the moſt prolix of the whole; 
containing, in four or five full Pages, the moſt tedious de- 
ſcription of the Conſtruction of a Solid, which is nat of any 
other uſe, whatever; and previous to it, Profeſſor Simſon 


1 _— 
* - 


r 


a Oy II I UL 


— 
— 
2 


- > - . 
_— * — * 


— 


_ 


r 


alſo gives a preparatory Lemma. gt 11 9 
The manner, ia which the Ratio of one 8 phere to andther — 1 % xt 
is here inveſtigated, and deduced from the gth, is, at once, . ; g 5 1 
the moſt ſolid and convincing; and alſo ſhews how the ud | 
quantity of every Sphere is aſcertained, which the other does i is 1 
not; and therefore, what it does is of little uſe. 5 ow 4 
| DEF I- _ 
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DEFINITIONS. 


For the Definition of a Pyramid, ſee Def. 7th of the 5th; 
which, notwithſtanding it is not uſed there, is the firſt of 
Plane Solids (having the leaſt number of Faces) and as a 
Priſm (Def. 8th) includes all Parallelopipeds whatever, it 
could not be diſpenſed with, though but of little uſe in 
that Book. 4 

It remains, only, to define ſuch Solids as are bounded by 
curved Surfaces. 


Dee, I. A CYLINDER is a SoL1D, having two pa- 
| ralle] Plane Surfaces, which are equal Circles; 
and an uniform convex Surface, bounded, in length, 


by the circular Planes, and returning into itſelf in 
width, without bounds. As AB, or AB. 


Deer. II. The Basts, of a CyLinDER, are the 
two circular Planes; A and B. 


Dee. III. The Axk, of a CYLINDER, is a Right 
| Line paſſing through the Centers of its Baſes, 
As AB, or AB. 


N. B. A Cylinder may be conceived to be « enerated 
by the Direct motion of a Circle (as A, or 4) along its 
Axe, always parallel to itſelf. | 

Let the Curcle A, or 4, be ſuppoſed to be applied, at 
its Center, to the Right Line AB, or AB; and being 
moved, parallel to its fr poſition, at A or A, to Bor ; 
the Line AB or AB, being always in its Center; it will, 
in that motion, have deſcribed the Cylinder AB or 4B, 


If any Right Line as ab, or a5, be drawn in the Circle, 
cuting the Circumference, at a, or b, a or 6; and, whilſt the Circle 
deſcribed the Cylinder (the Right Line a b, or @ 5, being always 
parallel to its firſt poſition) the Point a or b, à or 5, will deſcribe 
a Right Line, ac, or bd, which is a Side of the Cylinder. 


4 Dex.IV, 


« w k AJ ww Lo 


| ES. 
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Dex. IV. A RicnuTt CYLINDER is one, whoſe 
Axe, AB, is perpendicular to the Planes of its 
Baſes, A and B. | 


A Right Cylinder may be conceived to be gene- 
rated by the revolution of a right angled Parallelo- 
gram, or Rectangle (CABD) on one Side (BD) 
which remains fixed ; and is therefore called its Axe, 
or Axis; on which the Rectangle revolves, and on | 

' Which the Solid, revolving, would appear at reſt. C. 
| he two Sides, AB and CD, being equal, deſcribe 
the equal Baſes, whilſt AC deſcribes its Surface. 


Der. V. An o8LiqQue CYLINDER, is when its 
Axe, is inclined to the Baſes, (ſee Fig. 2) 


9 

| 0 

| N 
| 


Der. VI. A CONE is a Sot1v, having but 
one Plane Surface, which is a Circle; and a 
convex Surface, returning into itſelf; conti- 
nually varying, in convexity, from the Circle { 
which bounds it, till it terminates in a Point. 


As ACD, or ACD. 


Dr. VII. The Base, of a Cons, is the circu- 
lar Plane CD, or CD. 


Per. VIII. The VerTEx, of a Con, is the 
Point A or A. 


Dex. IX. The Axe, of a Cons, is the Right | 
Line AB, or AB; from the Vertex A, or 4, | 
to the Center B, or B, of its Baſe, . 


| 


: 
: 


\ {1 


N. B. A Cone may be conceived to be generated thus. > 


If CD or CD be a Circle, and any Point, A, or A, be taken 
out of its Plane; then, if a Right Line AB, or AB, be applied 
from the Point A, or A, to any Point C, or C; and being fixed, at 
A, or A, let it be revolved around the circumference of the Circle; 
in which revolution, it will deſcribe the Cone A CD, or 4 CD. 
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Dr. X. A RicnT Cone is when! the Axe (AB, ) is 


perpendicular to the Plane of its Baſe. 


A Right Cone may be conceived to be generated 
by the revolution of a right angled Triangle, AB C, 
on either Side containing the Right Angle, as AB, 
which remains fixed; and is therefore called its Axe 
or Axis, on which it revolves, 

The other Side, BC, deſcribes the Baſe, in its re- 
volution ; whilſt the Hypothenuſe, AC, deſcribes 
the Surface of the Cone, and preſcribes its Bougls, 


Every Section, by a Plane, through the Axe of a 
Right Cone, is an Iſoſceles Triangle, as CAD; 
CD is its Baſe; and a Right Line, AC, or AE, 
from the Vertex to any Point in the Circumference 


of its Baſe, 1s a Side of the Cone. 


Dr. XI. A ScaLne or OBLIQUE CONE is 
when the Axe, A B, inclines to the Baſe, CD. 


3 Section of an oblique Cone, through its Axe, 
is a Scalene Triangle; except in one poſition, when 
the Axe is at right angles with the Line of Section 
with the Baſe; and is, therefore, called a Scalene Cone. 
When the Diameter of its Baſe, CD, is equal to 
the ſhorteſt Side AD; the Section, CAD, through 
that Side, perpendicular to the Baſe, is an Iſoſceles 
Triangle, and AC, the longeſt Side, is its Baſe; 
nevertheleſs CAD is called a Scalene Cone. 


Dex. XII. A SPHERE is a Sor1p, bounded 
| by one uniform convex Surface, which has no 
Bounds. 

As the Circle is bounded by one Line, its 
Circumference, ſo the Sphere is bounded by 
one Surface, 


Dee. XIII. The CENTER of a SPHERE is the 
middle Point of the Solid; which is equally 
diſtant, every way, from its Surface, As C. 


DE. XIV: 
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Dr. XIV. The DiaMETER, of a SPHERE, is 
any Right Line paſſing through its Center, and 
terminated by its Surface. As AB, 


N. B. A Sphere may be conceived to be ge- 
nerated, by the revolution of a Semicircle ; as ADB, 
on its Diameter AB, which remains fixed whilſt the 
Semicircumference revolves; and, in its revolution, 
deſcribes, or rather preſcrihes, the Bounds of the 
Sphere. 

„The Diameter, AB, being at reſt, on which if 
the Sphere revolved, it would appear at reſt, is 
therefore called an Axe, or Axis of the Sphere. 
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Dr. XV. A SEGMENT, of a SPHERE, Is any 
portion, cut off by a Plane, As ACB. 
Its Baſe, AB, is a Circle, made by the Section. 


. MT 


Der. XVI. A HemisPHERE is a Segment of a g 14 

Sphere. When the Plane of the ſection paſſes 1 
through its Center, each Segment is a Hemiſphere, ö 1 
As ADB, and AEB, made by the Plane AB. j 40 

Dee. XVII. SIMILAR CYLINDERS, and Conts, ö wt 


are ſuch as have their Axes, and the Diameters 


of their Baſes Proportionals. 4 4 þ 
If they are ſcalene or oblique; Sections in 1 
through the Axes of Cylinders, perpendicular 1 1 
to their Baſes, or equally inclined to their Baſes, 9 
are ſimilar Parallelograms; as AB CD, a bed; | Fx th | 
and, in Cones, they are fimilar Triangles ; * 1 
as ABC, abc. 4 1 
All Spheres are ſimilar to one another. 7 
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THEOREM I. 


If a Pyramid be cut in two parts, by a Plane parallel 
to its Baſe; the leſſer Pyramid, made by that Section, 
will be ſimilar to the whole Pyramid, 


Firſt; let A be the Vertex, and, BCD 
the Baſe of a triangular Pyramid; ABC D. 

Let FGH be a Section made by a Plane, 
parallel to BCD. 


I fay, the Pyramid, AFG H, is ſimilar 
to the Pyramid AB CD. 


Dem, Becauſe the Planes BCD, FGH are parallel, and they 
| are both cut by the Plane BAC, the Sections, FG and 
| 5 B C, are parallel; for the ſame reaſon, the Sections GH 
and CD, FH and BD are parallel, - Th. 8.7. 

Wh. AF: FB:: AG: GC, and as AH: HD - 2. 6. 

conſ. AF: AB:: AG: AC, &c. (6. 5.) i. e. as FG: BC, &c-ᷣ4. 6. 

and conſequently, the Triangle AF G is ſimilar to ABC, 

AGH to ACD, and AF H to ABD; 

alſo, the Baſe, FG H, to the Baſe, BCD; 

Therefore, the Pyramid AFGH is fimilar to ABCD. 
After the ſame manner, the Pyramid Af gh may be 

proved ſimilar to either of the other, 


Again, Let CBDE be the Baſe of a quadrangular Py- 
ramid, and, let GFHI be a Section, parallel to the Baſe. 
Tt may be demonſtrated, in the ſame manner, that each 

Triangle AFG, AGl, &c. is ſimilar to ABC, ACE, &c. 
alſo, FG H is ſimilar to BCD, and GHI to CDE; 
conſequently, GFHI is fimilar to CBDE. - 13. 6. 
Wherefore, ſince a Pyramid, whoſe Baſe i is a Poligon « of 


into triangular Pyramids, the ſame Demonſtration will 
; hold ti true in every Pyramid whatever, 


any number of Sides, may be divided, by diagonal Sections, 


P 
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THEOREM 1, 


Pyramids, having equal Baſes and equal Altitudes, 


are equal, (See the laſt Figure.) 


Firſt; let the Pyramids ABCD and 
CADE have triangular Baſes, BC D 
and CDE, and a common Vertex, A; 
conſequently, they have-equal Altitude, - 

I ſay, they are equal Pyramids, | 

Let there be made ſeveral Sections, ay 
GFHI, gfhi, parallel to the "rn = 
BCD, CD E, which are in one Plane. 


Dem. Then, becauſe they are both cut by a Plane, parallel 
to their Baſes, and the Baſe BCED=CDE; FGH = GHI. 
For, FGH is ſimilar to BCD, and GHI to CDE; -Th.1. 
and each has that Ratio to the other, reſpectively, which 
js duplicate of AC to AG; i. e. of CD to GH 12. 6. 
Aſter the ſame manner, the Section f g h, may be proved 
equal toghi; and conf. every Section, made by Planes 
par. toCBDE, will be equal, each to the other, reſpectively. 

T herefore, the Priſm BACD is equal to CADE. 
For, the Sections being equal, every where; conf. if each Py- 
ramid be conceived to be compoſed of an infinite number of Tri- 
ns, ye cf Priſms, whoſe height (or thickneſs) are all equal, and the 


leait that can be conceived, laid on one another, as at BCD, CDE, 
being each eq. to the contiguous one, the whole is eq. to the whole. 


Again. Suppoſe the Baſes of the Pyramids to be different 
in Figure, as ABC and DEFG; their Vertices, H and I, 
being equally diſtant from the Plane of their Baſes (AK F ) 
conſequently, every Section, abc, or abc, and def g or defg 
(made by the Planes X and Z, parallel to AKF) being in the 
ſame Ratio, each to the other, reſpectively, as the Baſes, are equal. 
Therefore, the Pyramid A H B C is equal to DEIFG. 
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THEOREM III. 


Every Priſm, having a triangular Baſe, may be divided, 
into three Pyramids, having triangular Baſes, which 


— 
- — — 
— 
- 


1065 


at mY 
| f | 


of 0 F 


| 

Firſt; let ACF be a Priſm, whoſe Baſe ABF, and 
conſequently CED, are right angled Iſoſceles Triangles. 

Let the Planes, AB CD and ADEF, be Squares, and 
BAF, CDE, Right Angles; conf. BCEF is a Rectangle, 
under the Side of a Square and its Diagonal (BC and CE). 

Draw, AE, BE, and BD (Diagonals in each Face) and 
| imagine Planes to paſs thro'. AE & BE, BD&BE-Ax.4.7. 
| The Pyramids, ABEF, AEDB, and BCED, made by 
the Sections of thoſe Planes, are equal and ſimilar. 


| Dem. The Triangle ADE =AEF, and ADB = BCD. 15.1 
| But, ABCD and ADEF are Squares (by Suppoſition) 
| © and, they have a com. Side, AD; wh. they are equal-Ax. B. 2 
| Alſo, BAF is aR. Angle (Sup.) conſ. CDE is a Rt one; -5.7. 
| wh. the Tri's. AFB, CED, ADB, BCD, ADE, and AEF 
| are all equal, and ſimilar to one another - 8. 1. 
But, AEB and BED (the Planes of the Sections) are each 
common to two Pyramids; and they are equal and ſimilar 
to each other, and alſo to CEB, BEF. - J. 1. 
For, AE and BD are each equal to CE and BF; being all 
Diagonals; alſo, AB, DE, CB, and EF are Sides of equal 
| Squares, therefore equal; and BE is common to them all, 
| Wherefore, each Pyramid, ABEF, AEDB, and BCED, 
| being contained by an equal number of Planes, equal and 
fimilar to each other, reſpectively, are equal,, = Ax. 5. T: 


* 
i 


Wl N 
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For two Angles in each Pyramid, at A, C, D, and F, are contained 
by two R.Angles each, and half a K. Angle; as AFE, BFE, & AFB, 
The remaining two, in each, meeting at B and E, are each con- 
tained by two hai rightAngles, (AEF, BEF, &c.) and anAngleAEB, 
equal DBE, (each common to two Pyramids) each equal CEB, 
or EBF; being contained by the Diagonal of a Square, (C E) and 


the Hypothenuſe (BE) of a right angled Triangle, under the Side 
and Diagonal, BC, and CE. 


2nd. Let AB CE be a triangular Priſm; i. e. whoſe Baſes, 
ADE and BCF, are Triangles; ſuppoſe them Scalene, 
and the Sides AB, &c. of the other Faces, not perpendi- 
cular to them; the Priſm is conf, oblique in every reſpect. 
The Priſm ABCE, may be divided into three eq. Pyramids. 
Draw the Diagonals, BE, BD, & EC; and ſuppoſe a Plane 
to paſs thro'. BE&BD, and, another, thro*, BEXEC-Ax.4.7 
The Priſm will be divided into three Pyramids ; 
ABDE, BCEF, and BECD. 


I ſay, thoſe Pyramids are equal to one another. 


Dem, The Pyramids, ABDE and BCEF, have equal and 
ſimilar Baſes, ADE & BCF, and equal Altitudes; Def.8.7. 


Conſequently,everySection,made by parallel Planes, at equal | 


diſtances from their Baſes, are equal, and alſo ſimilar; 
Therefore, the Pyramids are equal. Th. 2. 


Again. Suppoſe the Pyr. BCEF (eq. AB DE) taken away; 
the Face BCE is common to the Pyramid BECD (ſee Fig. 3) 
Then, in thePyramids ABDE, BECD ; becauſe ABCD is 


a Parallelogram (Def. 7.) it is divided by the Diagonal, BD, 


into congruous Triangles, ABD and BCD. - 15.1. 
Let them be conſidered as the Baſes of the two Pyramids ; 
E being their com. Vertex, they have, conf. equal Altitude; 
wh. every Section, parallel to ABCD, will be equal, and alſo 
ſimilar; and conſequently, the Pyramids are equal-Th. 2. 


If ABDE be ſuppoſed removed (Fig.2.) then the Pyra- 
mids BCEF, & BECD are equal ; for their Baſes CEF, & 
CED are equal (15.1.) and B is their common Vertex; 
Therefore, they are all equal to one another. Q. E. D. 
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T 
or 
*, THEOREM IV. P. 
Every Priſm is triple of a Pyramid, having equal : 
Baſes, and ag Altitudes.D | 2nd. 
Ca = N y 
ME | WT 67/ 4 
0 q 67 700 
0 j 1 „ 7 4, Ba 
| 91 9 | x þ [ # 5 0 * 
| is RY K 6 1 
7 Firſt, Let the Priſm ACHF be a Cube. | 
| Then, a Plane drawn through the oppoſite Diagonal; 2rd. 
CE and BF, will cut the Cube into two equal triangular tag 
Priſms; whoſe Faces FD and AC, &c. are Squares, and F126 
| the Angles BAF, CDE, CHE, and BGF, are R. Angles, is | 
| Draw, AE, EB, and DB; dividing the hither Priſm, r. - DC 
| ABCEF, into three equal and ſimilar Pyramids ABEF, wh 
| | AEDB and BCED, (as in Caſe iſt of the 3rd.) anc 
x Alſo, draw EG. BEFG is a Pyramid, equa! and tria 
| ſimilar to ABEF; and the Priſm ACHF is triple of the Viz 
Pyramid ABEFG. ] 
Dem. For, the Baſe BFG is equal and ſimilar to ABF-15 1. 15 
and the Face BEG is congruous with AEB; Ax. 7. I. ] 
| : (for EG biſects the Square FH, and AE biſects FD) BC 
| But, BEF is common; and BEG, AEB are congruous - 7.1. Ak 
| (for, BG is equal to AB, EG=AE, and BE is common) For 
| | wh. the Solid, BEFG, is contained within four triangular We 
Planes, equal and ſimilar to thoſe of AEBF; | B 
| : | ut 
and conſequently, they are equal Pyramids. = Ax. 5. 7. BD 
| But, the triangular Pyramid, AE BF, is equal one third _ 
| of the Priſm, ABCEF; and BEFG is equal one third 570 


| ef BHF, equal C Ak. Cor. 1. 3, 
4 | Therefore, 
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Therefore, the quadrangular Pyramid, 4 BEFG, is equal 
one third of the Cube ACE; or, the Cube triple of the 
Pyramid, on the ſame Baſe, ABGF, and having the 


ſame Altitude, EF. 


and. After the ſame manner, as in Caſe II. of the laſt; 
every triangular Priſm may be proved triple of a Pyramid, 
having the ſame, or an equal Baſe and Altitude. 
Wherefore, ſince every Priſm, having a quadrangular 
Baſe, may be divided into two triangular Priſms; and each 
triangular Priſm, into three equal Pyramids having trian- 
gular Baſes; conſ. a Pyramid on the whole quadrangular 
Baſe of the Priſm, and having equal Altitude, is equal one 
third of the Priſm, or the Priſm triple of the Pyramid. 


2rd. Let the Baſe, AIHED, of the Priſm, AKFD, be a Pen- 

tagon; and let the Diagonals, CG, CK, DH, Dl, be drawn. 
Then, becauſe CD is parallel to AB and EF; and, GH 
is parallel to EF, and IK to A8 — Def. 33. 


DC is parallel to l K and GH. - "SY © FO BK 


wh. Planes may paſs through DC& GH, DC&IK - Ax.2, 
and conſ. the Priſm, AK FD, will be divided into three 
triangular Priſms, by the Planes, DC NI and DCGH; 
viz. AK D, K DG, and DGE. | 
Draw the Diagonals BD, DF, DG, and DK; 
BDFGE is a Pyramid having the fame Bafe, BCFGRK, 


and Altitude as the Priſm. 


But, BDCK is a Pyramid, having the ſame Baſe, 


BCK, and Altitude, as the Priſm AK D; 

AED is therefore triple of the Pyramid, BDCE. 
For, the ſame reaſon, KIDHG is triple of the Pyr. EDGC; 
and the Priſm DGE is triple of the Pyramid CD FG. 
But, the Pyramid BDFGE 1s cqual to the three Pyramids 
BDCK, KDGC, and CDFG ; and the Priſm AKFD is 
equal to the three Priſms AED, KI DH G, and DGE. 


Th. the Priſm AKFD is triple the Pyr. BDFGK. Q. D. 
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THEOREM V. 
- Every Cone is equal to the third part of a Cylinder, 
having equal Baſes and equal Altitudes. 


Þ 4 q 


Let the Circle A C E be conſidered as the 25 of a 
Cylinder or Cone; and, let a regular Poligon, ABCDETF, 
of any number of Sides be inſcribed ; it is manifeſt, that 
the Poligon is leſs than the Circle. 

Let the Arks, AGB, &c. be biſected, as at G; and 
draw AG and BG, &c. This Poligon will be greater than 
the firſt, but it is alſo leſs than the Circle. 

Wherefore, it is evident, that, the more the Sides of the 

Poligon are multiplied, the nearer it approaches to the 
Circle, till the difference is leſs than any aſſignable Quan- 
tity whatever. The difference is the Segments AG, GB, &c. 

And, by the ſame reaſoning, every Poligon, circum- 
ſcribed, will be greater than the Circle; conſequently, 
they will at laſt end in the Circle; i.e. the Perimeter of 
the Poligon, in the Circumference of the Circle, and their 
Areas will be equal, or the difference will be leſs than 
any other Quantity, 


Let AGED be a Cylinder whoſe Baſe is AD; and 
agd a Cone, whoſe Baſe, ad, is equal to the Baſe AD, 
of the Cylinder; and let them alſo have equal Altitudes. 

I ſay, the Cylinder AGED, is triple of the Cone, ag d. 
f | DEu' 
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DE. Let there be regular Poligons, of any number of Sides, 
inſcribed; as ABCDEF, and abcdef, whoſe Sides 
AB, BC, &c. ab, bc, &c. are equal ; 
conſequently, they are equal Poligons. 

Let a Priſm be conſtructed on the Poligon, ABCDEF, 
whoſe Sides AG, BH, Cl, &c. are in the Surface of the 
Cylinder; and from every Angle of the Poligon, a bd, 
let there be drawn Right Lines ag, bg, &c. 

Then, abgdc is a Pyramid, whoſe Baſe is equal to 
the Baſe of the Priſm (byConſtruQion); and, having equal 
Altitudes, the Priſm, AM KC, inſcribed in the Cylinder, 
is triple of the Pyramid, inſcribed in the Cone. Th. 4. 


Again. Let the Arks AB, BC, &c. be biſected, at N 
and O; and let a Priſm be inſcribed, having twice the 
number of Sides. 


Alſo, let the Pyramid, inſcribed in the Cone, have the 


ſame number of Sides, as the Priſm; their Baſes are equal; 
and, conſequently, the Priſm is triple of the Pyramid - 4. 

And ſo it muſt always be; till, by multiplying the Sides 
of the Priſm, its Surface will be the ſame as the Surface of 
the Cylinder, and the Surface of the Pyramid as the Cone; 
the Baſes of the Priſm and Pyramid will be the ſame as 
the Baſes of the Cylinder and Cone, 

But, they are equal, and they have equal Altitudes. 

Therefore, the Cylinder is triple of the Cone; or, the 
Cone equal to one third of the Cylinder, Q. E. D. 
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THEOREM VI. 


Priſms, or Pyramids, having equal Altitudes, have 
that Ratio to each other, as their Baſes. 


Firſt, Let the Priſms have quadrangular Baſes, 


If they are Parallelopipeds, it is already proved - Cor.1.17.7, 

For, every Parallelopiped (is a Priſm ; Det. 7. 7.) may be di- 
vided, by a Plane paſfling through its oppoſite Diagonals, into two 
equal and fimilar triangular Priims ; conſequently their Baſes and 
Altitades are equal. - - - - - Th. 16. 7. 

And it is manifeſt, that if the Baſe of one be double, or triple, 
of the other, ſeeing they have equal Altitudes, they are as their 
Baſes ; i. e. the Priſm, whoſe Baſe is double or triple of the others 
Baſe, 1s double or triple of the other Priſm ; and conſequently, 
whatever ratio one Baſe has to the other, the Priſms have ne— 
ceſſarily the ſame. (For, whether the Baſes be ſimilar Figure: 
or not, being equal, it is the ſame; as it is proved, in Caſe the 3rd 
ot the 17th, being Parallelopipeds.) 

Alſo, if their Baſes be cqua., they are as their Altitudes- Cor. 2.17. 
and, if the Priſms are equal, their Baſes and Altitudes reciprocate, 
(Th. 19.) Conſequently, every triangular Priſm is to another, ot 
equal Altitude, in the fame ratio as their Baſes; ſeeing, they are 
each halt a Parallelopiped or Priſm, whoſe Baſe is double the Baſe 
of the triangular Pritm, and having equal Altitudes. 


<Q 


K Let the Priſms AFD and 
4 EGEM have equal Altitudes; 


the one on a triangular Baſe, the 
other pentagonal. 


Let the Diagonals G L, GO, 
HM, and HN be drawn, between 
oppoſite Angles in the equal 
Pentagons; and imagine Planes 
| _ OGHN, and GL MH, drawn 
through thoſe Diagonals, dividing the Priſm, EG KM, 
into three triangular Priſms, EGN, NGM, and MGl. 


11 
Wl 


Dzm. Then; becauſe the triangular Priſms, AFD and 
EGN, have equal Altitudes, they have that Ratio to cach 
other, as their Baſes ADE to E HN. proved above. 
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i. e. the Priſm AFD:EGN:: ADE: EHN 

And, the Priſm AFD:NGM::ADE:NHM Crheir Baſes. 
alſo, the Priſm AFD:MGTI:: ADE:MHI 

Wh. as the Baſe ADE: EHN +NAM + MHI 

ſo is the Priſm AFD:EGN +NGM + MGIL\ 25 
i. e. as theBaſe ADE: EHIMN :: thePriſm AFD: EGK M. 


2nd. Becauſe the Priſm AF is triple the Pyramid ACED; 


and the Priſm EG KM is triple of the Pyramid NEGIM -A. 


Alſo, as Baſe ADE: EHIMN,: : thePriſmAFD:EGEM 
conſ. as Baſe ADE: EHIMN,: : the Pyr. ACED;NEGIM 


Con. 1. Cylinders, having equal Altitudes, have the game 
Ratio to each other as their Baſes. 


For, ſimilar Poligons, inſcribed in Circles, are, to each other, as 
the Squares of their Diameters. - - - 'Th. 14. 6. 

And it has been proved, that all Priſms, having equal Altitudes, 
are in the Ratio of their Baſes, to each other; conſequently, 
Cylinders are to each other in the ſame Ratio, | 

Becauſe, every Cylinder, whether it be right or oblique, is 
equal to a Priſm, whoſe Baſe is the ſame, or equal to the 
Baſe of the Cylinder; 1. e. having its Sides multiplied continually 
till it ends in the Surface of the Cylinder; and its Baſe, in the 


Baſe of the Cylinder, 


Cor. 2. Cones, having equal Altitudes, are to each other, 


in the Ratio of their Baſes. 
Becauſe, a Cone is equal to one third of a Cylinder, having 


equal Baſes and Altitudes ; and Cylinders are in that Ratio to each 
other ; therefore Cones have the fame Ratio as Cylinders. 


Con. 3. Priſms and Pyramids, having cqual Baſes, are to 
each other as their Altitudes. 


Becauſe Parallelopipeds are Priſms; and it has been proved, 
that Parallelopipeds are to each other in that Ratio; and conſe- 
quently, all Priſms, having equal Baſes, are as their Altitudes. 


Cor. 4. Cylinders and Cones, having equal Baſes, are to 
each other as their Altitudes. | 


Becauſe, there is the ſame Ratio between Cylinders and Cones, 
as between Priſms and Pyramids, having equal Baſes. Iherefore, &c. 
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THEOREM VII. 


Similar Priſms and Pyramids are, to one another, in the 
triplicate Ratio of their correſponding Sides, * 


In reſpect of Priſms (being alſo Parallelopipeds) this property 
1s n proved (in Theo. 18th of the 7th) and conſequently, 
in Priſms having triangular Baſes; ſeeing, every ſuch Priſm is half 
a Parallelopiped, whoſe Baſe is double of the Priſm and having 


equal Altitudes, 
; 
& 
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Take any Right Line, V; and as ab is to AB, &c. 
make X to V; and as X is to V, ſo make Y to X; 
alſo, as V is to X, or X to V, make Z to v. 


I ſay, that, as V is to Z, ſo is the Priſm AK D to ak d. 


Let them be divided by diagonal Planes, BK, KC, bk, 
kc, paſſing through the oppoſite Diagonals; dividing the 
Priſms into three triangular Priſms, each. 


r 


% , ͤ0 


* I cannot conceive the reaſon, why Euclid confines this pro- 
portion, and the following, to Pyramids only ; and, to ſuch, only, 
as have triangular Baſes; - ſeeing that, it holds equally true in 
Priſms; and alſo in Pyramids, having poligonal Baſes, of any kind. 


DEM. 
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Dem. The Poligons ABCDE, abcde, are ſimilar - Hyp. 
wh. the Triangles ABE, a be, &c. are ſimilar. - 13. 6. 
and conf. the Priſms AKB, akb, &c. are ſimilar-Ax. 11.7 
(For, as AB: a b, or as BC: be,: : BG: b g, and GK: gk; 
conſequently, the diagonal Planes, BK and bk, K C 
and kc, are ſimilar) 
Wherefore, fince each triangular Priſm is equal to half 
a Parallelopiped, whoſe Baſe is double of the triangular 
Priſm, and Altitudes equal (above) they have that ratio to 
each other, which is triplicate of their correſponding Sides, 
i. e. as V to Z. (Ax. 8.5.) - » Th. 1g. 7. 
But the Priſm AKB: ak b:: BK C: bke, and as CK D: ck d. 
wh. as AK B: akb:: AKB+BKC+CKD:akb+bkc+ckd.* 
i. e. as the Priſm AK B: ak b:: the Ppriſm AK D: akd. 
But, AKB: ak b:: V: Z, Th. the Priſm AK D: akd:: V: Z. 


2nd. Let the Pyramids ABCD, abcd be ſimilar. (Fig. 2.) 
The Pyramids ABCD, abe d, being fimilar, are each equal 
to the third part of a Priſm on the ſame Baſe and Altitude. 

But, Quantities are in the ſame Ratio, to each other, 

as their Equimultiples or equal Parts. . Ax. 8. 5. 
and the triples of the Pyramids ABCD, abcd, are as V to Z. 
therefore, the Pyramid AB CD: abed: : V: Z. Q. E. D. 


Cor. Similar Cylinders are, to one another, in the triplicate 
Ratid of their Diameters or Sides. 
For, they are in the ſame Ratio, to each other, as ſimilar Priſms 


inſcribed ; or, as Priſms, whoſe Baſes are equal to the Baſes of the 
Cylinders, and having equal Altitudes. 


Cor, 2. Similar Cones are, to each other, in the triplicate 
Ratio of the Diameters of their Baſes, or of their Axes. 


Becauſe a Cone is equal to the third part of a Cylinder, on equal 
Baſes and Altitudes. . 


* 


* By Theo. 2nd of the 5th. + By Axiom 13 of the 15th, 
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THEOREM VIII. 


Equal Prifns, or Pyramids, have their Baſes and 
Altitudes reciprocally proportional. 


If the Priſms are Parallelopiped: 
it is already proved. =- = 19. 7. 

Let the triangular Priſm AK C 
be equal to the quadrangular Priſm 
. FLG; whoſe Baſes, ACD, FGHI, 
| are in the ſame Plane; to which, 

Draw the Perpendicular BI. 
BF and EF are their Altitutes. 


I fay, the Baſe, ADC, is to the Baſe, FGHI, a: 
EF is to BF. 

Let the Plane of the Top, LE, be produced, cuting 
the triangular Priſm, at EMN. | | 


Dem. The P:iſm AMC: AKC: : EF: BF, their Altitudes. 
And - - AMC:FLG:: ADC: FGHI,their Baſes. 
But, the Priſm FLG is equal to AKC; by Hypotheſis, 
conſequently, AMC: FLG::EF: BF, i. e. as ADC: FGRL 
Therefore, as ADC:FGHI:: EF: BF. Q. E. D. 


2nd. Draw the Diagonals AB, DB; EG, EH, and El. 


The Pyramid ABCD is equal to one third of AKC -4. 
And, the Pyramid FGEHI= one third part of FLG. 
But, Quantities are in the ſame Ratio as their Equimultiples; 
wherefore, the the Pyramid ABCD is equal to FGE HI. 


But, they have the ſame Baſes and Altitudes, as the 
Priſms, AKC and FLG. 


Th. their Baſes and Altitudes are reciprocally proportional. | 


Cok. 


0 
] 
1 
: 


1d 
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Cor. Equal Cylinders, or Cones, nave their Baſes and Al- 
titudes reciprocally Proportional. 
Becauſe, Cylinders are equal to Priſms whoſe Baſes 
and Altitudes are equal; and Cones to Pyramids, 


In theſe eight Theorems, and their Corollaries, with the 
Corollary to the next, is contained the whole of Euclid's 
12th Book; thoſe which follow, are ſelect Theorems from 
Archimedes; which ſhews how the ſurface of the Sphere may 
be aſcertained: alſo, of any Segment, or Portion of its Surface, 
intercepted between parallel Circles, with great accuracy. 


The next Theorem, which is not from Archimedes, 
ſhews, in a brief and elegant manner, the Ratio between 
the Sphere and a circumſcribing Cylinder ; and conſequently, 
if the quantity of the Cylinder be known, or attainable, the 
quantity of the Sphere may alſo be obtained. According to 
Archimedes, it is determined by the Cone, in the 17th of 
this Book; which, though perfectly true, is not fo brief; and 
though perhaps more geometrical, yet not more convictive 
and ſatis factory. | 

In the following is contained all that is really uſeful or 
valuable, in reſpect of the Cylinder, Cone, and Sphere, nor 
is it poſſible, I think, to obtain the Area of the Surface of 
a Sphere in a more conciſe manner. | 

In ſhort, without the following Theory, I cannot but 
think the Doctrine of Solids imperfect; ſeeing that, the 
Quantity of a Sphere, the moſt perfect Solid, cannot, by 
Euclid, be obtained, in reſpect either of its Superficies or 
ſolid Contents; for want of which, Artificers are frequently 
at a loſs, in meaſuring a Dome or other ſpherical Object. 
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THEOREM IX. 


Every Sphere is equal to two thirds of a circum- 
ſcribing Cylinder; 1. e. of a Cylinder whoſe Dia- 
meter and Altitude are equal, each to the Diameter 


i of the Sphere. 

| Let AB be the Diameter of a Sphere; biſect AB, at C. 

M | . 8 | | 

| On C, deſcribe the Semicircle AKB; 
and, on A B, conſtruct the Rectangle 

| AEDB, circumſcribing it, and draw AD, 

2 Then (AB remaining fixed) imagine 

1 L 


K them all revolved about AB, as an Axis; 
; the Semicircle, ARK will deſcribe a 
7-15 Sphere, AK BL, (Def. 14.) 

0 The Rectangle, AE DB, will deſcribe 
—_ ; B Right Cylinder, DE MN, containing 
\ No 2 * the Sphere (Def. 4.) and, the right- 


— 


\ A a 


N Is angled- Triangle, ADB, will generate a Right Cone, 
WT DAN; (Def. 10) whoſe Baſe, DN, is the ſame as the 
Cylinder, and equal to the Diameter of the Sphere. 
The Cone, D AN, is equal to one third part of 
the Cylinder. - - - - - Th. 5. 
I fay, that the Sphere, AK BL, is equal to the re- 
maining two thirds, 
Draw CD; and FG (at pleaſure) parallel to CK; 


cuting C D at H, and the Circumference of the Sphere 
at I; and draw CI. | 


Dez. In the Rt. angledTri. CFI, CI USC FHF - 20.1 
and, the Areas of Circles are as the Squares of their 
Diameters. es -  C,1.14 6. 


| wherefore, a Circle, deſcribed on CT, is __n to two 
| Circles, on CF and F I. 


P 


Book VIII. ELEMENTS or GEOMETRY. 395 


Now, in the revolution of the Square CEDB, there 
will be deſcribed the Cylinder K DN L; the Ark BIK 
will deſcribe a Hemiſphere; and, C D will deſcribe the 
Surface of a Right Cone, DCN; alſo, the Points G, 
H, and I, will deſcribe Circles, with the ſeveral Radii 
FG, FH, and FI; FG is equal to CI (equal CK) 
and F H is equal to CF. — - - 91. 
(for, the Angle CFH is Right, and the Angles FCH, 
FHC, are half Right; ſeeing that, the Diagonal, CD, 
biſects the Angles B CK, K DB) 

Wherefore, the Circle deſcribed by F H (equal CF) 
is equal to the difference between the Circles deſcribed 
by F G (equal Cl) and F 1, 

Conſequently, the Circle, deſcribed by FH, is equal to 
the Annulus or Ring, deſcribed by GI; 

and, conſequently, every Section (F G or fg) of the 
Cone DCN, by a Plane parallel to its Baſe, is equal 
to a Section of the concave Solid, remaining when the 
Sphere is ſuppoſed to be taken out of the Cylinder, 

Wherefore, the Cone, DCN, is equal to the Solid 
deſcribed by the mixed Triangle KiIB D. 

But, the Cone, DCN = one third of the Cylinder EDNL 
conf. the concave Solid (taking away the Hemiſphere, K BL, 
out of the Cylinder, KDNL) is equal to one third of that 
Cylinder; and conſequently, the Hemiſphere, KBL, is 
equal to two thirds of the Cylinder. 

But, the Cone, DCN, is half the Cone DAN; and, the 
Cylinder, DRLN, is half the Cylinder DEMN ; C. 4.6. 
alſo, the Sphere, AK BL, is double the Hemiſphere, K BL. 
Therefore, the Sphere AK BL, whoſe Diameter, AB or KL, 
is equal to the Diameter and Altitude of the Cylinder, 
DEMN, is equal to two thirds of the Cylinder, Q. E. D. 


CoRoLLARY. The 18th Propoſition, of Euclid. 


Spheres have that Proportion to one another, which 
is triplicate of their Diameters ; 
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For, all Cylinders, being ſimilar, are in that Ratio to one an- 
other; and conſequently, Spheres, inſcribed in Right Cylinders 
whoſe Diameters and Altitudes are equal, reſpectively, to the Dia- 
meter of the Spheres, being two thirds of ſuch Cylinders, are in 
the ſame Ratio to each other as the Cylinders; 1. e. in the tripli- 
cate Ratio of their Diameters. | 


THEOREM X. 


A Circle, whoſe Radius is a mean Proportional be- 
tween the Diameter of the Bafe, and the Side of a 
Right Cylinder, is equal to the cylindrical Surface, 


Let AB be the Diameter of the Baſe of 
the Cylinder AD, and let BD be its Side. 


Take FG a mean Proportional, between 

Ag and BD, (Prob. 30) and on FG, de- 
" ſcribe a Circle; let C be the Center of 
the Baſe of the Cylinder; produce BD, 
and make DE equal to BD. 

8 Then, CB, FG, & BE are Proportionals; 
for, CB: AB:: BD: BE, V. 
whetefore, CB Xx BE ABN BDB 9. 6. 
i. e. to FG; for ABX BD = FG Q. Cor. to g. 6. 

Let ſimilar Poligons (X and Z) be circumſcribed about 
the Baſe of the Cylinder, and the Circle whoſe Radius is FG; 
and let a Priſm, be ſuppoſed to circumſcribe the Cylinder. 


Dem. A Triangle, whoſe Baſe is equal to the Perimeter of 
the Poligon, and its Altitude equal CB, is equal to the 
Poligon ;* and a Rectangle under the Perimeter and BD, a 
Side of the Priſm, is equal to the Superfices of the Priſm-1.2 
Alſo, a Triangle under the Perimeter and BE is equal to 
a Rectangle under the Perimeter and BD, half BE. 


— 


* This follows from the 18th of the firſt. For, all the Sides of 
the Poligon are equal; and all Triangles having equal Baſes and 
Altitudes are equal. (See Art. 7. P. 7. in the Appendix). 
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But, a Triangle, under the Perimeter and C B, is to a 
Triangle under the ſame Perimeter & BE, as CB is toBE-1.6 
conf. the Poligon is to the Surface of the Priſm, as CB: BE. 
But, CB to BE is duplicate of CB to FG - Def.12.5. 
wherefore, the Poligon & is to the Superficies of the Priſm, 
in the Duplicate ratio of CB to FG. 

But, the Poligon X is to Z in the Duplicate ratio of theic 
Sides, or Perpendiculars, CB to FG, i. e. as CB to BE. 
wh. the Poligon X has the ſame Ratio to Z, as X has to the 
Superficies of the Priſm, AD; conf, they are equal-Ax. 5. 5 


After the ſame manner, it may be proved that the Super- 
ficies of any other Priſm, whoſe Faces being multiplied 
infinitely, till they end in the Surface of the Cylinder, AD, 
is equal to the Poligon circumſcribing the Circle, Z, whoſe 
Sides being multiplied, end at laſt in the Circle. 

Therefore, the Circle, Z, whoſe Radius is a Mean, be- 


tweenAB&BD, is equal to the Surface of the Cylinder, AD. 


Con. 1. The Superficies of a Right Cylinder is to its Baſe, 
as the Side of the Cylinder to the fourth part of the 
Diameter of the Baſe, 


For the Superficies of the Cylinder is equal to the Circle, 
whoſe Radius is FG; and that Circle, is to the Baſe of the 
Cylinder in the duplicate ratio of FG to CB; i. e. of BE 
to CB; i. e. of BD to half CB. 


Cor. 2. The Superficies of a Cylinder whoſe Side is equal to 
the Diameter of its Baſe, is equal to four times the Area of 


the Baſe; conf, if the Side be a fourth part of the Dia- 
- meter the cylindrical Superficies, and the Baſe are equal. 


Cor. 3. The Superficies of a Right Cylinder is equal to 
a ReQtangle, under its Circumference and Side, 


Cor. 4. Cylindrical Surfaces, of equal height, are to each 
other as the Diameters of their Baſes; and, having equal 
Baſes, they are as their Altitudes, 


Con, 5. The Surfaces of ſimilar Cylinders have that Ratio 
between them; which is duplicate of their Diameters. 
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THEOREM XI. 


A Circle, whoſe Radius is a mean Proportional 
between the Side of- a Right Cone and the Radius 
of the Baſe, is equal to the Superficies of the Cone. 


Let ABD be a Right Cone, the Diameter 
of whoſe Baſe is AD, and C its Center. 


Take FG, a mean Proportional between 
the Side, BD, and the Radius CD (equal 
BE and CE) and on FG deſcribe a Circle. 
Let regular Poligons (X and Z) be cir- 
cumſcribed about the Baſe of the Cone 
and the Circle, whoſe Radius is FG, of 


the ſame kind; and ſuppoſe a Fynn, on the Poligon X 
circumſcribing the Circle. 


Dem. Becauſe CE : FG :: FG : BE; by Hypotheſis. 
CE to BE is duplicate of CE to FGG. Def. 12. 5. 
But, as CE is to B E, ſo is the Triangle, whoſe Altitude 
is CE, and its Baſe, the Perimeter of the Poligon X, to 
the Triangle under B E and the ſame Perimeter. -Th. 1.6, 
Alſo, as CE is to BE ſo is the Triangle under CE and 
the Perimeter of the Poligon X, to a Triangle, under FG 
and the Perimeter of Z. -  - .” Th.6.and 12. 6. 
But, a Triangle, under CE and the Perimeter of X, is 
equal to the-Poligon X; and, the Triangle under FG and 
the Perimeter of Z is equal to that Poligon; alſo, the 
Triangle under BE and the Perimeter of X, is equal to 
the Superficies of the Pyramid.“ | 


* 


* This alſo follows from the 18th of the firſt Book of Elements, 
and Ax, 1, 1, (See the Reference to the laſt), 
Wherefore, 


\ 
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Wherefore, the Poligon X has the ſame Ratio to the 
Poligon Z, and to the Superficies of the Pyramid; conſe- 
quently, the Poligon Z is equal to the Superficies of the 
os, TE Oo Yoon wag ĩ t. 

After the ſame manner it may be proved, that the Su- 
perficies of any other Pyramid (whoſe Baſe is a regular 
Poligon, ſimilar, to one circumſcribing the Circle, whoſe 
Radius is F G, till by multiplying the Sides, equally, the 
Perimeters, of both, fall into the Circumferences,of the 
Circles, and the Superficies of the Pyramid into the Cone) 
is equal to the Poligon Z; conſequently, the Superficies 
of the Cone is equal to the Circle whoſe Radius is FG, a 
mean Proportional between the Side BD & the Radius CD. 


Cor. 1. The Superficies of a Right Cone is to its Baſe, as 
the Side of the Cone to the Radius of the Baſe. 


For, they are, reſpectively, equal to Triangles, whoſe Baſes 
are equal to the Circumference of the Baſe, and Altitudes equal 


to BD and CD reſpectively ; eee ny are to each 
other, as BE to CE. 1. 6. 


Cox. 2. The Superficies of a Right Cone is equal to a 
Triangle, whoſe Baſe is equal to the Circumference of 


the Baſe of the Cone, and its Altitude equal to a Side of 
the Cone. 


Hence it is manifeſt, that the Surfaces of Right Cones 


have all the ſame Properties as Triangles. 
If their Sides be equal, they are, to each other, as the 


Diameters of their Baſes; and having equal Baſes, they are 
as their Sides; or as their Axes, 


If they are ſimilar, the Ratio between their Surfaces is 


duplicate of their Sides, or Diameters of their Baſes, 


If they are equal, their Sides and Diameters are reci- 
procally Proportional, 


: 


Cor. 3, 
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Cor. 3. The Superficies of a Right Cylinder, is to a Right 
Cone, having equal Baſes and Altitudes, as the Side of 
the Cylinder, to half the Side of the Cone, 


For, the Superkcies of the Cone is to its Baſe, as the Side to 
the Radius ; or, as half the Side to half the Radius. And the 
Superficies of the Cylinder, to its Baſe, is as the Side to half 
the Radius; therefore, the Surface of the Cone is to the Surface 


of the Cylinder, as the Side of the Cylinder to half the Side of 
the Cone. 


Cor. 4. An Equilateral Cone, i. e. whoſe Side is equal to the 
Diameter of its Baſe, has it Superficies double of its Baſe; 
and if the Vertex be right angled, the Ratio is as the 
Diagonal of a Square to its Side. 


THEOREM XII. 


If a Right Cone be cut by a Plane, parallel to 
its Baſe; a Circle whoſe Radius is a mean Pro- 
portional, between part of the Side { betwixt the 
Baſe and the Section) and the Radius of that Section 
added to the Radius of the Baſe, is equal to the 


Let BAF be a Right Cone; and let DJ 

parallel to the Baſe, BF. | | 
Take GH a mean Proportional, between AB, and BC; 

and GI a Mean between AD and DE; on which, 


deſcribe Circles, X and Z. 
4 | The 


Bc 
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The Circle X, on GH, is equal to the whole Superficies; 
and, that on GI = to the Surface of the Cone, DAJ]-1n. 
and, AB X BC= AD x DE, + DBXBC, + DB x DE.“ 
Take GK a Mean, between DB and DE TEC; on 
which, deſcribe a Circle; let it be called Y. 
I ſay, that Circle (Y) is equal to the conical Super- 
fices BD JF; between the parallel Circles. 


DEM. Becauſe GH is a Mean, between AB, & BC - by Con. 

the Square of GH ABB; i.e. to the Rect. AB cd; N 6 
For the ſame reaſon, GI 9 =ADxDE; i. e. to AD ea g 
And, becauſe GK is a Mean, betwixt BD and DE BC; 
GEO BD X BC, + BD x DE; (equal Bf Be) 
i. e. to a Rectangle under B D and DE + BC. 
Conſequently, GH = GIT GK n. 

(Becauſe, the Rectangle equal to GH Square, is equal to 
two Rectangles, which are reſpectively equal to the two 
Squares, of GI and GK) 

But, Circles are to each other, as the Squares of their 
Diameters, and conſequently as their Radii - C. T. 14. 6. 
And the Circle X is equal to the whole conical Surface; 
alſo, the Circle Z is equal to the Surface D A J. 
Therefore, the Circle Y (being equal to the Difference 
between the two, X and Z) is equal to the Superficies 
BDF]; between the Section, DJ, and the Baſe, 


* 'This is deducible from the ſecond Book of Elements; having 


formed a Conſtruction. 


Let ABe d be a Rectangle, under AB and BC; Ac being 
d-awn, and Df parallel to Bc, cuting it at e; and ab (through e) 


parallel to AB. | 
Tien, the whole, Bd (equal AB x BC)=D a (equal AD x DE) 


EF (equal BD x BC)-+ ed (equal BDK DE, i. e. Be, 19. 1.) 
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THEOREM XUE 


If a regular Poligon, having an equal number of Sides, If 
be inſcribed in a Circle, and if a Diameter (which 
is alſo a Diagonal of the Poligon) be drawn, and 
another Diagonal, from either extreme of the Dia- 
meter to the adjacent Angle; the Rectangle, under 
the Diameter and that Chord, is equal to a Rect- 
angle under a Side of the Poligon and all the 
paralle] Chords, joining two and two contiguous 
Angles. 


ea ou wes PDAOAm as 


In the Circle AGF, deſcribe a regular 
Octagon, ACE.GBH FD ; draw the Dia- : 
meter AB, and the Diagonal BC; alſo, D! 
” draw CD, EF, and GH. 

I fay, the Rectangle, under AB and BC, 

js equal to a Rectangle under AC (or AD) 

and CD, added to EF, added to GH. 
Join DE and FG. 


Du. Becauſe CE DF, and EG to FH, the Chords 
CD, EF, and GH, are all parallel - Cor. to 10. 3. 
And, for the ſame reaſon, AC, DE, FG, & HB are parallel; 
conf, the Triangles ACT, IDK, KEL, &c. are ſimilar. 
Wh. AL:IC::IK:ID,::KL:LE,::LM:LF, &c.-Th. 4.6. 
i. e. as AI:IC:: AB: CD+EF + GH, = 2.5. 
for, the Diameter, AB, = AI+IK + KL, &c. 
and CND+EF+ GH = CI + ID+EL, &c. - Ax. 1. 1. 
But, as Al:IC: : AC: CB (7.6) forACB is a R. Angle -12.2. 
Conſequently, AC: CB:: AB: CD+EF+GH - Ax. 13.5, 
Therefore, ACXCD+EF+GH=CBXAB - Th. 9. b. 

Cor. Hence it is manifeſt, that if in any Segment of a Circle, 
as GAH, a Poligon be inſcribed, on GH, whoſe Sides are 
equal, and equal in Number; a Rectangle, under the 
Chord CB and AN (part of a Diameter, perpendicular to 


GH) is equal to a Rectangle under a Side AC, and the 
Chords, CD + EF + GN, half the. Baſe. 
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THEOREM XIV. 


If a regular Poligon be inſcribed in a Circle, (as in 
the foregoing Theorem) and Chord Lines be drawn, 
(as there deicribed); a Circle, whoſe Radius is a 
mean Proportional between the Diameter (AB) and 
the Chord CB, is equal to all the conical Superficies 
deſcribed by the revolution of the Poligon, on the 
Diameter or Axis, AB. 


The ſame Conſtruction remaining, as in the former Figure. 


Find X a mean Proportional between AC and CI; 


alſo V, a Mean, between CE and Cl added to LL. 


Dem. Now, AC, CE, EG, & GB are equal, by Conftrufitn, 
And, ABXBC = ACXCD-+EF+ GH (Th.13.) i. e. to 


ACXCI,+CEXxCI+EL,+EGXEL+GN,+GBXGN 


Find Z, a mean Proportional between AB and BC; 
the Square of Z is equal to the Squares of X and V taken 


twice; i. e. to AC x CD, +CEXEF, EGXGH - 13. | 


On X and Y deſcribe Circles; the Circle X is equal to the 
Surface of the Cone DAC, . - — — F. x. 
and, the Circle V is equal to the conical Surface EC DF- 12. 

But, Circles are in the ſame Ratio as the Squares of 
their Diameters, (C. 1. 14. 6.) wherefore, a Circle, de- 
ſcribed on Z, is equal to X and Y, taken twice, 

But, the Cone DAC = GBH; and ECDF =EGHF ; 
ſor, CD is equal to GH, and CE to EG, &c. 


Therefore, a Circle (Z) whole Radius is a mean Propor- 


tional between AB and BC, is equal to all the conical 
Superficies, deſcribed by the revolution of ACEGB, on AB, 


Cor. After the ſame manner it may be proved, that a Circle, 


whoſe Radius is a mean Proportional between CB & AN, 


is equal to all the conical Superſicies deſcribed by ACEG 
on AN, in the Segment GA 1, | 
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THEOREM XV. 


The Surface of a Sphere is quadruple of the greateſt 


N 


i 1 


Circle, made by a Section through its Center; 
i. e. to a Circle whoſe Radius is equal to the Dia- 
meter of the Sphere. 


Let AD B K be a Circle, the Section of a Sphere 
through its Center. 


Let there be inſcribed a regular Poligon, 
having an even number of Sides ; draw the 


adjacent Angle. 
Imagine the Circle ADBK, with the Po- 


8 12 — ligon, "revolved on AB; the Circle will gene. 


| tal 7 rate a Sphere (NB. Def. 14.) and the Sides of 


Jdoe fFoligon AC, CD, &c. will generate Right 
Conical Nees inferidel in the Sphere. 

4 AC and EB will deſcribe equal Cones (for 
they are equal,and equally inclined to the Axe 
AB); CD and DE will alſo deſcribe equal 
. — for they are equal, and CH is equal to EI. 

The whole conical Superficies, is leſs than the Superficies of 
the Sphere; for the Arks, AFC, CGD, &c. are greater than 
the Chords AC, CD, &c; alſo, a mean Proportional, between 
AB and BC, is leſs than the Diameter, AB. 

Let the Arks, AC, CD, &c. be biſected, at Fand G; and 


mw» 


Nu 


draw AF, FC, &c. 


It is manifeſt, that the conical Surſaces, , deſcribed by the 
revolution of AFCGD, will be greater than thoſe deſcribed by 
AC, CD; but they are leſs than the Surface of a Hemiſphere, 
deſcribed by the Ark ACD; and, a mean Proportional between 
AB and BF, 1s greater than a Mean, between AB and BC, 
but it is alſo leſs than the Diameter AB. 

By the ſame reaſcning, 1. e, by multiplying the Sides of the 


| inſcribed Poligon, the Superficies of Cones, inſcribed in the 


Sphere, will, at laſt, end in the Surface of the Sphere; when 
the Sides, of the Poligon end in the Circumference of the Circle. 
For, if AF be biſected, at O, the Chords AO, OP diviate but 
very little from the Arks they ſubtend; and a mean Proportional 
between AB and BO, will differ very little from the Diameter 
AB; and conſequently, it will at laſt be the ſame as the Diameter. 


Diameter, AB, and the Diagonal BC, to the 
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Sides of thePoligon, BF will coincide with AB. 
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Dem. But, a Circle, whoſe Radius is equal to a Mean, 


between AB and BF, or between AB and BO, is equal 
to all the conical Superficies, deſcribed by the revolution 
of the Poligon, whoſe Sides are equal to AF or AO- Th. 14. 

Conſequently, a Circle whoſe Radius is equal to the Dia- 
meter, AB, is equal to the Surface of a Sphere, deſcribed 
by the revolution of the Semicircle ADB. 

But, Circles are to each other, or amongſt themſelves, as 
Squares of their Diameters, - -  - Cor. 1. 14. 6. 
and the Square of any Right Line is equal to four times 
the Square of half that Line, = - Cor. to 4. 2, 
Conſ. a Circle whoſe Radius is equal to the Diameter of 
another, is quadruple, i. e. equal to four times that Circle. 
Th. the Superficies of a Sphere is equal to four ' great 
Circles, equal, in Diameter, to the Diameter of the Sphere. 


Con. The Superficies of the Segment of a Sphere is equa] to 


four Circles, whoſe Diameter is a Right Line drawn from 
the middle Point in its Surface (1. e. the Point where a 
Perpendicular, from the Center of its Baſe, cuts it) to the 
Circumference of its Baſe. | 


For, by the preceding, it is proved, that the conical Super- 
ficies, in every Segment, is equal to a Circle, whoſe Radius is 
equal to a mean Proportional, between the Chords CB, FB, or 
OB and Al, the Altitude of the Segment EAL. 


Let DAE be a Segment, and AG its Axis. Draw AE, 


Then, becauſe all the conical Surfaces, de- 
ſcribed by AF, FC, &c. is equal to a Circle, 
whoſe Radius is a mean Proportional be- 
tween AG and BF; conf. by multiplying the 


But, AE is a Mean Proportional between 
AB and AG. - Cor. 2.7. 6. 


Conſequently, a Circle, whoſe Radius is AE, 
15 equal to the ſphericalSurface, deſcribed by 


/ 1 * 
the revolution of DAE. Ke 4 


Cor. 2. TheSuperficies of a Right Cylinder, whoſe Diameter 


and Altitude are equal, each to the Diameter of a Sphere, 
is equal to the Superficies of the Sphere. 


For, the cylindrical Surface, being equal to a Circle whoſe 
Radius 1s a mean Proportional between its Side and Diameter, 
which are in this Caſe equal (Theo. 10.) is equal to four times 
its Baſe, 1, e. to a great Circle of the Sphere. 

But, the Surface of the Sphere is alſo equal to four ſuch Circles. 
Therefore, the cylindrical Surface is equal to theſpherical-Ax.3.r 
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THEORE M XVI. 


If a Sphere be inſcribed in a Cylinder, and being both 
cut by Planes, parallel to the Baics of the Cylinder; 
each Segment of the ſpherical Surtace will be equal 
to the portion of the cylindrical, intercepted be- 
tween the ſame parallel Planes, 


== Let the Sphere, AEBF, be circumſeribed 

| by the Cylinder GIKH, and let them be 

both cut by the Planes CD, EF, parallel to 
the Baſes, GH, IK, of the Cylinder. 

I fay, the ſpherical Surface NAO, or 
ENA CO F, is equal to the cylindrical Surface 
ICDK,orlE#K; alſo, the ſpherical Surface 
NEFO, is equal to the cyl. Surface, CEFD. 

Let AB, be the Axe of the Cylinder, and 
Sphere; and let the Diameters CD, EF, of 
' the Cylinder, be drawn, cuting the Axe perpendicularly, 

at Land M, and the Surface of the Sphere at N and O, 

E and F. Draw AN, NB, and AE, EB. 
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Dem. Then becauſe ANB is a Right Angle (12. 3.) AN is 
a mean Proportional between AL and AB; i. e. between 
Cl and CD. e „ „ 6. 
Alſo, becauſe AEB is a Right Angle, AE is a Mean, be- 
tween AM and AB, i. e. between El and EF. - ſame, 

But, the Circle, whoſe Radius (AN) is a mean Propor- 
tional, between Cl and CD, is equal to the cylindrical 
Superficies, ICDK. (10.) And, it is equal to the Superficies 
of the ſpherical Segment NAO. Therefore, theSuperficics 
ot the two Segments, of the Cylinder and Sphere, are equal. 


After the ſame manner it may be proved, that the Su- 
perhcies IEFK, of the Cylinder, is equal to the Surface of 
the Segment, ENAOF. 

Conf. the Surface of the Cylinder, CEFD, between the 
parallel Circles, CD and EF, is equal to the Segment of the 

ſpherical Surface, NEFO, between the ſame parallel Planes. 

And, it is alſo manifeſt, that the remaining Superficies, 
EGQHEF, of the Cylinder, is equal to EBF of the Sphere. 


From this and the foregoing moſt excellent 'Theorems, is de- 
duced a certain Rule for aſcertaining the true Area of the Sur- 
face of any Segment of a Sphere or other Portion, contained 
between parallel Circles, 2 
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Cox. The Segments of a ſpherical Surface, intercepted he. 


tween parallel Circles, have the ſame Ratio, between them- 


ſelves, as the Segments of the Axc, or Diameter (AB) 
cut by theſe Planes. | 


For, each Segment, or portion of the ſpherical Surface, NAO, 
NEFO, and EBF, is refpectively equal to the correſponding 
portion of the Cylinder, ID, CF, and Et; and thoſe Portions 
are, to cach other, as IC to CE, to EG, i. e. as AL: LM: MB; 
conſequently, the Surfaces, NAO, NEFO, and EBF, are to 


cach other, as AL, LM, and MB. 


THEOREM XVI. 


A Sphere is equal, in its ſolid Contents, to a Cone, 


whoſe Baſe is equal to the Surface of the Sphere, 
and its Altitude to the Radius. 


Imagine the Sphere ADF circumſcribed 
by any regular Body whatever ; and, from 
every Angle of the circumſcribing ſolid ſap- 
poſe Right Lines, AC, EC, &c. drawn to 
the Center, C; there will be formed as many 4 
Pyramids, as the Solid has Faces, whoſe com- 
mon Vertex is at the Center of the Sphere; 
which, together, 1s greater than the Sphere. 

Imagine further, that every Angle, A, B, 
E, &c. of this Solid, be cut off by a Plane, 
touching the Sphere, and perpendicular to 


— 


. 


the Right Line from the Angle cut off, It is evident, that there 
will be formed another regular ſolid, containing the Sphere, 
touching every Face; which Solid is leſs than the firſt, but it 
15 greater than the Sphere ; and, by drawing Lines from every 
Angle, as before, there will be formed as many Pyramids as 
this Solid has Faces. n 

By proceeding thus, ad infinitum, it is manifeſt that the ex- 
terior Surfaces of this Solid, which conſtitute all the Baſes ot 
the innumerable Pyramids, mull, at laſt, end in the Surface of 
the Sphere; and conſequtatly, the Pyramids, or whole Solid, is 
the ſame as the Sphere; or, the difference leſs than any given 


Quantity. 


Then, let BEF be a Circle, and C its Center. If the 
Radius BC be equal to the Diameter of the Sphere, the 
Circle BE F is equal to the Surface of the Sphere - Th. 15. 
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408 ELEMENTS or GEOMETRY. 


Make AC (perpendicular) equal to 
its Radius, and imagine the Right 
angled TriangleABC revolved around; 
the Hypothenuſe, AB, will deſcribe 
the Surface of a Cone, BADF. 


I ſay, the Cone is equal to the Sphere, 


But, they are, reſpectively, equal to them, by Hypo- 
theſis; and they have, alſo, equal Altitudes 1. e. the Ra- 
dius of the Sphere. Conf. each Pyramid is equal to its 
correſponding one in the Solid; and, conſ. all the Pyramids 
contained in the one are equal to the other. But, Cones 

and Pyramids, whoſe Baſes are equal to one another, are 


equal. Th. the Cone, BADF, is equal to the Sphere ADF. 


Cor. 1. Sectors of Spheres, * are equal to Cones, whoſe 
Baſes are equal to the ſpherical Superficies of the Sectors, 
and the Altitude of the Cone to the Radius of the Sphere. 


For, ſince the whole Sphere is equal to a Cone, whoſe Baſe 
is equal to the whole Surface, and Altitude to the Radius; conf. 
a Cone having the ſame Altitude will be to the other, as the Baſe 
of one to the Baſe of the other; 1. e. as the portion of the ſpherical 
Surface to the whole; and, conf. the Sector is equal to ſuch a Cone. 


Cor. 2. A Hemiſphere is double of a Cone, having the 
ſame Baſe and Altitude. | 


For, becauſe the Surface of a Sphere is equal to four large 


Circles; the Surface of the Hemiſphere is double its Baſe. 


But, a Cone whoſe Baſe is equal to the ſpherical Superficies 


of the Hemiſphere, and equal Altitude, is equal to the Hemi- 
ſphere ; conſequently, if the Baſe of the Cone be equal to the 
Baſe of the Hemiſphere, it will be half the Hemiſphere, 


Cor. 3. A Segment of a Sphere is equal.to the Difference 
between a Sector, whoſe ſpherical Superficies is the Surface 
of the Segment, and a Right Cone, whoſe Baſe is equal to 


theBaſe of theSegment,& itsSide,to the Radius of the Sphere. 


* By Sector of a Sphere is to be underſtood, a Portion contain- 
ing a Segment, and a Right Cone on the Bale of the Segment, 
whoſe Side is the Radius of the Sphere, 
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MENSURATION or SUPERFICIES. 


HE whole Theory of Menſuration of Superficies, conſiſts 
T in finding a Rectangle equal to the given Figure. 

In Theo. 17, Book 1ſt. it is demonſtrated, that every Triangle 
is equal to half a Parallelogram, on the ſame Baſe and Altitude; 
and, in Theo. 18th. is ſnewn and demonſtrated, that, all Paral- 
lelograms or Triangles, having the ſame or equal Baſes and the 
ſame Altitude, are equal. Conſequently, ſince Rectangles are 
Parallelograms (Def. 33 and 44) and it is, there, fully demon- 
ſtrated that they are all equal, having equal Baſes (i. e. having 
any two Sides equal) and the perpendicular diſtance between thoſe 
Sides and the oppoſite alſo equal, it is evident, that the mea- 
ſure of one is alſo the meaſure of the other. And, becauſe Tri- 
angles on equal Baſes with Parallelograms, and being of equal 
height are equal half ſuch Parallelograms, the Area of a Triangle 
is readily obtained. 

Hence is deduced the general Rule (well known to all Surveyors 
or Artificers, concerned in meaſuring ſuperficies) for finding the 
Area of any triangular plane Figure; which is, to multiply the 
Baſe, i. e. any one Side, by half its height, from that Side, or 


half its Baſe by the whole height; the reaſon for which is, in 


thoſe Theorems, clearly accounted for; and, in that conſiſts the 
whole of ſuperficial Menſuration. 
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In Prob. zoth is ſhewn how to conſtruct a Rectangle, equal to a 
Triangle, on thoſe Principles; and in the 22nd it is further ex- 
tended to a Trapezium; or to any Quadrilateral, whatever, ye- 
gular or irregular, 

The 21ſt ſhews how to conſtruct a Parallelogram, under any 


Angle, equal to a Rectangle, on the ſame Baſe; and conſequent- 


ly, by changing the Premiſes, a Rectangle may be formed equal 
to any Parallelogram whatever, 

If the conſtruction of thoſe Figures be well underſtood ; practi- 
cal menſuration is eaſily attained ; which conſiſts (as I have ob- 
ſerved above) in finding a Rectangle, 1. e. in knowing how to 
take the dimenſions of the two Sides of a Rectangle, equal to 
any given Figure; for, the multiplication of any two Numbers 
being applied to meaſure, always denotes, or produces the Area 
of, a Rectangle under ſuch dimenſions; which I ſhall, in the firſt 
place, endeavour to make clear and intelligible, 


Moſt People, at the firſi thought on theſe matters, imagine, 
that if two Figures (of any ſpecies whatever) kave equal Circuit, 
i. e. if the meaſure of all the ſides, of each Figure, in one ſuni, 
be the ſame, they have equal Areas; than which, nothing is more 
falſe, as will be made appear, 

A Circle contains the greateſt Area of any Plane Figure, hav- 
ing an equal Circumference or Perimeter. If a Circle be depreſ- 
ſed, though ever little, it becomes elliptical ; in which Caſe, 
it loſes of its dimenſions ; and the more it is depreſſed, i. e. the 
more excentric an Ellipſis, having an equal Peripher̃y, or Cir- 


, of 4 „ — 
- cumference with a Circle, the leſs is its Area to that of the 


Circle. Conſequently, if a cylindrical Veſſel be bulged, or it 
its Sides are depreſſed till it decomes elliptical, it loſes of its mea- 
ſure; and the more the Sides are depreſſed, the more it-loſes ; be- 
cauſe it is evident, that, if they are preſſed quite flat, it loſes the 
whole internal Arca, 

So likewiſe, of right Tined Figures; the more the Sides ate 
multiplied, and the nearer it approachics, in figure, to a Circle, 
the greater area it contains, Conſequently, regular Poligons, of 


a greater number of Sides, contain a greater Area, than thoſe of 


fewer Sides and having equal Perimeters- 


Hence 


x a # WW 


OF-MENSURA T1 0 N. 53 


Hence it is plain, that a Rectangle contains a greater Area than 
any other Quadrilateral whatever; it the meaſure of their Sides, 
in one Sum, be equal. But, a Square, which is the moſt perfect 
Rectangle, contains a leſs Area than a regular Pentagon; and a 
Pentagon contains leſs than a Hexagon; a Hexagon leſs than a 
Heptagon, and fo on to a Circle, whoſe Perimeters are all equal; 
ſo that the Square and Circle, whoſe Perimeter and Circumterence 
are equal, differ greatly in Area, as ſhall be illuſ rated hereafter to 
demonſtration, | 

Now fince, in Menſuration, a ReQangle 1s the ſtandard or cri- 
terion, by which the Area of all Plane Figures, as well as all 
other ſuperficial Contents, are aſcertained; I ſhall, in the firſt 
place, ſhew, and account for, the methods ot taking the dimen- 
ſions of various Figures; which meaſures, being multiphed into 
each other, will give the true Area; each Figure beivg equal to a 
Rectangle under thoſe Dimenſions. 


I» The area of a Square 1s obtained, by multiplying the meaſure 
of one Side into itſelf. e. g.. 


B 


2 


Let the Side of the Square ABCD be hve 


I 
feet ; the meaſure of a Foot being repreſented 4 
by each ſmall diviſion on its Side, as 1, 2, 3, 4,5 4 
Now, it from theſe diviſione, lines are drawn, 


IN) 


both ways, parallel to the Sides; it will be 


divided into as many leſs Squares, as the Side 7 


multiplied by itſelf produces; viz. 5 times 5, wa Aa 


equal 25; which, is the number of ſmal} X 3 


Squares contained in the large Square, ABCD; each ſmall ſquare 


a, b, c, &c. being ſuppoſed one Foot, on each Side, is, therefore, 


called a ſquare Foot. So, the Square AE, containing three feet 
on each Side, is a Square Yard; its Area is nine ſquare Feet. 
But, when a Reftangle meaſures more, or 1s longer, on one 


7 


Side than the other; then, either Side muluplicd by the other, 


not oppoſite, gives its Area or ſuperficial Meaſure, Whereas, in 


a Square, the Sides are all equal; and con: equently, the meaſure 
of one is alſo the meaſure of any other; therefore, the Side is 
ſaid to be multiplied into itſelf, to produce its Area. 
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E. C 2. If the Rectangle AB CP meaſures 8 Feet 

1 1 on one Side (AD) and 5 Feet on the other 
z (AB) the oppoſite Sides are the ſame (15.1.) 
Ws — and if Lines are drawn through the divi- 
. ſions (as in the Square) parallel to the Sides, 
| F | it will be divided into 5 times 8, equal 40; 


| a | F b the number of ſquare Feet, contained in the 
2 1 Rectangle. 


Hence, it is evident, that, in Menſuration, any two Numbers 
denoting Meaſure, in Inches, Feet, Yards, &c. being multiplied 
into each other, gives the area of a Rectangle under theſe Dimen- 
fions, in ſquare Inches, Feet, &c. and conſequently, all multi- 
plication of Meaſure, denotes the Figure, under ſuch dimenſions, 
to be right angled, Wherefore, the multiplication of Lines, in 
Geometry, implics a Rectangle conſtrutted on two Lines. 


3. To any Point, E (in BC) let AE, DE be drawn, forming a 
| Triangle, AED, 


It is obviews, that the Triangle AED contains ſeveral whole 
and entire Squares, F, F, &c. and ſome Pentagons, as a, a; ſome 
Trapezia, as bb, and ſome Triangles, as cc, &c. 

Now, it would be no eaſy matter to aſcertain how many entire 
Squares all thoſe irregular Figures are equal to; for there are but 
12, entire, 4 Pentagons, 3 Trapezia, and 7 Triangles. 

But, ſince (by Th. 17) we have full conviction, that the Triangle 
AED is equal to half the Rectangle ABCD; and the Rectangle 
ABCD contains 40 ſmall Squares; conſequently, all thoſe i irregu- 
lar Figures are equal to 8 Squates; which, added to the 12 entire 
ones, make 20, the true Area of the Triangle AED. 


4. Next, I will ſhew, that two Parallelograms, may have the Sum 

| C of 'K their Sides equal, and differ greatly in Area. 

IO The Rect. ABCD, and Par, AEFD, 
\ have their Sides, AD, BC, and EF, equal; 

for, AD! is common to both; conſequently, 


| (15. 1.) are equal to each other - Ax. 3. 
A238 AE, :ndDC=DF(N.B. 7, Def.20.) 
Wo and conſ. AB+BC+CD-+AD is equal 
10 AE+EF+FD+AD. 


BC and EF, being both equal to AD - 


on one Side (AD) 8 feet, and on the other 


OF MENSURATIO N. 8 


But, the Area of the Par. AEF D is not equal to the Area of 
the Ret. ABCD. For, if AE be multiplied into AD, it will pro- 
duce an Area equal to the Rect. ABCD, becauſe, ABS AE. 

But, the Par. AEFD is equal to the Rect. AGHD only, 

For, it is demonſtrable, that, the Triangle AGE=DHEF. - 5. 1. 
Coniequently, if DHF be taken away, and its equal, AGE, be 
added, the Rectangle AGHD is equal to AEF D. 

Again, if AE be produced to I, and DF to K (in BC produced) 
Then, the Parallelogram AIKD is equal to the Rect. ABCD. 
For, the Triangle ABI DCK; wherefore, taking away DCK, 
and adding an equal, ABI, the thing is manifeſt. 

Nor, if the Rectangle ABCD be ſuppoſed to be depreſſed, to 
AEFD, it is evident that it has loſt of its dimenſions, conſiderably ; 


and if it be depreſſed lower, to ef, it ſtill loſes more; notwith- 


ſtanding the Perimeter, Aef D, remains the ſame, equal ABCD. 
Conſequently, ABCD, contains a greater Area than any other 
Parallelogram, having an equal Baſe, and equal Perimeter. 
Therefore, it ABCD be depreſſed, 1. e. if the Angles are not 
Right ones, it will contain a leſs Area; for, if AB and CD de- 
viite ever ſo little from a Perpendicular, BC muſt neceſſarily fall 
lower, Conſequently, its Altitude being leſs, and the Baſe re- 
maining the ſame, its Area is leſs, - <- Cor. 1. 6. 


g. It may ſeem ſtrange, to ſome, that a Square ſhould contain a 


greater Area than any other ReQangle, having equal Perimeters. 


Suppoſe the Rectangle ABCD to meaſure, E. 


Side (AB) 6 feet; its Arca is 8 x 6=48; and 


its Perimeter is 8+8+6+6=28. 


— 


Let a Square, AEFH, be deſcribed on AH, 


equal 7 feet. Then, the meaſure of its Sides, , 
in one ſum, is 7 Xx 4, or 4 times 7=28, the 


ſame as the Rectangle. 


Now, the Rectangle ABG H is common 6 Back the Square, 
AE FH, and the Rectangle ABCD. = 
But the Rectangle, BEFG, which is the remaining part of the 
Square, contains 7 ſmall ſquares ; whereas, the Rectangle DCG, 
the remaining part of the Rectangle, ABCD, contains but fix. 
1 The 


J 
hk 
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The area of the Square is 5x7; or 7 times 5=49, whereas 
the area of the Rectangle is but 8x 6=48 ; one 49th part leſs, in 
its Area, than the Square; which is accounted for by the Fi- 
gure; and from the 11th Theorem, Book gth, 


Hence, it is plain, that a Square is the moſt perfect of Rect- 
angles, or other Parallelograms; as a Circle, of all Plane Figures. 
And, ſince no other Figure, but ReQangles, can anſwer the pur- 
poſes of Menſuration, in producing the true Area; it is certainly 
moft conſiſtent, that all ſuperficial Meaſure ſhould be reduced to a 
ſtandard meaſure by the moſt perfect of ReQangles, a Square. 


| C 

p r Ds. In the Parallelogram AEF D, let AE be di- 
N vided into the ſame equal parts as AB or 

| nn FE. AD; and if, through thoſe diviſions, Lines 
. aare drawn parallel to the Sides, AD and 

2. V. A AE, it will be divided into as many leſſer 
8 | Parallelograms as the ReQtangle, ABCD, 

YEE 2 contains Squares. 


ZI 


But, thoſe leſſer Parallelograms are Rhombuſes (Def. 36) each 
peing in the ſame Ratio to a Square, of an equal Perimeter, as 
the whole Parallelogram AEFD to the Rectangle ABCD; conſc- 
quently, they do not aſcertain its Area. 

The Area, therefore, of a Parallelogram (except it be a Rect- 
angle) is not obtained by the meaſure of its two Sides, AD, AE, 
or DF, but by the meaſure of one Side, as AD, only, and its 
perpendicular Altitude, DH; which, being multiplied together, 
produce the Area of a Ret, AHD; to which, the Par. AEFD, 
is equal; as it is evident from the Figure, 

The Par. AEFD=AGHD, and is deficient of the Rect. ABCD, 
by the Rectangle GBCH, equal one fixth part of ABCD (1. 6.) 
GB being one ſixth part of AB. 


N. B. Either Side of a Parallelogram may be taken, in order to 
obtain its Area, but not both; unleſs it be a Rectangle. 


If DF be taken, then, the perpendicular diſtance between 


that Side and its oppoſite, AE, will :lio gire the true Arca. 
7. The 


Of MENSURATI O N. 7 


7. The Area of regular Poligons is readily obtained. 

The general Rule for meaſuring Poligons is, to multiply half 
the Perimeter, i. e. half the Sum of all the Sides, by a Perpen- 
dicular from the Center to any Side; which implies, that a 
Rectangle of thoſe Dimenſions is equal to the Poligon ; the truth 
of which I ſhall endeavour to make appear; as follows. 


gp — 


Let ABDEFGH be a regular Hepta- — — 


G N 
gon, whoſe Center is C. Fy v 
Draw AC, BC, &c. dhwiding it it into ] 
ſeven equal, Iſoſceles Triangles. H / 
Draw a Right Line, af, indefinite; in W 7 
which, take a b, bd, &c. each equal to 51 2 — . * 
a Side of the Poligon; and, on the Baſes | 


ab, bd, &c, conſtruct the Triangles, 
acb, bld, dke, and ehf, equal and \ a 0 
ſimilar to the Triangle ACB in the Poligar; 712. 2 

And, if a Right Line, ch, be drawn through their Vertices, 18 / 
will be parallel to af (C. 18. 1.) and, there will be conſtructed three _ / 
more Triangles c bl, &c. equal and ſimilar to the other; and con- 
ſequently, the Trapezium, a chf, is equal to the Heptagon AGEB: 
for, it contains ſeven Triangles, equal to thoſe in the Poligon. 


Draw c1 perpendicular to ab; the Triangle a eb being Iſo- 
ſceles, the Baſe, ab, and conſequently, the Triangle, acb, is 
biſected, by the Perpendicular e. C. 3. 9. 1. 

Produce ch; and, make hg equal ai and draw fg, which 
will be parallel to c i, and alſo equal. „r. 
wherefore, the Tri. fg b, is equal to the Tri. aci. - 7.1. 
conſequently, the Rectangle icg f is equal to the Trap. a chf; 
(which was made equal to the Poligon.) - Ax. 6 and 7. 

But, the Side if, equal c g, of the Rect. i e gf, is equal to 
IBDEF, half the Perimeter of the Poligon ; and c1, equal gf, 
the other Side of the Rectangle, is equal to GH a Perpendicular 
of the Poligon; by Conſtruction. | 

Conſequently, half the Sum of the Sides, AB, BD, &c. (equal 
1f) multiphed by the Perpendicular CI (equal c1) gives the Area 
ef the Heptagon ABDEFGH, 

Which, Rule, holds good for all regular Poligons 8 

8. F rom 
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8 THE THEORY 


8. From what has been advanced, concerning Poligons, we dg 


with certainty infer, that a Triangle whoſe Baſe is equal to the 


Circumference of a Circle, and its Altitude equal to the Ra- 
dius, is equal to that Circle; and conſequently, half the Cir- 
cumference multiplied by the Radius gives the Area of a Circle; 
for it is equal to a Rectangle, under the ſ-mi-Circumference 
and the Radius. ' 

Alſo, every Poligon, circumſcribing a Circle, is equal to a 
Triangle, whoſe Baſe is equal to the meaſure of all the Sides, 


in one Sum, and its Altitude equal to the Radius of the in- 
ſcribed Circle. 


. 1 
The Pentagon ABD EF, it is evident, is 


leſs, in its Area, than the Cireumſcribing 
Circle; by the five Segments AGB, BD, &c. 
Biſe& the Ark AGB and draw CG, which 
will be perpendicular to AB; and draw the 
Chords AG, GB, which are the Sides of a 
Decagon, inſcribed in the ſame Circle; and, if 
© the Side AG be biſected, and CK drawn, it 
will be perpendicular to AG. Cor. 3.9. 1. 
The! wo Sides AG, GB, of the Decagon, are greater than the 
Side AB, of the Pentagon (13. 1.) and, the Perpendicular CK, of 
the Decagon, is greater than the Perpendicular CH, of the Penta- 
gon; for, CN is longer than CH + - - C. 2. 12. 1. 
And CK. is longer than CN; conſequently, the Area of the 
Decagon, whoſe Perimeter is ten times AG or GB, and its Per- 
pendicular is CK, muſt be greater than the Pentagon, whoſe Pe- 
rimeter is five times AB, and its Perpendicular is CH, 
Ihe difference is five Iſoſceles Triangles, equal ABG; whoſe 
Baſe is AB, the Side of the Pentagon, and the equal Legs or 
Sides, AG, and GB, are the Sides of the Decagon. 


Again, the Area of the Decagop 1 is leſs than the Circle, by (he 
ten Segments AIG, GB, &c. 
C, produced, biſects the Ark AIG at I; draw the Chords 
Al and 16; which are the Sides of a Poligon of twenty Sides, 


Wands ee is CO. 
| This 


I 
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This Poligon is greater than the Decagon, by ten Iſoſceles“ 


Triangles, equal AGI, in the Segment Af or GB; and it is itil. 
leſs than the Circle by twenty Seginents AI or IG. 


9. From all which, it is clear, that every Poligon, inſcribed in a 
Circle, is leſs than the Circle, by as many Segments as the Po- 
ligon has Sides; and conſequently, every Poligon, circum 
ſcribed, is greater than the Circle. 


But, the greater the number of Sides of the Poligon, the nearer 
it is to the Area of the Circle, i. e. to the Circle itſelf; and con- 
ſequently, it mult at laſt end in the Circle; that is, the Perimeter 
of the Poligon, will be equal to the Circumference of the Circle, 
and the Perpendicular (from the Center) to the Radius. 

Fer, it AI be again biſected in L; the Sides AL, LI, of a 
Triangle, in the Segment AJ, are greater than the Chord Al, 
which is the Baſe of that Triangle; yet, they are leſs than the 
Arks of the Segments AL, LI; but they mutt, at laſt, by mul- 
tiplying them, end in the Circumference. 

So likewiſe, the Perpendicular C11, of the Pentagon, is leſs 
than CK, the Perpendicular of the Decagon, which is alſo leſs 
than the Perpendicular CO, of the Vigintagon. And, if AL is 
again biſected, and a Perpendicular drawn to the Chord AL, it 
will be greater than the Perpendicular CO ; and will at laſt be 
equal to the Radius of the Circle, : 

Wherefore, the Circle being conceived to be formed of an infi- 
nite number of Iſoſceles Triangles, whoſe common Vertex is the 


Center, and whoſe Baſes are in the Circumference, and which 


are, altogether, equal to it; conſequently, a Rectangle under the 
Semi-circumference and the radius of the Circle; or, under half 
the Perimeter of the innumerable ſided Poligon (equal to the Cir- 
cumference) and its Perpendicular (equal the Radius) is equal to 
the Circle. 

And conſequently, a Triangle whoſe Baſe is equal to the Cir- 
cumference, and its Altitude equal to the Radius, is alſo equal 
to the Circle; for every Triangle is equal to half a Rectangle of 
the ſame Baſe and Altitude (17. 1.) Therefore the Triangle, is 
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ference by the Radius. 


C 


equal to a Rectangle under half its Baſe, and the Altitude. Hence, 
the Rule for meaſuring a Citcle is, to multiply half the Circum- 


From hence it is clear, that, of all Figures which have an equal 
Perimetet or Circumference; i. e. whoſe Bounds are equal to the 
ſame Right Line; a Circle contains the greateſt Area, 


10. I have already ſhewn, that a Square contains a greater Area 
than any other Rectangle, having an equal Perimeter, or the 
meaſure of all their Sides equal. I will next ſhew, how much 
It 1s leſs than a Circle, having equal circuit. 


Suppoſe the Sides of the Square, ABCD, be each equal to 2 
fourth part of the Circumference of the Circle, GH; then the 
four Sides are equal to the whole Circumference, 


The Area of the Circle is greater than the Area of the Square. 


A 


= 4 


8 


From what has been ſaid, concern- 
ing Poligons and Circles, it is evident; 
that the Circle, GH, is equal to a 
Rectangle, two oppoſite Sides of which, 
are equal to the Circumference ; the 
Other are each equal to the Radius EG. 


each to two ſides of the Square, i. e. 


But, the Square is equal to a Rect- 
DE angle, two oppoſite Sides being equal, 


equal half the circumference of the 


8 Circle; and the other two Sides, each 


equal to the Perpendicular, EF, only; which, being conſiderably 
leſs than the Radius EG; conſequently, a Rectangle, a e g d, whoſe 
Sides ae, dig, are each equal half the Circumference, GH (equal 
ae, cf, of the Rectangle aefc) and the Side eg (equal ad) 
is equal the Radius, EG (but, the Sides ac, ef, each equal the 


Perpendicular EF, only) will have a greater Area than the Rect- 


angle aefc; and the difference is the Rectangle ef gd. 


The Circumference of a Circle is to its Diameter, nearly, as 
22 is to 7; which, is near enough, for meaſuring any Circle that 
can be formed. But more exact, the Diameter being 11 3, the 
Circumference will be 355. In both, the Circumference is too 


much ; the laſt, by little more than one five millionth part of the 


Diameter, 
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Suppoſe then, by the laſt, the Diameter, GH, to be 17, the 
Circumterence will be 53,4, very near. The Side of the Square, 
ABCD, being a fourth part of the Circumference, is 13,35, the 
Perpendicular, EF, half the Side, is 6,675; and the Radius of 


m- 


1 the Circle EG, is 8, 5 the Area of each is as follows. 
he AB +BC= 26,7 1 halt the Circumference 26, 7 
x by EF= 6,675 {| x by the Radius, EG, = 8,5 
ea 1335 1335. 
ne 1869 2130 
-h 1602 
1602 Area of the 226,95 Circle 
— I78,2225 
2 Area 178,2225 of the Square 
5 difference 48,7275 
A regular Pentagon, having the ſame Perimeter as the Square, 
| is greater than the Square, but it is leſs than the Circle; alſo a 
8 Hexagon, is ſtill greater than a Pentagon, of equal Perimeter. A 
3 Heptagon, is ſtill greater than a Hexagon; and an Octagon, 
7 greater than a Heptagon ; ſo that, the more the Sides are multi- 
4 plied, the nearer it approaches to the Circle; for, the Perimeter 
» of the Poligon, by multiplying, will end, or fall, at laſt, into the 
; Circumference of the Circle. 


11. From what has been advanced, it 1s manifeſt that the whole 
theory of Menſuration, of Superficies, conſiſts in finding the 
fides of a Rectangle, equal to the given Figure; ſince the 

Multiplication of any two meaſures (into each other, or one by 

the other) denotes a Rectangle of thoſe dimenſions, 


Having ſhewn how the meaſures of Plane Figures, from a 
Square to a Circle, are taken, ſo as to produce their Areas; I 
ſhall, in the next place, account for the multiplication itſelf, ' by 
which, the true Area is aſcertained, 

Suppoſe, then, a Rectangle ABCD, whoſe Sides, AB and CD, 
meaſure, by ſome Scale of equal Parts, 5 and 9g twelths, each; 
and the other Sides, AD and BC, each 8 and 6 twelths. 
| Through the Diviſions 1, 2, 3, 4, &c. on the Sides AB and 
AD, which may repreſent the meaſure of a Foot or 12 Inches, 
each (for, you may ſuppoſe any meaſure whatever, to be repre- 
ſented by them) if Lines be drawn, parallel to the Sides of the 

Rectangle, as in the Figure, it will be divided into as many whole 
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and entire Squares, as the whole numbers produce; viz. the Rect- 
angle AE, whoſe Sides, A8, Ag, being multiplied, 5 times 8, is 
equal to 40. The fraQtional parts a, b, c; d, e, f, &c. produce 
8 more Integers or Squares, and 7 eighths of another; for, the 8 
ſmall Rectangles a, b, c, &c, to E, are each 3 fourths of a Square; 
being the full meaſure on one Side, and but g twelths on the 
other; and are, altogether, equal to 6 entire Squares. 


| B _ 
| 5 a be W Tke 5 ſmaller Rectangles d, e, f, &c. 
| . to E, being but 6 twelths (half the Inte- 
| is 2 EF. TE ES ger) on one ſide, are each equal to half a 
| "6 HAS HDEs 9 | 57 5 14 Square; and make, together, two and a 
| 2 | | * * bon += half; and the ſmall] Rectangle EC, be- 
7 — * EE: * ing 3 fourths of one of theſe, or halt one 
„ * — of the other, is equal 3 eighths of a Square. 

1 „ 7 1 

AE = 40 The large Rectangle, AE, is equal to 40 
6 Squares; to which, if the Rectangles BE, DE, 


DE = 2- 6 and EO be added; BE=6, DE=2:, and 
CE = O 42 ECS; of a Square; together, they are equal 
to 8, and 7 eighths; which, added to 40, 
ABCD 48-105. makes 48 and 7 eighths; the ſum total of the 
Area ot the Rectangle ABCD, in ſquare meaſure, by that Scale. 


12. Next, I will ſtew how the Product ariſes, by myltiplying Feet 
and Inches, together; commonly called Croſs Multiplication. 


The meaſures of the two Sides of the Rectangle, AB and AD, 
8-6, and 5-9, being placed one under the other (tis not mate- 
rial which is firſt, or uppermoſt) as in the margin, we begin with 
the Feet, in the multiplier, and ſay, 5 times 6 is 30. | 


8-6 Now, it is evident, from the Figure, that this 

5-9 is Feet, one way, and Inches, the other; and is the 
Rectangle DE, 5 feet long, ES, by 6 Inches, 8D. 

42 - 6 Feet multiplied by Inches, or Inches multiplied 


6 - 4 - 6 +by Feet, produce Inches; 1. e. the twelfth part of 
— ©. ſquare Foot; zo Inches is, therefore, equal to 
45 - 10-6 2 feet and 6 Inches, NL” 

Tis the ſame, if you begin with the g inches, firſt, 


Set 


— — 22 
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Set down the 6 Inches, under Inches, and carry the two Feet 
forward to the whole Numbers, and ſay, 5 times 8 is 40; which 
being Feet both ways, they conſequently produce ſquare Feet, 
and is the large Rectangle, AE. The two Feet, ariſing ſrom 
the Rectangle BE, bing added, make 42 Feet; which, ſet down 
under the Feet. 

Next, take the Inches, in the multiplier, and ſay, ꝙ times 61s 54. 

Now, theſe are Inches both ways (the ſmall Rectangle EC) and 
produce only Parts, or ſquare Inches, i. e. the 144th part of a 
ſquare Foot. For if the Rectangle EC be divided, on each Side, 
into Inches (viz. 9 and 6) and lines be drawn through them, as in 
the large Rectangle AE, it will contain 54 ſquare Inches, which 
are called Parts; twelve of which are called an Inch; for, it mult. 
be obſerved, that what is here meant by an Inch, is not a ſquare 
Inch, as by a Foot 1s underſtocd a ſquare Foot; but it is the 12th 
part of a Square Foot, equal 12 ſquare Inches, or Parts. 

| Wherefore, the ſmall Rectangle EC, which contains 54 ſquare 
Inches, it is evident, is equal to 4 Inches and 6 Parts only 
ſince twelve of theſe Parts are but one Inch, and 4 times 12 is 48, 
there remains 6 Parts, or half an Inch; which, ſet down, one 
place to the right hand of Inches, and carry forward the Inches 
to the next place. 

Laſtly, ſay 9 times 8 is 72, which is the Rectangle BE, 8 
Feet ove way (5 E) by 9 Inches the other (5 B) and produces 
Inches; to which, add the 4 Inches from the laſt place, it makes 
76 Inches, equal 6 Feet 4 Inches; ſet them down, as above, Feet 
under Feet, and Inches under Inches; which, added into one Sum, 
makes 48 Feet, 10 Inches, ap 1 Parts (equal half an Inch) the Area 
of the whole Rectangle ABCD, in ſquare Feet, Inches, and Parts. 

Thus, multiplying Feet 880 Inches together, the Area of a 
Rectangle is obtained, whoſe Sides are equal to ſuch Dimenſions, 
'Tis needleſs to -procced further; as it is evident, if Parts were 
taken, they woald be ac:ounted for, after the ſame manner. 


13. As there are many Perſons, who meafure accurately by Feet 

and Inches, yet are unacquatated with Decimals; I ſhall, briefly, 

explain the manner of multiplying Decimals; which is much 
eaſter, and better ad: apted to * Quantity whatever. 

2 


2 » 


Mualtiplication, 
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Multiplication, by Feet and Inches, denotes the fraction of a 
Foot to be in twelfth parts, which are called Inches ; and theſe 
are again divided into twelve, called parts, and ſo on to Seconds 
and Thirds; each of which is a twelfth part of the foregoing. 
Whereas, the Decimal Fraction implies the Integer, whatever it 
be, to be divided into tenths, hundredths, and thouſandth Parts, 
and ſo on, by tens, ad i»finitum, as the other by twelves, and are 
therefore called Duodecimals. 

Multiplication, in Decimals, is performed in the ſame manner 
as whole Numbers; ſeeing, that the places increaſe regularly, by 
tens, from the Decimal to the Integer, as in whole Numbers. 

Obſerve the following Example ; by which, the Area of the 
Rectangle ABCD is produced, the ſame as by Feet and Inches. 


371 The meaſures of the Sides of the Rectangle, in 
8,5 Decimals, are as in the margin. AB, 5 feet 9 Inches, 
—— is, in Decimals, 5 Feet and 75, hundredth parts of a 
2875 Foot, equal 9 Inches; and AD, 8 Feet and 6 Inches, 
4600 is 8 feet, and 5 tenths of a Foot, equal 6 twelfths. | 
I place the leaſt Side, AB, firſt, becauſe it has more 
48,875 places of Figures, and would occafion another Line, 
if placed otherwiſe, the Product would be the ſame. 


In the operation, the Figures are multiplied together, as in 
common Arithmetic, without any regard to the places of Deci- 
mals or Integers; and, when added together, as many places of 
Decimals as there are in both the Multiplicand and Multiplier, 
viz. three, are taken from the right hand of the Product; the re- 
maining two are Integers, or Feet ; which produces 48 Feet, and 
875 thouſandth parts of a Foot, equal 7 eighths of a Foot, equal 
10 Inches and a half. For, 500 is half a Thouſand, therefore equal 
to 6 Inches; and the remaining 425 1s 3 eighth parts of a Thou- 
ſand, therefore equal to 4 Inches and a half, which is 3 eighth 
parts of a Foot. | TATE 

The value of a Decimal Fraction is eaſily obtained, as follows. 

Let the Integer be whatever it may; multiply the Decimal by 
the number of parts of the next inferior denomination of the In- 
teger; which, in this Caſe, is Inches, or the twelfth part of a 
ſquare Foot, to which I would reduce the Decimal 87 8 

N Multiply. 


e 


OF MENSURA TIO N. 15 


Multiply it by 12, and take away from the Pro- 375 
duct, as many places as you had at firſt, there is left 12 
10 Inches; and the Decimal, 500, are now thou- 
ſandth parts of an Inch; conſequently, equal to half 10,500 


an Inch, or 6 Parts, as a ſecond operation evinces ; 12 
12 being, again, the next inferior Denomination, as — 
twelve Parts are equal to one Inch. 6,000 


If the original ſtandard meaſure of a Foot was, inſtead of 
Inches, divided into tenth parts of a Foot; or, which is the ſame 
thing, if an Inch had been made a tenth part of a Foot, inſtead 
of a twelfth part, and the Inches ſubdivided into tenths inſtead of 
eighth parts, Menſuration would have been greatly facilitated, by 
decimal Parts inſtead of Duodecimals, or multiplication of Feet 
and Inches. The meaſures being taken, at once, in Decimals 
(which, by a common Rule, is difficult to do, accurately, and 
loſs of time to reduce ſome meaſures to a Decimal) would be more 
uſeful in all Caſes whatever. | 

I am not a little ſurprized, that thefe has been no attempt to 
make it univerſal, as every Perſon, who has experienced it, muſt 


give the preference to Decimals, which is infinitely preferable to 


any other manner of dividing. 


14. Iſhall, here, ſhew how to make a Scale, and divide it into De- 


cimal Parts, which may, I N be uſeful — 5 


— 


Let AB be a determined Mea- IAN 


7 : 
ſure repreſenting one Foot, or any ,, HATE 
other meaſure required. 6 A.- 

— N 


Produce AB, and repeat the 
meaſure of AB, to C and D, as ofient 5 as you lex 

Draw AF and DE perpendicular to AD; on either of which, 
make, at pleaſure (i. e. with any opening of the Compaſſes) ten 
equal diviſions, as on AF; and, through them, draw lines parallel 
to AD, as 1, 1 and 2, 2, &c. in all, eleven lines. 
Divide AB and FG into ten equal parts (Prob. 36) and draw 
Ar, 1 2, &c. diagonal-wiſe, as in the Figure, and proceed in 


the ſame manner, to 9G, parallel to each other. 
By 


- 
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By which means, the length or meaſure given, AB, is divided 
into a hundred equal parts; each interval, from Ar to At, the 
firſt Diagonal, at 1, 2, 3, &c. expreſſing all the Units from 1 to 10. 

Between each of the Diagonals, as Al, and 1 2, &c. the in- 
tervals are ten of thoſe hundredth parts, being every where equal 
to the Diviſiont cn AB, | 

In the ſame manner, any Meaſure whatever, either greater or 


leſs than AB, may be accurately divided into Decimal Parts. 


Aſter ſuch plain directions, in the Conſtruction, the application 


of it, in Practice, would be impertinent and unneceſſary. 


15. In the fame manner, a Scale may be divided into Duodeci- 


mals; by taking 12 Diviſions on AF, and dividing the given 
Meafure, AB, into twelve, and proceed ing as directed above. 


Duodecimals is ſeldom practiſed, ſurther than the diviſion of a 
Foot into Inches, which are the ſtandard Meaſure, on all common 
Rules; therefore, to make a Scale of Feet and Inches, to any de- 
terminate meaſure, obſerve the ſollowing directions. 


> 1 C . D L Ly Let AB be the determinate — 
| 70 P ſure of a Foot; according to the 
| ' 77 7 Tm 7 proportion you intend to make a 
9 
71, / = Drawing, or Deſign. 
N. 1 
6 1 K 1. 11 Produce AB, and repeat 9 


meaſiire of AB as often as you think neceſſary, as C, D, E, F. 
Draw AG and FH, at right angles to AF, and make fix equal 


diviſions on AG, at diſcretion; through which, draw 1a and 2b, 


&c. parallel to AF, and alſo BI and CK, &c. parallel to AG. 
Biſect GI, or AB, and draw the Diagonals, A6 and B6; and 

the given Meaſure, AB, is divided into twelve equal parts, as 

they are numbered from the Perpendicular AG, on the Diagonals. 


N. B. It may be done with only four, or three Spaces, as be- 
* tween IK and KL; but I think it more applicable, in Prac- 
tice, with ſix; which is left to every Perſon's own diſcretion ; 

the Diviſions are tte ſame in them all, 
Having 
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Having illuſtrated and explained the whole rationale of menſu- 
ration of plane Superficies, and ſhewn, how the Dimenſions of all 
regular Figures are taken, in order to find Rectangles equal to 
them; I ſhall juſt give one ſpecimen of irregular Figures; for, 
I do not intend this as a Treatiſe on Menſuration, but only a briet* 
Theory, to ſhew how 1t is founded in Geometry; which, being 
well underſtood and digeſted, it is eaſy to be applied in all Caſes 
whatever, which may occur, in Practice. 

Menſuration of Superficies, applied to various kinds of Artificers 
Work, is ſtill the ſame in Theory, but much eaſier, in Practice, 
than Surveying Land; on account of the irregularity of its 
Figure, and uneveneſs of its Surface, The former depends, 
chieſly, on the mode, or cuſtom of taking their dimenſions, in 
order to reduce the Work to ſquare meaſure; which is not ſo eaſy 
to deſcribe, but requires very little application under a Proficient. 
For, a Perſon ever fo well verted in Theory, being a ſtranger to 
practice, would differ in his eſtimate, for no other reaſon but taking 
his dimenſions different; in which they are not ſo very exact, bur 
give and take all reaſonable allowances; inſomuch, that two 
Meaſurers, of long practice, taking their dimenſions, ſeparately, 
would differ confiderably in their Sums total. 


16. ABCDEFG is an irregular Heptagon; having 7 Sides. 
Draw the Diagonals BG, CG, GD and 


G E, or otherwiſe, at diſcretion, dividing the 
given Figure into Triangles, as ABG, BCG, &c. 
in each Triangle, draw Perpendiculars, as 
AH, CI, &,. The meaſure of a Perpendicular 
and halt the Baſe cn which it falls, in Feet and 
Inches, or Decima! Parts, being multiplied into 
one another, gives the Area of each Triangle 
ſeparately; which, added into one Sum, 15 the 
Contents of the whole Figure (Ax. 2. 1.) 


Or it may be done ſomewhat readier, by taking any two centi- 
guors Triangles, as ABG, BCG, which together, make a Tra- 
pezium, ABC; unlels it ſhould happen to be a Parallelogram. 


'The 
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The Diagonal, BG, is then a common Baſe to the two Triangles 
and the Area, of both, is obtained at once, by multiplying tho 
Diagonal, BC, by half the Sum of the two Perpendiculars (Prob. 22.) 

The Area of any other two contiguous Triangles, as GDE, GEF, 
forming a Trapezium, is had after the ſame manner; and if an- 
other Triangle remains, as GCD, its Area, beiug obtained, muſt 
be added to the Areas of the two Trapeziums, into one Sum; 
which is the true Area of the Heptagon ACDF. 

In this Proceſs it may be obſerved, that not one Side of the 
Figure is meaſured, but only the Diagonals and Perpendiculars, 
all which fall within the Figure. The reaſon is obvious ; becauſe 
the Sides are not at right angles with each other; or if ſome of 
them were, it would be of no uſe, ur.leſs they formed a Rectangle, 
or other Parallelogram, with the adjacent Diagonal, which is 
ſeldom the Caſe, Whereas, the Perpendiculars making Right 
Angles with the Diagonals, it is eaſy to account for the true Area 
being obtained by them; from 17 and 18th of the 1ſt of Elements. 


N. B, If the Figure to be meaſured be a large Field, the mea- 
ſures are taken in Chains and Links, &c. 


As it muſt be obvious to every one, who has gone thus far, that 
to reduce any irregular Figure to a Triangle, having an equal 
Area to the Figure, is the principal buſineſs of Menſuration of 
- Superficies; I would adviſe the learner to be clear in the Con- 
ſtruction, and alſo in the Demonſtrations, of the 20, 21, 22, and 
' 24th Problems. In reſpect of the 26th and 27th, I ſhall add further; 
that not only a Triangle, or Trapezium, but almoſt any right 
lined-Figure may be divided into two equal parts by a Right 
Line, from any determined Point, in any Side ; as follows. 


17. ABCDEF is a Hexagon, havingan internal Angle, at D. 


Draw the Diagonal AD, dividing it into two Trapeziums. 

Biſect AD, and divide each Trapezium, AC and AE, into two 
equal parts, by the Right Lines GH and GI, (Prob. 27.) 

The whole Figure is divided into equal parts; HAI = CGE, 

Draw HI, and GB parallel to it; then, a Right Line, PI, divides 
the whcle Figure equally,* 


Now, 


F 
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Now, BI biſects the hexagonal Figure ACF; 
but, the Points B and I are accidentally obtained, 


Fig. 2. Let K be the given Point, from which 
a Right Line is required to be drawn, biſecting 
the given Figure, | 
Draw BF, and IH parallel to it, and draw FH; 
which alſo biſects the Figure. 
Draw KH, and FL parallel to it, and join KL. 
Iſay, KL divides the whole Figure equallyin two. 


The proof is in the18th of the iſt of Elements, 
the ſame as in the 27th Problem ; for, the Tri- 
angle BHF =BIF, and HLK = HFE. 

After the ſame manner it may be done from 
any Point whatever, in any Side. 


If the Figure had more Angles, as BJC (Fig.1.) ; a Right Line 
may be drawn, after the ſame manner as BI, dividing the whole 
Figure equally; having perhaps two or three more operations. 
For, by biſecting BC, and drawing JL, the Point, where BI 


cuts BC, may, by one more operation, be brought to L (as KL) 


and then by joining K and drawing LM parallel, KM, will 


biſect the whole Figure. 


18, Now, ſeeing that all irregular Figures are reduced, to Tri- 
angles, in order to obtain their Areas; I will ſhew how the 
Area of any right-lined Triangle may be obtained without 
having a Perpendicular, by the meaſures of its Sides only. 


In ſurveying Land, it may ſo happen, that, on account of Bogs, 
Water, Trees, &c. it would be very difficult, if not impoſlible, 
to obtain a Perpendicular, within the Figure, when its Sides are 
acceſſible. In ſuch Caſe, the Perpendicular may be found arith- 
metically, deduced from the x 3th of the 2nd Book; or, the Area 
may be had without the Perpendicular, by the following Rule. 


* Let it be obſerved, that if GB had fallen on this Side of the 
Angle (which is very probable) it would then be neceſſary 
to have recourſe to the third operation (Fig. 3.) in the 27th Pro- 
blem; by which, the Line, Bl, biſecting the Figure, would be ob- 
tained on this Side of the Angle B. 


C2 | From 
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From half the Sum of all the Sides of the Triangle, ſubtraR 
each Side ſeverally; multiply the half Sum by the three 
Differences, continually ; out of which Product, extract the 
Square Root ; which is the Area of the Triangle, e. g. 


Let the Sides of the Triangle ADB, be, AB-9, 8; AD-8, 5; 
and BD-6, 7, The half of which Sum is 12, 5; and the 
Differences, ſubtracting each Side, ſeverally, are, A B=-2, 7; 
AD-4; and BD=5, 8, See the whole Operation, as follows. 


AB—9g,8 12,5 783 (27,98 
AD—38,5 e 6 
B D—6,7 — Area. 
87 5 47) 383 
25,0 0 329 
12,5 half the Som 433,75 549) $5400 
—— of the Sides, 45 | 4941 
Dif- 2,7 — 
feren- my: I 36, 5588) 45900 
ces. 5,8 5,8 44704 
1080 1196 
675 
The half Sum, 783, multiplied into the Differences, 
L | 
In the Triangle ADB, biie& every Angle 
> by Right Lines, meeting at C; which is the 
— — Center of a Circle inſcribed. - = 4. 4- 
4 14 The Triangle ABD is thus divided into 
5 | three Triangles ACB, BCD and ACD; the 
Perpendiculars of all which, CE, CI, and CK, 
| are equal; and conſequently, AE, is equal to 
15 0 Al; BE = BE, and DI DK - C. 2. 16. 3. 
3 


Hence it is manifeſt, that AE x CE is equal to the Trap. AECI. 


(For, CE and CI are, reſpectively, perpendicular to AB and AD) 
Alſo, BEXCE =Trapezium BECK, and DIxCI=DICK. 
Produce AB; make BF equal to DI, equal DK. 

Conſ. AF CE is equal to them all, i. e. to the Triangle ABD. 


I ſay, the Square Root, of AF x AE Xx EB Xx BF, is alſo equal 
to the Triangle. 


DEM. 
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Dru. Becauſe AE=AI; BE = BR; and BF equal DK - Con. 


AF is equal to half the ſum of the Sides, AB, BD, and AD. 
Alſo, AE, EB, and BF, are reſpectively, the Differences of thoſe 
Sides, ſubtracted from the half of their um; 
(for, AEz=zAF—BD; EB=AF—AD; and, BF=AF— AB.) 
raw FG perpendicular to AF, produce AC to G, and drawGB. 
GB will biſect the external Angle, DBF, of the Triangle. 
Draw GH perp. to BD; the Trap FGHB is ſimilar to EBK C. 
For, the Angles at Fand H, E and K are Right; by Conſtruction; 
wh. the Angle FRH+FGH= to two Right Angles-Th. 1. 10. 1. 
and, FBH+HBE are equal to two Right Angles — 1. 1. 
conſ. ECE=FBH (for, HBE4-ECK=2 Right Angles) Ax. 7. 1. 
But, BC biſects the Angle ECK, by Conſtruction; & CES CR 
wherefore, BG biſects the Angle FBH; and BH is equal to BF; 
and, conſequently, the Triangles CBE, BGF are fimilar -1 3.6, 
Alſo, becauſe FG is parallel to CE, the Triangles ACE, AGF 
are ſimilar; (2. 6.) and therefore, CE: AE: : FG: AF- 4.6. 
Alſo, becauſe BCE, BGF are ſimilar, CE: EB: : BF. FG. 
and conſequently, CE x CE x AF x FG SE x EBx BF x FG. 


Now, becauſe FG is on both Sides, let it be rejected, and 
ſubſtitute AF, on both Sides; and conſequently, it will be 
CExXCExAFxXAF,ie CEMT AF qa is equal to 
AE Xx EBK BF NK AF; i. e. to AF, the half Sum of the 

Sides, multiplied into the three Differences AE, EB, and BF. 
But, AF multiplied by CE is equal to the Area of the Triangle; 
conſ. it is the ſquare Root of CEO x AFN; which is equal to 
AF, multiplied into the three Differences. Q. E. D. 


Menſuration of curved Surfaces, convex or concave, 


18. The Areas of the Superficies of regular curved Surfaces, are 
eaſily deduced from the 10th, 11th, 12th, the 1 5th and 16th 
Theorems, Book the 8th. 


By the 10th, the curved Superficies of a Cylinder is equal to 
a Circle, whoſe Radius 1 is a mean Proportional between its Side 


and Diameter. 


Or, it is obvious, from the 5th, that it is equal to a Rectangle, 
whoſe Sides are its Circumference and Height, 


19. By 


— m— 


—— — 
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19. By the 11th it appears, that the conical Superficies of a Right 
Cone, is equal to a Circle, whoſe Radius is a mean Proportional 
between its Side and the Radius of its Baſe, 

Or, it is equal to a Triangle, whoſe Baſe is equal to the Cir- 
cumference of the Baſe of the Cone, and its Altitude, to thc 

Side of the Cone. 


20. By the 12th it is maniſeſt, that the conical Superficies, of the 
Fruſtum of any Right Cone, is equal to a Circle, whoſe Radius 
is a mean Proportional between the Side of the Fruſtum, and 
tke Radius of the Baſe, added to the Radius of the oppoſite Circie, 


And every Circle is equal to a Triangle, whoſe Baſe is equal to 
its Circumference, and its Altitude to the Radius. Art. Sth. 

Or, the conical Superficies is equal to a Rectangle, whoſe Sides 
are equal to the Side of the Fruſtum, and half the Sum of the 
Circumference of the Baſe, added to half the Circumference of 
the oppolite Circle. 


21. The Area of the Surface. of a Sphere is equal to a Circle, 
whoſe Radius is equal to the Diameter of the Sphere. 15.8. 


And the Area of any ſpherical Segment is equal to a Rectangle, 
one Side of which is equal to the Circumference of the Sphere, 
the other to the height of the Segment. 

For, it is equal to a cylindrical Surface of thoſe Dimenſions-16.8, 

The ſame holds true of any portion of the Surface of a Sphere, 
intercepted between parallel Planes. 

The ſpherical Surface, intercepted between parallel Planes, is 
therefore equal to a Rectangle, whoſe Sides are the Circumference 
of a large Circle of the Sphere, and the perpendicular diſtance 
detween the parallel Circles. 


Theſe Rules, reſpecting curved Surfaces, . being clearly under- 
ſtood, will be found extremely uſeful to Artificers, in meaſuring 
circular Halls, or Rotundas of any kind ; and Domes, entire; or 
where a part is deficient by means of a Lanthorn, or otherwiſe, at 
the Top; the Surface between any two parallel Circles being de- 
termined by the laſt. . 
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MENSURATION or SOLIDS. 


8, in Menſuration of Superficies, the whole Buſineſs is to 

find a Rectangle equal to the Figure propoſed ; and to de- 
termine how many Squares of a certain Dimenſion, the Figure 
is equal to; ſo, Menſuration of Solids conſiſts in determining 
how many cubical Feet, &c. are contained in the propoſed Solid. 
In order to which, it is neceſſary to know the affinity and pro- 
portion between one Solid and another, as contained in the 7th and 
8th Books of theſe Elements; and particularly Parallelopipeds, to 
which all other Solids muſt neceſſarily be reduced, in Menſuration 
a right angled Parallelopiped being of the ſame importance, in 
reſpect of Solids, as the Rectangle amongſt Plane Figures, Allo, 
as a Square is the Criterion of ſuperficial meaſure, ſo a Cube, 
being the moſt perfect Parallelopiped, is the ſtandard, by which the 
Quantities of Solids are compared and eſtimated. C 


— — 
rom 


For, the Definition of a Cube, ſee Def. 10, 7. 


: — 


1. Let AGE be a Cube, whoſe Sides, AB, &c. * B 


| — 


UL a = | 

are each equal to 3 feet; alſo, let ac d be ll 1 
a Cube, whoſe Side is one foot, or inch, K. ff 
Now, ſuppoſe the Cube a cd to be the Unit l 
of meaſure ; it is required to know, how oft the 4 l i 


Unit, a cd, is contained in AGE. 


It is evident, ſeeing, the Meaſure of AB, BG, 2 are each 


equal to three times ab, be, &c, that the Face AB CD, contains 
the Square bd, g times; every other Face, BCF G, or CDE F, 
the ſame ; therefore, each ſmall Cube abc, def, ef g. &c. made 
by Sections of Planes through ag, g J, &c. as in the Figure, are 
equal to ac d. Wherefore, ſince each Surface contains g Squares, 
as BF; and if Ba, Cg, &c. be one foot in thickneſs, conſequently, 
the Solid a G /, contains the ſmall Cube, acd, 9 times. 

But, AB is equal to three times ab; wherefore, the whole 
Cube AGE contains the ſmall one 27 times. 

For, if it be ſuppoſed to be cut, by parallel Planes, through 
ag land hik, parallel to the Top and Baſe, the Parts aG /, 
a tl, and VDE are equal, ſceing that their Surfaces are equal; 

and 
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and being alſo of equal thickneſs, Cg, gi, iD; conſequently, 
B g F, ail, and 5 D are equal (15.7.) But, Bg F G is equal 
to ꝗ times a cb; therefore, AGE is equal to three times 9, 27. 


C 2. It is manifeſt, that if the Solid ACE 


— 
1 
1 


ä (being a Parallelopiped) was longer, equal 
e D 5 times ab, having equal thickneſs, it would 
i ee contain the ſmall Cube, a cb, 45 times, 


nn e i. e. five times ; and thus it will increaſe, as 


often as the meaſure ab is added in length. 


Suppoſe half a b be added; it will contain 


121111 
ll U l lil half 9 Cubes, 1. e. 43; ſeeing that the 
285 ; Surface of the End, or Section through 
CE, contains 9 Squares, and the Solid C E has but half a 
Cube, i. e. half ab in thickneſs. Therefore, the whole Solid 
ACE contains the Cube ac b 49 times and a half. 
Hence, the meaſure of a right-angled Parallelopiped is to mul- 


Ain 


tiply the Side AD by AB, which gives the Area of one Surface 


(the Top, or Baſe) and, that Product being multiplied by its height 
or thickneſs, AF, 1. e. by the number of times it contains 
ab (as, in this Caſe, three times) the Product of that multiplica- 
tion is the Solid Contents of the Parallelopiped AF H. 

But, all Parallelopipeds, having equal Baſes and Altitudes, are 
equal (17. 7.) Therefore, whether it be right or acute angled, 
having obtained the Area of any one Face, in ſquare meaſure 
(Art. 12.) that Product being multiplied by the perpendicular 
Diſtance, between that Face and its oppoſite, gives the ſolid 
Contents of the Parallelopiped. e. g. 


3. Let AB CP be an acute angled Parallelopiped whoſe Baſe AD 


7-9 is 7 Feet, 9 Inches, on one Side, AE; the other, 
$-4 ED, 5 Feet, 4 Inches, its Area in ſquare meaſure, 
38-9 is 41 Feet, 4 Inches. 


41-4 he height of the Parallelopiped, BF, being 3 Feet, 


* 8 Inches, it is obvious, that the whole Solid contains 
2 85 I 3 times 41-4, and 3; i. e. as often as the meaſure of 
75 8 Foot is contained in the height, BF, ſo often the Solid 


contains cubical Feet, as its Baſe contains ſquare Fcet. 
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But, the Perpendicular BF, is 3 Feet and 8 Inches; 
conſequently, the Solid- will contain 41-4, 3 times 
and two thirds, (8 Inches, being two thirds of a Foot.) 
Wherefore, 41 Feet, 4 Inches multiplied 3 times, and 
two thirds, equal 151 Feet, g Inches, and 8 Parts, is the 
true Area, or ſolid Contents of the Parallelopd. ABCD. 


Note. What is here meant by an Inch, in ſolid meaſure, is the 
twelfth part of a Cube Foot; viz. a Foot ſquare, and one Inch 
in thickneſs ; or, that Quantity in any other Figure. And the 
Part, in Solid meaſure, is 12 cubical Inches; or 12 Inches in 
length, and one Inch in breadth and thickneſs: a cubical Inch 
is, conſequently, a Second of a cubical Foot. 


It is obvious, that the Side BG, being inclined to the Baſe AD, 
is longer, than the Perpendicular BF, and conſequently cannot 
give its true Area, for (joining GF) BFG is a right angled 
Triangle, of which BG is the Hypothenuſe, therefore it is longer 
than B F (12. 1.) | | 
Hence it is manifeſt, that all Parallelopipeds, or Priſms what- 
ever, (for Parallelopipeds are Priſms) having equal height, have 
that Proportion to each other, which is between their Baſes. 
And, having equal Baſes, they are conſequently, as their Altitudes. 


The Rule, therefore, for meaſuring any Priſm whatever, is to 
multiply the ſuperficial Area of its Baſe, by its perpendicular height. 
And conſequently, the ſame Rule is applicable for Cylinders- 5g. 8. 


4. Every Pyramid is equal to the third part of a Priſm having equal 


Baſes and equal Altitude. - Th. 4. 8. 
Alſo, every Cone is equal to the third part of a Cylinder - 5.8. 


And conſequently, Pyramids and Cones, having equal Baſes 
and Altitudes, are equal. _ 

Hence the Contents of Pyramids and Cones are obtained ; 
viz, by multiplying the Areas of their Baſes by one third of 
their height, 

Or, if multiplied by the whale height, it gives the Contentg 
of a Priſm or Cylinder, of equal height; conſequently, a Pyra- 
mid, or Cone, is one third part of ſuch a Priſm, or Cylinder. 

| d 5. To 
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5. To find the ſolid Contents of a Sphere. 


Having obtained its Diameter; find the Area of a Circle of 
that Diameter (Art. 8.) which being multiplied, by the Diameter, 
gives the Contents of a Cylinder, whoſe height and Diameter 
are equal, 

The Sphere is equal to two thirds of ſuch a Cylinder-Th. q. 8. 

Or, having obtained the Area of a large Circle, of the Diameter 
of the Sphere; multiply the Frodutt by two thirds of the Diameter. 


Otherwiſe. Every Sphere is equal to a Cone, whoſe Baſe 1s equal 
to the Surface of the Sphere, and its Altitude to the Radius- 17.8. 

Therefore, having obtained the Area of its Surface, multiply 
that Area by one ſixth part of the Diameter. 

See an Example, in cach, in the Margin. 


Let the Diameter of a Sphere be 15; the Circumference of a 
Circle, of that Diameter, is 47, 14, nearly; by the Ratio of 7 to 22, 


Then, by Art. 8. the Semicircumference (23, 57) being mul- 
23,57 tiplied by the Radius (7,5, half 15) gives the Area 
75 of a great Circle of that Sphere, equal 176,775 ; 
—— which multiplied by 10 (two thirds of the Diameter) 
117 85 gives 1767,75, or three fourths of the Integer. 
16499 Multiplying by 10, is only giving one place more of 
Integers; ſeeing that, a Cypher, being added, makes 
176,775 no difference in the Decimal ; 5750 thouſandth parts, 


— being equal to 75 hundreth parts; i. e. equal to 
1767,75 3 fourths, 


Secondly. 15 being the Diameter of the Sphere, find the 
Area of its Surface (Art. 21.) which is equal to a Circle whoſe 
Radius 1s equal to the Diameter of the Sphere. 

The Circumference of every Circle has the ſame Ratio to its 
Diameter (Cor. 1. 14. 6, El.) conſequently, the Circumference 
of a Circle, whoſe Area is equal to the Surface of the Sphere, 
is double the Circumference of the Sphere; halt of which, is 
equal to the whole of the other, equal 4714+ 


Multiply 
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Multiply 47,14 by 15, the Diameter of the Sphere, 4714 
the Product is the Area of the Surface of the Sphere. I 5, 

Now, ſince the Contents of the Sphere is equal ———— 
to a Cone, the Area of whoſe Baſe is 7507,1; '707,1 
and its Altitude equal to its Radius, viz. 7,5; 2,6 
and a Cone is equal to one third of a Cylinder of -——— 
the ſame Baſe and Altitude, therefore, 707,1, mul- 35355 
tiplied by 2,5, one third of 7,5, will produce the 14142 
ſame Contents, as before, viz. 1767,75; as in 
the Margin. 1767,75 


6. The ſolid Contents of a Segment of a Sphere is obtained from 
the 17th of the 8th, Cor. 3rd. 


The ſolid Contents of the Sphere being equal to a Cone, whoſe 
Baſe is equal to the Surſace of the Sphere, and its Altitude to the 
Radius, as above; and conſequently, the Contents of any 
Sector of a Sphere, being equal to a Cone whoſe Baſe is equal to 
the ſpherical Surface, and its Altitude to the Radius; (QC, 10 
it is manifeſt, that a Segment of the Sphere having the ſame portion 
of the Spheres Surface, as a Sector, is equal to the Difference 
between the Sector and a Right Cone on the Baſe of the Segment, 
and, its Side equal to the Radius of the Sphere, 


Thus, having ſhewn how the ſolid Contents of regular geometri- 
cal Solids are obtained, the application of it, in complex ones, 
will not be difficult ; being well verſed in the Theory, and having 
a ſolid foundation, for the whole, in Geometry. 


7. In reſpect of Guaging ; are not almoſt all large Veſſels, either 
Cylinders or Fruſtrums of Cones? and conſequently they are 
meaſured on that Principle; allowing ſo many Gallons, 
Quarts, &c. to a cubical Foot, as it is eaſily known to contain. 


Barrels, of all kinds, are meaſured as two Fruſtrums, whoſe 
common Baſe is the Diameter at the Bung; but being almoſt 
wholly curved, from the Head to the middle, it will be truer to 
conſider it as four, or fix Fruſtrums, two and two, of which, are 
equal; or the middle part as a Cylinder, 
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$. The true ſolid Contents of irregular Solids cannot be obtained, 
otherwiſe than by covering them with Water, or other Fluid, 
in ſome regular Veſſel; and by taking it out, the Difference, 
in the fulneſs of the Veſſel, is its Contents. 


In meaſuring the Trunks 'of Trees, &c. which are, generally 
conical, it is uſual to take the Girt in the middle, in order to 
reduce them to right angled Parallelopipeds ; which, if the 
intention be to produce the real ſolid Contents, is very erroneus. 
It is well known, that a Circle contains the greateſt Area of any 
other plane Figure, having an equal Perimeter; and in Art. 10. 
is ſhewn the great difference between a Circle and a Square, 
of equal circuit. Conſequently, a Cylinder would be to a right 
angled Parallelopiped, of equal length, and two of its oppoſite 
Faces, (i. e. its Ends) Squares, whoſe Sides are, each, a fourth 
part of the Circumference of the Baſe, of the Cylinder, as the 
Circle is to the Square; the difference of which is very conſi- 
derable. (See Art. 10. of Superficies.) 


And alſo (being the Fruſtrum of a Cone) if the Girt be taken 
in the middle, in order to reduce it to a Cylinder, it is alſo erroneous; 
ſeeing, it is obvious, that the Fruſtrum of the Cone is more than 
fuch a Cylinder ; the exceſs of the greater End being conſiderably 
more than the deficiency of the other. But, as I do not intend 
to treat at large on thoſe matters, and having gone beyond my 
firſt deſign, I ſhall only obſerve, that, in this Caſe, the Fruſtrum of 
a Cone is equal to the Difference, between the whole Cone and 
the leſſer Cone, ſuppoſed to be cut off, from the Vertex. 
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A mechanical and ocular Demonſtration of the 
20th Theorem, Book I {t, 


In Theo. 20. of the firſt Book of Elements, it is demonſtrated, 
that the Square of the Hypothenuſe, of every right-angled 
Triangle, is equal to both the Squares of the two Sides, con- 
taining the Right Angle, It may be entertaining to ſome, and 
conviction to others, to give ocular Demonſtration of it; by cuting 
the two Squares of the Sides, in ſuch wiſe, that they ſhall exactly | 
cover the Square conſtructed on the Hypothenuſe. 


On the right-angled Triangle " G ' 
ABC, deſcribe the three Squares, — 
ACD E, AF GB, and BHIC. | 

Let the Square A E DC, of the V H 
Hypothenuſe, be ſuppoſed to be | | 
turned over, on AC, in the inverted | & 3 2 I | Þ 
pofition AE DC, cuting the two | 
other Squares; BF, in AE, ERK, A 
and, the Square BI, in CL. > 

The two Trapeziums, W and Z, | 
and the three TrianglesV, X, andY, 2. X 

* will exactly coincide with the ſame | Þ 0 | 

Figures, as they are deſcribed on the | | * 5 
Square A CD E. E RD 


Or, having drawn the Squares as directed, produce E A to E, 
and DC to L; and draw EK, perpendicular to AE. Alfo, pro- 
duce FA to M, and IC to N; draw E © perpendicular to AM, 
make OP equal BC, (equal EC) and draw P Q parallel to EO. 

The Lines being drawn on the three Squares, as they are de- 
ſcribed, in the Figure annexed, on ſtrong Paper or Paſteboard, and 
the two Squares, FB and BI, being cut, carefully, with a fine 
thin edged knife, or otherwiſe, into five pieces, as in the Figure, 
they will, each, coincide: with the correſponding Figures in the 
Square AC DE, 

If the poſition of the Letters, V, W,. X, &c. be regarded, 
there needs no other directions in reſpect of placing them. 
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30. THE LINE OF CHORDS 


The Line of Chords, and its Uſe, explained. 


| As the Line of Chords, and its Uſe, is better known than un- 
derſtood, I preſitme, a Deſcription of it may not be unneceſſary. 
And firſt, I will ſhew how to conſtru a Line of Chords. 


With any Radius, at Diſcretion, as AC, 
en C deſcribe the Ark ADB, of o 
Degrees; i. e. make ACB a Right Angle ; ; 
and on the Center, C, with any Radius, AC, 
Iraw ADB; which will be a fourth part 
pf the circumference of a Circle. 

Divide the Ark ADB into ꝗ equal Parts. 

Firſt, make AD equal A C and divide 
DB into three equal parts, and AD will 
be equal ſix of thoſe diviſions, each of 
which will be 10 Degrees of that Circle. 

Draw the Chord Line AB; and, from the extreme A, as a 
Center, transfer all the Meaſures on the Ark, to the Chord AB, 
as in the Figure. Each Diviſion being ſubdivided, into ten, and 
transfered in the ſame manner, AB will then be a Scale for any 
number of Degrees, from one to ninety ; which gives a Right 
Angle at C, the Center of the Circle, of which, AC is the Radius. 


N. B. This Line of Chords is upon every common Scale, in a 
Caſe of Inſtruments, for drawing ; the Uſe, of which, is the 
ſame as the Protractor, deſcribed in the Theory of Plane Angles; 
Viz. to meaſure any Plane Angle; or, to lie down any Angle 
required, on a Plane, the meaſure of the Angle, that is, the 
number of Degrees it contains, being known. 


In applying the Line of Chords to uſe, take 60 Deg. from A, 
on the Line AB, with your Compaſles ; and, with that Radius, 
on any Point, C, of the Line AC (at which Point an Angle is 
required, with that Line, of ſome known meaſure) deſcribe the Ark 
AEB, cuting AC in A; from which Point, ſet off the number of 
Degrees, on the Ark, which is the Meaſure of the Angle required. 

e. g. Suppoſe an Angle of 35 Degrees is wanted, take 35 Deg. 
from the Point A on the Line of Chords, and ſet it off from A 
to E, draw EC; then, ACE is an Angle of 35 Deg. 
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If an Angle of 60 Degrees was required; make AD equal to 
the Radius, and draw DC; then is ACD an Angle of 60 Degrees. 
For ADC is an Equilateral Triangle, whoſe Angles are all equal, 
and conſequently, the Chord, AD, is equal to the Radius AC-11.4. 
I a Right Angle be required; from A make AB, equal to the 
whole Line of Chords of go Degrees, and draw BC, which will 
be perpendicular to AC, 

Thus, may any Angle, leſs than go Degrees be readily obtained. 
But, if ay obtuſe Angle is wanted, as 105 Degrees, with the Line 
AC, at the Point C; having firſt ſet of go Degrees, from A to B, 
or 60, to D; take the remainder BF, 1 5 Degrees or DF 45, and 
draw FC, making the Angle ACF, 105 Degrees. Thus may 
any Angle whatever be deſcribed, 

Or, an obtuſe Angle may be thus taken, at once, if there be 
room on your Paper. 

If an Angle ACF, of 105, or ACH, 12 9. be required; ſubtract 
the numberof Degrees from 180, the Sum of two Right Angles, 
the Difference is 75, or 55. 

Produce AC towards G; with the Radius AC, equal AD, 
(1. e. to 60 Degrees, on the Line of Chords, ) deſcribe the Ark 
GH, and ſet off G F, 75, or GH 55 Degrees, and draw CF, 
or CH, making the Angle required. 


Aſter the ſame mauner an Angle may be meaſured; by de- 
ſcribing an Ark, on its Vertex, with the Radius of 60 Degrees, 
euting both Sides; as AE, cuting AC and CE, of the Angle 
ACE ; then, the meaſure of the Chord Line, AE (applied to AB) 
ſhews the number of Degrees that Angle contains. 


The Reaſon of all which is ſo very obvious, it needs no further 
explanation; but, be ſure that you always take your meaſure, or 
number of Degrees on the Line of Chords, begining at the 
Point A; becauſe it is evident, that they are continually dimi- 
niſhing, from A to B, although they are equal on the Ark; for 
the Diviſions on AB are the Chords of each Ark, ſet off from 


A towards B; each of which, is ſtill leſs in proportion to 
the Ark. | ; 
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32 THE LINE OF CHORDS, &c. 


The Chord of 10 Degrees, it is evident, deviates very little 
from a Right Line; the Chord of 30 Degrees deviates conſider- 
ably, and AD, the Chord of 60, ſtill more; for the Chord AD, 
of 60, and the two Chords of 3o make a Triangle, AED ; of 
which, it is manifeſt, that, the two Sides AE, ED, each of zo, 
Degrees is greater than AD, the Chord of go. (13. 1. El.) 


If it ſhould be aſked, why 60 Degrees, particularly, is taken for 
Radius, when we begin the Operation of taking or deſcribing an 
Angle, by the Line of Chords? the Reaſon is plain; becauſe 
the Chord of 60 Degrees is always equal to the Radius; and, the 
Side, AD, of the Equilateral Triangle ADC, is the Side of a 
regular Hexagon inſcribed in a Circle, of that Radius; and 
conſequently, it is equal to. a fixth Part of the Circumference, 
or 60 Degrees. Hence it is clear, that no other Radius can 
anſwer to that Line of Chords, 
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ADVERTISEMENT. 


At the Author's Houſe, in Poland-Street, Oxford-Road, the 
third from Broad-Street on the Left, Youth are taught Geometry 
and Menſuration ; Trigonometry, plane and ſpherical ; Projection 
of the Sphere, &c. Architecture and Perſpective; alſo the Uſe of 
the Globes, and Explanation of the Orrery, &c. | 
Ladies and Gentlemen taught at their own Home, or as above, 


in the moſt expeditiqus and familiar manner. : 


He will make any Gentleman (having a Talent for it) a Pro- 
ficient in Geometry, in leſs than half the Time uſually ſpent in 


_ it; making it, at the ſame time, inſtructive and entertaining. 


Drawings, in Perſpective; Architectural; or of Models, 
Machines, Mathematical Inſtruments, &c. executed with the 
greateſt accuracy. : l | 

Perſpective Views of Gentlemens Seats, &c. by himſelf 
and Son. | » 
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